CHAPTER 1 


1.1. Given the vectors M = —10a; + 4a, — 8a; and N = 8a, + 7a, — 2az, find: 


a) 


1.3. The 


a unit vector in the direction of -M + 2N. 





-M + 2N = 10a, — 4a, + 8a; + 16a; + 14a, — 4a; = (26,10, 4) 


Thus 


(26, 10, 4) 
= NEE G9 0.36.04 
$5 96: 10:2] e 





the magnitude of 5a, + N — 3M: 





(5,0,0) 4- (8, 7, —2) — (—30,12, —24) — (43, —5,22), and |(43, —5,22)| — 48.6. 
|M||2N|(M + N): 
|(—10, 4, —8)||(16, 14, —4)|(—2, 11, —10) = (13.4)(21.6)(—2, 11, —10) 


= (—580.5, 3193, —2902) 





three vertices of a triangle are located at A(—1, 2,5), B(—4, —2, —3), and C(1,3, —2). 

Find the length of the perimeter of the triangle: Begin with AB = (—3, —4, —8), BC = (5,5,1), 
and CA = (—2, —1,7). Then the perimeter will be / 2 |AB| + |BC| + |[CA| = v9 + 16 + 64+ 
25 DFE 154/43: AG — 93:9. 


Find a unit vector that is directed from the midpoint of the side AB to the midpoint of side 
BC: The vector from the origin to the midpoint of AB is Mag = ¿(A +B) = į (—5a, + 2a;). 

The vector from the origin to the midpoint of BC is Mpc = (B+ C) = $(—3a, + ay — 5a;). 
The vector from midpoint to midpoint is now MA4g — Mego = i(-2a; — ay + 7a;). The unit 


vector is therefore 











o Map —Mec zu (—2a, — ay + 7a,) 
[Map — Mec| 7.35 








AMM = —0.27a, — 0.14a, + 0.95a; 





where factors of 1/2 have cancelled. 


Show that this unit vector multiplied by a scalar is equal to the vector from A to C and that the 
unit vector is therefore parallel to AC. First we find AC = 2a, +a, — 7a;, which we recognize 
as —7.35 ay y. The vectors are thus parallel (but oppositely-directed). 


vector from the origin to the point A is given as (6, —2, —4), and the unit vector directed from 


the origin toward point B is (2, —2, 1)/3. If points A and B are ten units apart, find the coordinates 
of point B. 


With A = (6, -2, -4) and B= 
\(6 — 2B)a, — (2 — 2B)a, — (4 
Expanding, obtain 

36 -8B-- $B? c A- 8B + $B? 16 8B + 1B? = 100 

or B? -8B — 44 = 0. Thus B = SEVEI-ITS — 11.75 (taking positive option) and so 


iB(2, —2, 1), we use the fact that |B — A| — 10, or 
A 
N- 


B)a;| = 10 











2 2 1 
B = £(11.75)as — 2 (11.75)a, + z(11.75)a, = 783a, — 7.88ay + 3.922. 
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1.4. A circle, centered at the origin with a radius of 2 units, lies in the xy plane. Determine the unit 


1.5. 


1.6. 


1.7. 


vector in rectangular components that lies in the zy plane, is tangent to the circle at (4/3, 1,0), and 
is in the general direction of increasing values of y: 


A unit vector tangent to this circle in the general increasing y direction is t = ag. Its r and y 
components are t, = ag-a, = — sin ó, and ty = aj: ay =cos¢. At the point (V/3,1), ¢ = 30°, 
and so t = — sin 30?a, + cos30?a,, = 0.5(—a; + V/3a,). 





A vector field is specified as G = 24rya, + 12(z? + 2)a, + 182?a,. Given two points, P(1,2, —1) 
and Q(—2,1,3), find: 
a) G at P: G(1,2, — 1) = (48, 36, 18) 
b) a unit vector in the direction of G at Q: G(—2,1,3) = (—48, 72, 162), so 
(—48, 72,162) 


= = (—0.26, 0.39, 0.88 
2G = 4g T2 182 | ee 0-88) 








c) a unit vector directed from Q toward P: 


a A P-Q S (3, —1,4) 
?PUTP-Q| vV% 





— (0.59,0.20, —0.78) 





d) the equation of the surface on which |G| = 60: We write 60 = |(24zy, 12(z? + 2),182?)|, or 
10 = |(4xy, 2x? + 4, 32?)|, so the equation is 


100 = 16z?4? + Ax* + 162? + 16 + 92* 








If a is a unit vector in a given direction, B is a scalar constant, and r = ra, + ya, + zaz, describe 
the surface r- a = B. What is the relation between the the unit vector a and the scalar B to this 
surface? (HINT: Consider first a simple example with a = a, and B = 1, and then consider any a 
and B.): 


We could consider a general unit vector, a = Aja; + Aga, + Asa;, where A? + A2 + A2 — 1. 
Then r -a = Ax + Agy+ A3z = f(x,y,z) = B. This is the equation of a planar surface, where 
f = B. The relation of a to the surface becomes clear in the special case in which a = az. We 
obtain r -a = f(x) = x = B, where it is evident that a is a unit normal vector to the surface 
(as a look ahead (Chapter 4), note that taking the gradient of f gives a). 


Given the vector field E = 4zy? cos2xa, + 2zy sin 2a, + y? sin 2za, for the region |x|, |y|, and |z| 
less than 2, find: 


a) the surfaces on which E, — 0. With E, — 2zysin2x — 0, the surfaces are 1) the plane z — 0, 
with |x| < 2, |y| < 2; 2) the plane y = 0, with |z| < 2, |z| < 2; 3) the plane x = 0, with |y| < 2, 
|z| < 2; 4) the plane x = 7/2, with |y| < 2, |z| < 2. 





b) the region in which E, = E;: This occurs when 2zysin 2x = y? sin2z, or on the plane 2z = y, 
with |æ| < 2, ys 2, Ee < 1. 

c) the region in which E = 0: We would have E, = E, = E, = 0, or zy?cos2xz = zysin 2z = 
y? sin2x = 0. This condition is met on the plane y = 0, with || < 2, |z| < 2. 


1.8. Demonstrate the ambiguity that results when the cross product is used to find the angle between 
two vectors by finding the angle between A = 3a, — 2a, + 4a; and B = 2a, + a, — 2a,. Does this 
ambiguity exist when the dot product is used? 


We use the relation A x B = |A||B|sin 0n. With the given vectors we find 





2a, + az 
V5 


ctn 


A x B = 14a, + Tas T5] | = VOFTFIGVIFT F4 sinn 





where n is identified as shown; we see that n can be positive or negative, as sin can be 
positive or negative. This apparent sign ambiguity is not the real problem, however, as we 
really want the magnitude of the angle anyway. Choosing the positive sign, we are left with 
sind = 7/5/(V29V9) = 0.969. Two values of 0 (75.7? and 104.3°) satisfy this equation, and 
hence the real ambiguity. 


In using the dot product, we find A-B —6—2-—8 = —4 = |A||B|cos0 = 3V29 cos6, or 
cos = —4/(34/29) = —0.248 => 0 = —75.7°. Again, the minus sign is not important, as we 
care only about the angle magnitude. The main point is that only one 0 value results when 
using the dot product, so no ambiguity. 


1.9. A field is given as 
25 
G= et 
(x2 Em y?) (xa yay) 





Find: 
a) a unit vector in the direction of G at P(3,4, —2): Have G, = 25/(9+ 16) x (3, 4,0) = 3a, + day, 
and |G,| = 5. Thus ag = (0.6, 0.8, 0). 


b) the angle between G and a, at P: The angle is found through ag : as = cos0. So cos0 = 
(0.6, 0.8,0) - (1,0,0) = 0.6. Thus 0 = 53°. 


c) the value of the following double integral on the plane y = 7: 


4 p2 
" f G - aydzdx 
0 Jo 
4 p2 4 p2 4 
25 25 350 
gi a aleas + ya) -aydede = f / agree ado 


1 4 
= 350 x - [a (3) z o| = 26 


1.10. By expressing diagonals as vectors and using the definition of the dot product, find the smaller angle 
between any two diagonals of a cube, where each diagonal connects diametrically opposite corners, 
and passes through the center of the cube: 








Assuming a side length, b, two diagonal vectors would be A = b(a, + ay + az) and B = 
b(a, — ay + az). Now use A- B = |A|[B| cos 8, or b? (1 — 1+1) = (V30)(V/30) cosó = cos0 = 
1/3 = 0 = 70.53°. This result (in magnitude) is the same for any two diagonal vectors. 


1.11. Given the points M(0.1, —0.2, —0.1), N(—0.2,0.1,0.3), and P(0.4,0,0.1), find: 
a) the vector Run: Rmn = (—0.2,0.1,0.3) — (0.1, —0.2, —0.1) = (—0.3, 0.3, 0.4). 
b) the dot product Rmn : Rp: Rap = (0.4,0,0.1) — (0.1, —0.2, —0.1) = (0.3,0.2,0.2). Run: 
Rap = (—0.3,0.3,0.4) - (0.3,0.2,0.2) = —0.09 + 0.06 + 0.08 = 0.05. 
c) the scalar projection of Rmn on Ryp: 
(0.3, 0.2, 0.2) 0.05 


Rmn :armp = (—0.3, 0. Ouf» = = 0.12 
MN Arup —( ) v0.09 +0.04 +0.04 volt ~~ 








d) the angle between Rmn and Ryp: 


Om = cos! (RE din ) = cos“! (sas ) = 78° 
IRavn||RiveP| V0.34/0.17 





1.12. Show that the vector fields A = pcos ġa, + psin $a; + pa; and B = pcos ġa, + psindag — paz 
are everywhere perpendicular to each other: 


We find A - B = p?(sin? ¢ + cos? ¢) — p? = 0 = |A|[B| cos @. Therefore cos 9 = 0 or 0 = 90°. 
1.13. a) Find the vector component of F = (10, —6,5) that is parallel to G = (0.1, 0.2, 0.3): 


FG. (10;=6;5)-(011,0.2, 0.3) 
Feon GE 0.1, 0.2, 0.3) = (0.93, 1.86, 2.79 
IG" TEP (010011009 C) oe 








b) Find the vector component of F that is perpendicular to G: 


F,c = F — Fia = (10, —6, 5) — (0.93, 1.86, 2.79) = (9.07, —7.86, 2.21) 





c) Find the vector component of G that is perpendicular to F: 


1.3 
100 + 36 + 25 





-F 
Gpr =G-Gyr=G- TET = (0.1,0.2,0.3) (10, —6,5) = (0.02, 0.25, 0.26) 





1.14. Show that the vector fields A = a, (sin 20) /r? 4-2ag (sin 0) /r? and B = rcos@a,+r ag are everywhere 
parallel to each other: 


Using the definition of the cross product, we find 


sin20 2sin@cos@ 





AxB-( ) ay -0- lA|Blsinén 


T r 


Identify n = ag, and so sin 0 = 0, and therefore 0 = 0 (they're parallel). 


1.15. Three vectors extending from the origin are given as rı = (7,3, —2), rə = (—2,7, —3), and r3 = 
(0, 2,3). Find: 


a) a unit vector perpendicular to both rı and ro: 


rı X r2 E (5, 25,55) 
Iri xro| | 60.6 





apı2 = = (0.08, 0.41, 0.91) 





b) a unit vector perpendicular to the vectors rı — ro and rg — ra: rı — r2 = (9, —4, 1) and r2— r3 = 
(—2,5, —6). So rı — r2 X r2 — r3 = (19, 52, 32). Then 


(19,52,32) (19, 52, 32) 
= = = (0.30, 0.81, 0.50 
av = 1(19, 52, 32)| op ee) 








c) the area of the triangle defined by rı and ro: 
1 
Area = z x rə| = 30.3 


d) the area of the triangle defined by the heads of ri, r2, and rs: 





1 
\(—9, 4, —1) x (-2,5, —6)| = 32.0 


1 
Area — gl (re — ri) x (ro = r3)| = 9 


1.16. The vector field E = (B/p) ap, where B is a constant, is to be translated such that it originates at 
the line, x = 2, y = 0. Write the translated form of E in rectangular components: 


First, transform the given field to rectangular components: 


B B B B 
Ey = —ap ` ar cos @ a z 


p " VT? +y? 


Using similar reasoning: 


ET vary) T? +y? 








By 


Eg = xr 
x? + y? 


y —a 


B 
p‘ ay = ————— sing= 
V x? + y? 


We then translate the two components to x = 2,y = 0, to obtain the final result: 


B[(x —2)a; + yay] 


Ping) = (x-2)? +y? 








1.17. Point A(—4,2,5) and the two vectors, Ray = (20,18,—10) and Ran = (—10,8,15), define a 
triangle. 


a) Find a unit vector perpendicular to the triangle: Use 


R R 350, —200, 340 
ap = 4M ZR ane — 890, b (0.664, —0.379, 0.645) 
[RAM x Ran| 527.35 








'The vector in the opposite direction to this one is also a valid answer. 
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1.17b) Find a unit vector in the plane of the triangle and perpendicular to Ray: 


= = (—0.507, 0.406, 0.761) 





Then 


apan = ap X aan = (0.664, —0.379, 0.645) x (—0.507, 0.406, 0.761) = (—0.550, —0.832, 0.077) 





The vector in the opposite direction to this one is also a valid answer. 


c) Find a unit vector in the plane of the triangle that bisects the interior angle at A: A non-unit 
vector in the required direction is (1/2)(aamw + aan), where 


(20, 18, —10) 
ell 


———— —— ———— = (0.697, 0.627, —0.348 
20,18, —10)| dt l 


Now 


1 1 
5(@am + aan) = 5[(0.697, 0.627, —0.348) + (—0.507, 0.406, 0.761)] = (0.095, 0.516, 0.207) 


Finally, 


(0.095, 0.516, 0.207) 
iem = (0.168, 0.915, 0.367 
abis = 19,095, 0.516,0.207)| ~ | 








1.18. Transform the vector field H = (A/p)ag, where A is a constant, from cylindrical coordinates to 
spherical coordinates: 


First, the unit vector does not change, since ag is common to both coordinate systems. We 
only need to express the cylindrical radius, p, as p = r sin 0, obtaining 


A 


r sin 0 


H(r,0) = 





ag 


1.19. a) Express the field D = (x? + y?) ! (za, + yay) in cylindrical components and cylindrical variables: 
Have x = pcos à, y = psing, and x? + y? = p°. Therefore 


1 
D = - (cos $a; + sin day) 
p 


Then i 1 1 
D = Dea, = * [cos ó(a4 : ap) + sin d(a, - a5)] = 7 [cos? à + sin? ¢] = 
and 
1 ; 1 : ; 
D¿ =D «ag = : [cos ó(a4 : a5) + sin d(ay - ag)| = ; [cos ó(— sin $) + sin $ cos 9| = 0 
Therefore 1 
D = —-a, 
p 


1.19b) Evaluate D at the point where p = 2, o = 0.27, and z = 5, expressing the result in cylindrical and 
cartesian coordinates: At the given point, and in cylindrical coordinates, D = 0.5a,. To express this 
in cartesian, we use 


D = 0.5(a, : a;)a; + 0.5(a, - ay)ay = 0.5 cos 36°a, + 0.5sin 36°a, = 0.41a, + 0.29a, 





1.20. A cylinder of radius a, centered on the z axis, rotates about the z axis at angular velocity €) rad/s. 
The rotation direction is counter-clockwise when looking in the positive z direction. 


a) Using cylindrical components, write an expression for the velocity field, v, that gives the tan- 
gential velocity at any point within the cylinder: 


Tangential velocity is angular velocity times the perpendicular distance from the rotation axis. 
With counter-clockwise rotation, we therefore find v(p) = —Qpag (p < a). 





b) Convert your result from part a to spherical components: 


In spherical, the component direction, ag, is the same. We obtain 


v(r,0) = —Or sin ag (rsin < a) 





c) Convert to rectangular components: 





=— -an = —Q(z? + y2)!/2(— gi RUE C ey ee ee 
Us Qpag : a; O(a* + y^) ^ *(—sinqQ) Q(x“ + y*) G+ yD Qy 
Similarly 
vy = —Opag - ay = —O(x? + y?)!"? (cos 9) = —O(a? + y?) 2 = —(ax 


(x2 + y2)172 
Finally v(x, y) = 9 [yas — xa], where (z? + y2)!/2 < a. 


1.21. Express in cylindrical components: 

a) the vector from C(3,2, —7) to D(—1, —4, 2): 
C(3,2, —7) ^ C(p = 3.61, 9 = 33.7°, z = —7) and 
D(-1, —4,2) > D(p = 412,0 = —104.0°, z = 2). 
Now Rep = (—4,—6,9) and R, = Rcp : ap = —4cos(33.7) — 6sin(33.7) = —6.66. Then 
Rọ = Rop: ag = 4sin(33.7) — 6 cos(33.7) = —2.77. So Rep = —6.66a, = 2.77ag + 9a, 

b) a unit vector at D directed toward C: 
Rop = (4,6, -9) and R, = Rpc ap = 4cos(—104.0) + 6sin(—104.0) = —6.79. Then Rg = 
R pc : ag = 4|- sin(—104.0)] + 6 cos(—104.0) = 2.43. So R pc = —6.79a, + 2.43a,, — 9az 
Thus apc = —0.59a, + 0.21lag — 0.78a, 








c) a unit vector at D directed toward the origin: Start with rp = (—1,—4,2), and so the 
vector toward the origin will be —rp = (1,4, —2). Thus in cartesian the unit vector is a = 
(0.22, 0.87, —0.44). Convert to cylindrical: 
ap = (0.22, 0.87, —0.44) - a, = 0.22 cos(—104.0) + 0.87 sin(—104.0) = —0.90, and 
ag = (0.22,0.87,—0.44) -ag = 0.22[— sin(—104.0)] + 0.87cos(—104.0) = 0, so that finally, 
a= —0.90a, — 0.44a;. 





1.22. A sphere of radius a, centered at the origin, rotates about the z axis at angular velocity Q rad/s. 
The rotation direction is clockwise when one is looking in the positive z direction. 


a) Using spherical components, write an expression for the velocity field, v, which gives the tan- 
gential velocity at any point within the sphere: 


As in problem 1.20, we find the tangential velocity as the product of the angular velocity and 
the perperdicular distance from the rotation axis. With clockwise rotation, we obtain 


v(r, 0) = Orsin 6 ag (r < a) 





b) Convert to rectangular components: 


From here, the problem is the same as part c in Problem 1.20, except the rotation direction is 
reversed. The answer is v(z, y) = Q [-y as + vay], where (x? + y? + 22)!/? < a. 








1.23. The surfaces p = 3, p = 5, d= 100°, 6 = 130°, z = 3, and z = 4.5 define a closed surface. 


a) Find the enclosed volume: 
4.5 130° p5 
vol = f f | pdp dd dz = 6.28 
3 1009 J3 


NOTE: The limits on the ¢ integration must be converted to radians (as was done here, but not 
shown). 





b) Find the total area of the enclosing surface: 


130° p5 4.5 130° 
Area = 2 I pdpdd + / 7 3 dọ dz 
3 3 1 


100° 00° 
4.5 130° 4.5 p5 
+ f T 5dọdz + 2 | I dp dz = 20.7 
3 100° 3 3 


c) Find the total length of the twelve edges of the surfaces: 


o o 


30 
L h=4x1. 4x2 2 —— x2 à 
engt x15+ 4x2 + 2x EE x2mx3 + 3609 





d) Find the length of the longest straight line that lies entirely within the volume: This will be 
between the points A(p = 3, o = 100°, z = 3) and B(p = 5, à = 130°, z = 4.5). Performing 
point transformations to cartesian coordinates, these become A(x = —0.52, y = 2.95, z = 3) 
and B(x = —3.21, y = 3.83, z = 4.5). Taking A and B as vectors directed from the origin, the 
requested length is 


Length = |B — A| = |(—2.69, 0.88, 1.5)| = 3.21 


1.24. Express the field E = Aa, /r? in 
a) rectangular components: 


r= A A A v z? + y? x Ax 























Gar’ år = -5 in = = 

RC. a 72 sin 0 cos @ x2 + y? + z? v2? 4 y? + 22 v2? 4 y? (x? + y? + 22)3/2 

A A A r2 +y? A 
Ey = = ar : ay = — sin f sin ọ = vz HY y - y 

r2 r? T? +y? + 22 Ja? Fy +z fx? +y2 (£? +y? + z2)3/2 

E, = 2 a:a, = i 0-— A id z Az 
z gu TE COS U = £2 + y? + 2? / x2 ER y? +22 E (a + y? ae 22)3/2 

Finally 


A(x a4 + y ay + zaz) 





b) cylindrical components: First, there is no ag component, since there is none in the spherical 
representation. What remains are: 








Ep = 58r:85— = Sinb = A £ = ae 
m m (p? + 22) Vere (p? + 22)3/2 
and 
EE go ud A i = d 
RO IQ p He a (p? + 22) Jere (p + 22)3/2 
Finally 


a) Find E at P: E = 1.10a, + 2.21a,. 
b) Find [E| at P: |B] = v1.12 + 221? = 247. 


c) Find a unit vector in the direction of E at P: 





E 





1.26. Express the uniform vector field, F = 5a, in 
a) cylindrical components: F, = 5a;:a, = 5cos¢, and Fy = 5a, -ag = —5sin gd. Combining, we 
obtain F(p, ¢) = 5(cos $a, — sin dag). 


b) spherical components: F, = 5a;:a, = 5sin 0 cos ¢; Fg = 5a,-ag = 5cos0cosó; Fy = 5az-ag = 
—5sin 9. Combining, we obtain F(r,6,¢) = 5 [sin0 cos $a, + cos 0 cos 9 ag — sin gag]. 
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1.27. The surfaces r = 2 and 4, 0 = 30? and 50°, and @ = 20? and 60? identify a closed surface. 
a) Find the enclosed volume: This will be 


60? 4509 p4 
Vol = f J f r? sin 0drd6üdQ = 2.91 
20° J309 J2 


where degrees have been converted to radians. 
b) Find the total area of the enclosing surface: 


60? ^50? 60° 
Area = D E (4? + 2) sin 6d0dQ + f Tos r (sin 30° + sin 50?)drdó 
209 J30° 20 


50? 
+ JN ri rdrd0 = 12.61 
30 2 


c) Find the total length of the twelve edges of the surface: 





4 50? 60° 
Length = af dr + 2 (4 4- 2)d0 + T (4sin 50? + 4sin 30? + 2sin 50° + 2sin 30°)d@ 
2 30° 20° 


= 17.49 


d) Find the length of the longest straight line that lies entirely within the surface: This will be 
from A(r = 2,0 = 50°, 9 = 20°) to B(r = 4,0 = 30° 6 = 60°) or 
A(x = 2 sin 50° cos 20°, y = 2 sin 50° sin 20°, z = 2 cos 50°) 


to 
B(x = 4sin 30° cos 60°, y = 4sin 30° sin 60°, z = 4 cos 30°) 


or finally A(1.44, 0.52, 1.29) to B(1.00, 1.73, 3.46). Thus B — A = (—0.44, 1.21,2.18) and 


Length = |B — A| = 2.53 


1.28. Express the vector field, G = 8sin dag in 


a) rectangular components: 


8y Z x 


G, = 8sin gag - a, = 8sin ¢ cos 0 cos o = 
va? +Y a? y? t+ fa? 








8xryz 
(a? + y?) / x? + y? + 22 


Gy = 8sin dag - a, = 8sin ġ cos 0 sin o = 





8y z y 
fa? t+ y? a? + y? + 2? a? y? 








8y?z 


(2? +y?) VT? +y? pa 
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1.28a) (continued) 


—8 2 2 
G- = 8sindag-a, = 8sinó(— sin 0) = p = EAE 2 
x y x y Z 








Vr? poe gt 


Finally, 
8y LZ yz 


a, + a 
Va? + y? + 22 [2 +y? aye 


b) cylindrical components: The ag direction will transform to cylindrical components in the a, 
and a, directions only, where 


G(z,y,z)— 





a 


Gp = 8sinoag- a, = 8sin dcosé = 8sin 9——— — 
p^ +z 
The z component will be the same as found in part a, so we finally obtain 

Sosi 
G(p, z) = pane E a. 


v p? +27 LP 
1.29. Express the unit vector a4 in spherical components at the point: 
a) r = 2, 0 = lLrad,9 = 0.8 rad: Use 


ar = (a5: a,)a, + (a; : ag)ae + (a; : ag)ag = 
sin(1) cos(0.8)a, + cos(1) cos(0.8)ag + (—sin(0.8))ag = 0.59a, + 0.38ag — 0.72a, 














b) z = 3, y = 2, z = —1: First, transform the point to spherical coordinates. Have r = v14, 
0 = cos 1 (—1/4/14) = 105.5°, and ¢ = tan 1(2/3) = 33.7°. Then 
a, = sin(105.5°) cos(33.7° )a, + cos(105.5°) cos(33.7° )ag + (— sin(33.7°) )ag 
= 0.80a, — 0.22a9 — 0.55ag 





c) p= 2.5, 6 = 0.7 rad, z = 1.5: Again, convert the point to spherical coordinates. r = y p? + 2? = 
V8.5, 0 = cos !(z/r) = cos 1(1.5/4/8.5) = 59.0°, and à =0.7rad = 40.1°. Now 
a, = sin(59°) cos(40.1° )a, + cos(59°) cos(40.1° Jag + (— sin(40.1°) Jag 
= 0.66a, + 0.39a9 — 0.64ag 





1.30. At point B(5,120°,75°) a vector field has the value A = —12a, — 5aọ + 15ay. Find the vector 
component of A that is: 





a) normal to the surface r = 5: This will just be the radial component, or —12a,. 
b) tangent to the surface r — 5: This will be the remaining components of A that are not normal, 
or —5ag + 15a,. 


c) tangent to the cone 0 = 120°: The unit vector normal to the cone is ag, so the remaining 
components are tangent: —12a,+ 15a. 


d) Find a unit vector that is perpendicular to A and tangent to the cone 6 = 120°: Call this vector 
b = bra, + bgag, where b? + b3, = 1. We then require that A - b = 0 = —12b, + 15bg, and 
therefore by = (4/5)b.. Now b2[1 + (16/25)] = 1, so b, = 5//41. Then bg = 4/V/41. Finally, 
b = (1//41) (5a, + 4ag) 
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CHAPTER 2 


2.1. Four 10nC positive charges are located in the z — 0 plane at the corners of a square 8cm on a side. 
A fifth 10nC positive charge is located at a point 8cm distant from the other charges. Calculate the 
magnitude of the total force on this fifth charge for e = eo: 


Arrange the charges in the xy plane at locations (4,4), (4,-4), (-4,4), and (-4,-4). Then the fifth charge 
will be on the z axis at location z = 4/2, which puts it at 8cm distance from the other four. By 
symmetry, the force on the fifth charge will be z-directed, and will be four times the z component of 
force produced by each of the four other charges. 


4 q? 4 (1078)? -4 
J2 Amegdi ^ Và C 4n(8.85 x 10-12)(0.08)2.— -~ 





2.2. Two point charges of Qı coulombs each are located at (0,0,1) and (0,0,-1). (a) Determine the locus 
of the possible positions of a third charge Q» where Q2 may be any positive or negative value, such 
that the total feld E — 0 at (0,1,0): 


The total field at (0,1,0) from the two Qı charges (where both are positive) will be 


2Q1 Qi " 
Ate) R? 4vV25€9 " 


where R = v2. To cancel this field, Qo must be placed on the y axis at positions y > 1 if Q> > 0, 
and at positions y < 1 if Q2 < 0. In either case the field from Qə will be 








E,(0,1,0) = cos 45° ay = 











—|Qo| 
E 1,0) = 
2(0, ,0) Arey y 
and the total field is then 
Qı (Q»| | 
E: = E + Eo = = 
: i ms 4m€o 

Therefore 

Qi IQ»| 1/4. | |Qal 

= => y=1+2 —— 

V2 (y-1? Qı 





where the plus sign is used if Q2 > 0, and the minus sign is used if Qo < 0. 


(b) What is the locus if the two original charges are Q1 and —Q1? 


In this case the total field at (0,1,0) is E4(0, 1,0) = —Qi1/(4v27«€o) az, where the positive Q is 
located at the positive z (= 1) value. We now need Q» to lie along the line x = 0, y = 1 in order 
to cancel the field from the positive and negative Q4 charges. Assuming Qə is located at (0, 1, z), 
the total field is now 

-Qı _ _1Q2l 


= az T 
Av/2n€o 47€9z? 
or z = :2!/^./1Q5|/Q;, where the plus sign is used if Qə < 0, and the minus sign if Qz > 0. 





E; = E; + E? 








2.3. Point charges of 50nC each are located at A(1,0,0), B(—1,0,0), C(0,1,0), and D(0, —1,0) in free 
space. Find the total force on the charge at A. 


'T he force will be: 





(50 x 1073)? | Rca ; Rpa i Rea | 
Arreg Rca?  [Rpa|? [Rsa]? 


where Roy = a; — ay, RpA = az + ay, and Rg, = 2az. The magnitudes are |Rc4| = |Rpa] = V2, 
and |Rga| = 2. Substituting these leads to 


50x 107°)? [ 1 1 2 
00510 | |a = 215a. uN 


F= + | 
042 * 94/2.* 8 





4T€0 


where distances are in meters. 


2.4. Eight identical point charges of Q C each are located at the corners of a cube of side length a, with 
one charge at the origin, and with the three nearest charges at (a,0,0), (0,a,0), and (0,0, a). Find 
an expression for the total vector force on the charge at P(a, a, a), assuming free space: 


The total electric field at P(a,a,a) that produces a force on the charge there will be the sum 
of the fields from the other seven charges. This is written below, where the charge locations 
associated with each term are indicated: 


Encet(a, a, a) = 





q as + ay + a; | ay t az f ar taz f Ag + ay L a ta L a | 
Arega? 3/3 2/2 24/2 W2 or EN P A 
MM an a A (ad) (050) (0) | 
(0,0,0) (a,0,0) (0,a,0) (0,0,a) 
The force is now the product of this field and the charge at (a,a,a). Simplifying, we obtain 


2 1 1 


q 
$e 
Arrega? ne /2 


in which the magnitude is |F| = 3.29 q?/(47€9a”). 


1.90 q? 


F(a,a,a) = qEncet(a,a,a) = s 








| @ +a +a.) = (az + ay + az) 


4Tegoa 





2.5. Let a point charge Q125 nC be located at Pı (4, —2, 7) and a charge Qs = 60 nC be at P5(—3,4, —2). 
a) If c = eo, find E at P3(1,2,3): This field will be 


_ 10-9 E RE 
[Ris? — |Ra3]? 





4T €0 


where Ri3 = —3a; + 4a, — 4a; and R23 = 4a; — 2a, +5a,. Also, |Ri3| = v41 and |Ro3| = v45. 
So 





D 10? [25 x (-3a, -4a, —4a;) | 60 x (4a, — 2a, + 5a;) 
Arey (AT) P9 (45)15 
= 4.58a, — 0.15a, + 5.51a; 








b) At what point on the y axis is E; = 0? Ps is now at (0, y,0), so Rig = —4a; + (y+ 2)a, — Taz 


and R53 = 3a; + (y — 4)ay + 2az. Also, [R43| = 4/65 + (y + 2)? and [R23| = 4/13 + (y — 4)?. 
Now the x component of E at the new P3 will be: 
Mz. 25 x (—4) 60 x 3 





* Ameo L[65--(y--2)2]5 ^ [13+ (y — 4)2]L5 


2 


To obtain E, = 0, we require the expression in the large brackets to be zero. This expression 
simplifies to the following quadratic: 


0.48? + 13.92y + 73.10 = 0 


which yields the two values: y = —6.89, —22.11 


2.6. Three point charges, each 5 x 107° C, are located on the x axis at x = —1, 0, and 1 in free space. 
a) Find E at x = 5: At a general location, z, 
q 1 1 1 


- EL à 
Areo | (£x +1)? x? (x-1) E 





E(x) 


At x = 5, and with q = 5 x 107? C, this becomes E(x = 5) = 5.8a, V/m. 
b) Determine the value and location of the equivalent single point charge that would produce the 
same field at very large distances: For x >> 1, the above general field in part a becomes 
3q " 
Anceox? ^ 





E(x >>1)= 


Therefore, the equivalent charge will have value 3q = 1.5 x 1078 C, and will be at location x = 0. 





c) Determine E at x = 5, using the approximation of (b). Using 3q = 1.5 x 1078 C and x = 5 in 
the part b result gives E(x = 5) = 5.4a, V/m, or about 7% lower than the exact result. 


2.7. A 2 uC point charge is located at A(4,3,5) in free space. Find E,, Ey, and E; at P(8,12,2). Have 


ag es 10-9 Rap — 2x 107° [4a, + 9a, — 3a 
P Ane [Rape 4m«eo (106) 1-5 





=| = 65.9a, + 148.3a, — 49.4a, 


Then, at point P, p = V8? + 12? = 144, à = tan^1 (12/8) = 56.3°, and z = z. Now, 

E, = E,- ap = 65.9(az : ap) + 148.3(a, - ap) = 65.9 cos(56.3°) + 148.3 sin(56.3°) = 159.7 
and 

E, = E,-ag = 65.9(az : ag) + 148.3(ay -ag) = —65.9 sin(56.3°) + 148.3 cos(56.3°) = 27.4 
Finally, E, = —49.4 V/m 


2.8. A crude device for measuring charge consists of two small insulating spheres of radius a, one of which 
is fixed in position. The other is movable along the x axis, and is subject to a restraining force kz, 
where k is a spring constant. The uncharged spheres are centered at x = 0 and x = d, the latter 
fixed. If the spheres are given equal and opposite charges of Q coulombs: 


a) Obtain the expression by which Q may be found as a function of x: The spheres will attract, and 
so the movable sphere at x = 0 will move toward the other until the spring and Coulomb forces 
balance. This will occur at location x for the movable sphere. With equal and opposite forces, 
we have 

Q? 


4reo(d — x)? n 


3 


from which Q = 2(d — x) y7«eokz. 

b) Determine the maximum charge that can be measured in terms of eo, k, and d, and state the 
separation of the spheres then: With increasing charge, the spheres move toward each other until 
they just touch at £mar = d — 2a. Using the part a result, we find the maximum measurable 


charge: Qmar = 4a meok(d —2a). Presumably some form of stop mechanism is placed at 
to prevent the spheres from actually touching. 








t= Cmax 


c) What happens if a larger charge is applied? No further motion is possible, so nothing happens. 


2.9. A 100 nC point charge is located at A(—1,1,3) in free space. 
a) Find the locus of all points P(x, y, z) at which E, = 500 V/m: The total field at P will be: 


100 x 10-9 Rap 
Ep = - 
4T€9 [RAp| 








where Rap = (z--1)a, (y—1)ay4- (2—3)a;, and where |RAp| = [(z4-1)? - (y- 1)? - (z-3)2] 2. 
'The z component of the field will be 


| 100 x 107? (x 4-1) 
—  ^4me — [(e@ +1)? (y- 1? + (z- 3)7]15 





x 


= 500 V/m 





And so our condition becomes: 





(£z + 1) = 0.56 [(z +1)? + (y — 1 + (z — 3)?] +3 





b) Find yi if P(—2,91,3) lies on that locus: At point P, the condition of part a becomes 
3.19 = [1 + (yi - 1?] 
from which (yj — 1)? = 0.47, or yı = 1.69 or 0.31 


2.10. A positive test charge is used to explore the field of a single positive point charge Q at P(a,b,c). If 
the test charge is placed at the origin, the force on it is in the direction 0.5a, — 0.5/3 a,, and when 
the test charge is moved to (1,0,0), the force is in the direction of 0.6a, — 0.8a,. Find a, b, and c: 


We first construct the field using the form of Eq. (12). We identify r = ra; + yay + za; and 
r’ = aa, + ba, + caz. Then 





_ Ql(r-a)a; + (y — day + (z — ©) a-] (D 
Ameo [(z — a)? + (y — b)? + (z — e)? 








Using (1), we can write the two force directions at the two test charge positions as follows: 


[—aa, — ba, — caz] 
(a2 + b2 + c2)172 





at (0,0,0) : = 0.5a, — 0.5V/3a, (2) 





[(1 — a) az, — bay — ca,] 


at (1,0,0): (0 — ay 49i 4 dia 





= 0.6a, — 0.8a, (3) 
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We observe immediately that c = 0. Also, from (2) we find that b = —av3, and therefore 
v a? +b? = 2a. Using this information in (3), we write for the x component: 














1—a » l-a — 06 
vV(1—a?-5?  V/1—-2a-4d? i 
or 0.44a? + 1.28a — 0.64 = 0, so that 
—1.28 + 1.28)? + 4(0.44)(0.64 
a= ví JS X ) = 0.435 or — 3.344 





0.88 


The corresponding b values are respectively —0.753 and 5.793. So the two possible P coordinate 
sets are (0.435, —0.753,0) and (—3.344, 5.793,0). By direct substitution, however, it is found that 
only one possibility is entirely consistent with both (2) and (3), and this is 


P(a, b, c) = (—3.344, 5.793, 0) 





2.11. A charge Qo located at the origin in free space produces a field for which E, = 1 kV/m at point 
P(—2,1,-1). 


a) Find Qo: The field at P will be 


Ep 





| Qo | -2ag + ay — a, 
^. Am€o 61.5 


Since the z component is of value 1 kV/m, we find Qo = —47€961? x 10? = —1.63 uC. 
b) Find E at M(1,6,5) in cartesian coordinates: This field will be: 





Em = 


—1.63 x 109 fa, + 6a, + 5a; 
4T€0 


[1 + 36 + 25]15 


or Ey = —30.11a, — 180.63a, — 150.53a;. 





c) Find E at M(1,6,5) in cylindrical coordinates: At M, p = /1+36 = 6.08, ¢ = tan 1(6/1) = 
80.54°, and z = 5. Now 


E, = Em : a, = —30.11 cos ó — 180.63sin ó = —183.12 





Ey = Em - ag = —30.11(—sin 9) — 180.63 cos  — 0 (as expected) 
so that Em = —183.12a, — 150.53a;. 





d) Find E at M(1,6,5) in spherical coordinates: At M, r = 14-36 4-25 = 7.87, ó = 80.54? (as 
before), and 0 = cos-1(5/7.87) = 50.58°. Now, since the charge is at the origin, we expect to 
obtain only a radial component of Em. This will be: 


E, = Em : a, = —30.11sin 0 cos o — 180.63 sin 0 sin @ — 150.53 cos 0 = —237.1 


2.12. Electrons are in random motion in a fixed region in space. During any lus interval, the probability 
of finding an electron in a subregion of volume 10715 m? is 0.27. What volume charge density, 
appropriate for such time durations, should be assigned to that subregion? 

'The finite probabilty effectively reduces the net charge quantity by the probability fraction. With 
e = —1.602 x 10-!? C, the density becomes 


.. 0.27 x 1.602 x 10 7^ 
Pv = 10-15 





— —43.3 uC/m? 


2.13. A uniform volume charge density of 0.2 C/m? is present throughout the spherical shell extending 
from r = 3 cm to r = 5 cm. If o, = 0 elsewhere: 


a) find the total charge present throughout the shell: This will be 


.05 


2m T .05 3 
Q= f I » 0.2 r? sin0 dr d0 do = [into = 8.21 x 10? uC = 82.1 pC 
0 03 3 |.os =~ 


b) find rı if half the total charge is located in the region 3cm < r < rı: If the integral over r in 
part a is taken to rı, we would obtain 


3771 
| = 4.105 x 107? 


[ar(o.) 3 A 


Thus 





E x 4.105 x 1075 
rı = 


1/3 
| 3 = 
EREET + (.03) | 4.24 cm 


2.14. The charge density varies with radius in a cylindrical coordinate system as p, = po/(p? 4- a2)? C/m?. 
Within what distance from the z axis does half the total charge lie? 


Choosing a unit length in z, the charge contained up to radius p is 


RT 1 ^ Tp 1 
=f Í a TT ae rg rdi dd: = n [cs og zal. | a? h a| 


The total charge is found when p — oo, or Qnet = Tpo/a?. It is seen from the Q(p) expression 
that half of this occurs when p — a. 





2.15. A spherical volume having a 2 um radius contains a uniform volume charge density of 10? C/m?. 


a) What total charge is enclosed in the spherical volume? 
This will be Q = (4/3)r(2 x 10-99? x 1015 = 3.85 x 10-7 C. 


b) Now assume that a large region contains one of these little spheres at every corner of a cubical 
grid 3mm on a side, and that there is no charge between spheres. What is the average volume 
charge density throughout this large region? Each cube will contain the equivalent of one little 
sphere. Neglecting the little sphere volume, the average density becomes 


3.35 x 107? 


aS = 1.24 x 10° Cum. 
Prane = (9.0933 B m 
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2.16. Within a region of free space, charge density is given as p, = por/a C/m?, where po and a are 
constants. Find the total charge lying within: 


a) the sphere, r € a: This will be 


2T T a a 3 
Qa, — l 7 | Por 2 sin 0 dr d0 do = sr f por dr = T poa? 
0 o Jo 4a o0 a 


b) the cone, r € a, 0 € 0 € 0.17: 





2v 0.17 a por poa? 
Q = | f f — r? sin 0 dr dó dé = 21 —— [1 — cos(0.17)] = 0.0247 poa? 
0 0 o a 4 
c) the region, r <a, 0 € 0 € 0.17, 0 € à € 0.27. 


0.27 0.17 a 
0.2 
Q. = y f | por r? sin 0 dr d8 dé = 0.0247 poa? (m) = 0.00247 poa? 
0 0 o a 2n 


2.17. A uniform line charge of 16 nC/m is located along the line defined by y = —2, z = 5. If e = eg: 


a) Find E at P(1,2,3): This will be 
_ M Rp 
P Ore [Rp|? 


where Rp = (1, 2,3) — (1, 22,5) = (0,4, —2), and [Rp]? = 20. So 











a 20 





16 x 107? [4a, — 2a, 
= X | ay a | = 51.58, = 28.8a, V/m 
2T7€09 


b) Find E at that point in the z = 0 plane where the direction of E is given by (1/3)a, — (2/3)az: 
With z = 0, the general field will be 





p. ,.- A (y+ 2)a, — 5a; 
UU  9me) | (y+ 2)? + 25 
We require | E;| = —|2E,|, so 2(y +2) = 5. Thus y = 1/2, and the field becomes: 





E,- 


pi bee — 5a, 
=0 = 
27€ 


= 23a, — 46a, 
ae Sau 


2.18. An infinite uniform line charge pr, = 2 nC/m lies along the x axis in free space, while point charges 
of 8 nC each are located at (0,0,1) and (0,0,-1). 
a) Find E at (2,3,-4). 
'The net electric field from the line charge, the point charge at z — 1, and the point charge at 
z = —] will be (in that order): 


$ 1 [2p,(3a, —4a;) , q2a; -3ay —5a;) | q(2a; - 3a, — 3a;) 
tot — T 


Ate 25 (38)3/2 (22)3/2 





Then, with the given values of pr, and q, the field evaluates as 


Eo = 2.0 az + 7.3a, —9.4a; V/m 





b) To what value should pr, be changed to cause E to be zero at (0,0,3)? 


In this case, we only need scalar addition to find the net field: 





PL q q 
E(0,0,3) — | =0 
(0,0,3) 27€9(3) 4reo(2)? = Arey (4)? 


Therefore 





1 1 2 15 
a| ' |- 7 => pL = —359 = —0.47q = —3.75 nC/m 


2.19. A uniform line charge of 2 uC/m is located on the z axis. Find E in cartesian coordinates at P(1, 2,3) 
if the charge extends from 
a) —oo < z < oo: With the infinite line, we know that the field will have only a radial component 
in cylindrical coordinates (or x and y components in cartesian). The field from an infinite line 
on the z axis is generally E = [p;/(27€9p)|ay. Therefore, at point P: 


p Rep (2x10 9) a, 42a, 
= = —72a,--144ay kV 
P Oreo [Repl Téo 5 tc ee 











where Rp is the vector that extends from the line charge to point P, and is perpendicular to 
the z axis; i.e., R;p = (1,2,3) — (0,0,3) = (1, 2,0). 


b) —4 € z € 4: Here we use the general relation 


Ep= [2 r-r 


Arey |r — r'|’ 


where r = a; + 2a, + 3a; and r' = za,. So the integral becomes 


Ep mE dz 








(2 x 10-9) f as + 2a, + (3 — z)a; 
4T€0 -4 [54 (3—2)7]t5 


Using integral tables, we obtain: 


(az + 2ay)(z — 3) + 5a; 
(22 — 6z + 14) 





Ep = 3597 





4 
| V/m = 4.9a; + 9.8a, + 4.98; kV/m 
—4 


The student is invited to verify that when evaluating the above expression over the limits —oo < 
z < oo, the z component vanishes and the x and y components become those found in part a. 


2.20. The portion of the z axis for which |z| « 2 carries a nonuniform line charge density of 10|z| nC/m, 
and pr, = 0 elsewhere. Determine E in free space at: 


a) (0,0,4): The general form for the differential field at (0,0,4) is 


JE = pr dz (r — r^) 
4meo|r — r'|’ 
where r = 4a; and r’ = za;. Therefore, r — r’ = (4 — z) a; and |r — r'| = 4 — z. Substituting 


pr = 10|z| nC/m, the total field is 


E(0,0,4) — i: 10*|z|dzaz = i 10 *zdza; f. 107?zdza; 
0 











3 4neo(4 — z)? 4meo(4 — z)? 3 4reo(4 — z)? 
10-8 4v 4 7° 
= In(4 In(4 z 
E 2*1 [in i: eL 
= 34.0a, V/m 


b) (0,4,0): In this case, r = 4a, and r' = za, as before. The field at (0,4,0) is then 


2 —8 
10 *|z| dz (4a, — z az) 
E(0,4,0) — 5 
( ) T Aneo(16 + 22)3/2 





Note the symmetric limits on the integral. As the z component of the integrand changes sign 
at z = 0, it will contribute equal and opposite portions to the overall integral, which will can- 
cel completely (the z component integral has odd parity). This leaves only the y component 
integrand, which has even parity. The integral therefore simplifies to 





2 —8 —8 2 
4x 10-°zdza —2x107°%a 1 
E(0,4,0) = 2 L= : — 18.98a, V 
E i Ameo (16 + 22)3/2 m x 8.854 x 10-1? E: + = à 18.98a, V/m 
2.21. Two identical uniform line charges with p; = 75 nC/m are located in free space at x = 0, y = +0.4 





m. What force per unit length does each line charge exert on the other? The charges are parallel to 
the z axis and are separated by 0.8 m. Thus the field from the charge at y — —0.4 evaluated at the 
location of the charge at y = +0.4 will be E = [p;/(27€0(0.8))|a,. The force on a differential length 
of the line at the positive y location is dF = dqE = p,dzE. Thus the force per unit length acting on 
the line at postive y arising from the charge at negative y is 





1 2 
p; dz E 
r= f ana a, = 1.26 x 10 * a, N/m = 126a, uN/m 


The force on the line at negative y is of course the same, but with —ay. 


2.22. Two identical uniform sheet charges with p, = 100 nC/m? are located in free space at z = 42.0 cm. 
What force per unit area does each sheet exert on the other? 


The field from the top sheet is E = —0,/(2e9) a; V/m. The differential force produced by this 
field on the bottom sheet is the charge density on the bottom sheet times the differential area 
there, multiplied by the electric field from the top sheet: dF = p,daE. The force per unit area is 
then just F = p,E = (100 x 1079?)(—100 x 1079)/(2e9) a, = —5.6 x 107^ a, N/m?. 
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2.23. Given the surface charge density, ps = 2 uC/m?, in the region p < 0.2 m, z = 0, and is zero elsewhere, 
find E at: 


a) Pa(p = 0,z = 0.5): First, we recognize from symmetry that only a z component of E will be 
present. Considering a general point z on the z axis, we have r = zaz. Then, with r' = pap, we 
obtain r — r’ = za; — pap. The superposition integral for the z component of E will be: 


= Lea z pdp do 7 2m ps, 
Esp, = b (p? + 22)1-5 4T7€0 


1 
oe [a V2? al 


With z = 0.5 m, the above evaluates as E; p, = 8.1 kV/m. 


0.2 
1 


V2 4g, 




















b) With z at —0.5 m, we evaluate the expression for E; to obtain E, pẹ, = —8.1 kV /m. 


2.24. For the charged disk of Problem 2.23, show that: 
a) the field along the z axis reduces to that of an infinite sheet charge at small values of z: In 
general, the field can be expressed as 





Bo h Z | 
Br Des z2 + 0.04 


At small z, this reduces to Æ, = p,/2eo, which is the infinite sheet charge field. 


b) the z axis field reduces to that of a point charge at large values of z: The development is as 
follows: 





B= £f = |-£h E fea : 
Z 2€ Vz2 +0.04] 2o z\/1+0.04/z2| — 2€o 1 + (1/2)(0.04) /z? 
where the last approximation is valid if z >> .04. Continuing: 


- Ps 0.049, — «(0.2)?p, 
E, = & fi — [1 — )79004 = E 
2€9 | | SEES H0 1 4€9z2 Ate Zz? 





This the point charge field, where we identify q = 7(0.2)?p, as the total charge on the disk (which 
now looks like a point). 


2.25. Find E at the origin if the following charge distributions are present in free space: point charge, 12 nC 
at P(2,0,6); uniform line charge density, 3nC/m at x = —2, y = 3; uniform surface charge density, 
0.2nC/m? at x = 2. The sum of the fields at the origin from each charge in order is: 





(12 x 107?) (—2a, —6a;)] , [(3x 107°) (2a; — 3ay) (0.2 x 107°)az 
ATEo (4+ 36)!-5 2m€9 (4+9) 2€o 
= —3.9a, — 124a, — 2.5a; V/m 
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2.26. An electric dipole (discussed in detail in Sec. 4.7) consists of two point charges of equal and opposite 
magnitude +Q spaced by distance d. With the charges along the z axis at positions z = +d/2 (with 
the positive charge at the positive z location), the electric field in spherical coordinates is given by 
E(r,0) = [Qd/(4neor?)] [2 cos ĝa, + sin ag], where r >> d. Using rectangular coordinates, determine 
expressions for the vector force on a point charge of magnitude q: 


a) at (0,0,z): Here, 0 = 0, a, = a;, and r = z. Therefore 


qQda; 
F(0,0,z) = tees 











b) at (0,y,0): Here, 0 = 90°, ag = —a;, and r = y. The force is 


—qQd az 


2.27. Given the electric field E = (4v — 2y)a; — (2x + 4y)ay, find: 
a) the equation of the streamline that passes through the point P(2,3, —4): We write 


dy Ey —(2x + Ay) 
dr Es, (4x —2y) 





Thus 
2(x dy + y dx) = y dy — z dz 
or 
2d(zy) = Ld(?) - = d(x”) 
WT NECS 
So i 1 
C; + 2xy = au — 3t 
Or 


y? — z? = 4ry + Cr 
Evaluating at P(2,3, —4), obtain: 


9—4 = 24 + Cy, or Co = —19 
Finally, at P, the requested equation is 


y? — a3? = dry — 19 





b) a unit vector specifying the direction of E at Q(3, -2,5): Have Eg = [4(3) + 2(2)]az — [2(3) — 
4(2)]]a, = 16a, +2a,. Then |E| = V/162 +4 = 16.12 So 


_ 16a; + 2a, 
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2.28 A field is given as E = 2z2?a, + 2z(z? + 1)a;. Find the equation of the streamline passing through 
the point (1,3,-1): 


dz E, r? +1 Apes] 


= = ETT AE dz > 2 =x? +2lÅlnz +C 
dr Ez cz T 








At (1,3,-1), the expression is satisfied if C = 0. Therefore, the equation for the streamline is 
22 = x? + 21na. 





2.29. If E = 20e?" (cos 54a, — sin 5ra,), find: 
a) |E| at P(1/6,0.1,2): Substituting this point, we obtain Ep = —10.6a, — 6.1a,, and so |Ep| = 
12.2. 


b) a unit vector in the direction of Ep: The unit vector associated with E is (cos5xa; — sin 5ra,), 
which evaluated at P becomes ag = —0.87a; — 0.50a,. 





c) the equation of the direction line passing through P: Use 


d — sin5 
feet = tanh > dy = — tan 5z dx 
dx cos 5a 





Thus y = iln cos 5x + C. Evaluating at P, we find C = 0.13, and so 


1 
y= g incos 5a + 0.13 





2.30. For fields that do not vary with z in cylindrical coordinates, the equations of the streamlines are 


obtained by solving the differential equation E,/ E; = dp(pdó). Find the equation of the line passing 
through the point (2,30°,0) for the field E = pcos 2¢a, — psin 2¢ ag: 


E, dp _ —pcos2o _ 


dp 
= = = 2 Æ cot? 
E ade O. cot2¢ => 3 cot 29 do 





Integrate to obtain 


2 C 


AGER ario 
sin 26 ENT sin 26 





2mp= Insin2ó- nC = | 


At the given point, we have 4 = C/sin(60°) — C = 4sin 60° = 2/3. Finally, the equation for 
the streamline is p? = 2/3/ sin 29. 
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CHAPTER 3 


3.1. An empty metal paint can is placed on a marble table, the lid is removed, and both parts are 
discharged (honorably) by touching them to ground. An insulating nylon thread is glued to 
the center of the lid, and a penny, a nickel, and a dime are glued to the thread so that they 
are not touching each other. The penny is given a charge of 4-5 nC, and the nickel and dime 
are discharged. The assembly is lowered into the can so that the coins hang clear of all walls, 
and the lid is secured. The outside of the can is again touched momentarily to ground. The 
device is carefully disassembled with insulating gloves and tools. 


a) What charges are found on each of the five metallic pieces? All coins were insulated 
during the entire procedure, so they will retain their original charges: Penny: +5nC; 
nickel: 0; dime: 0. The penny's charge will have induced an equal and opposite negative 
charge (-5 nC) on the inside wall of the can and lid. This left a charge layer of +5 nC on 
the outside surface which was neutralized by the ground connection. Therefore, the can 
retained a net charge of —5 nC after disassembly. 





b) If the penny had been given a charge of +5 nC, the dime a charge of —2nC, and the nickel 
a charge of —1nC, what would the final charge arrangement have been? Again, since the 
coins are insulated, they retain their original charges. The charge induced on the inside 
wall of the can and lid is equal to negative the sum of the coin charges, or —2nC. This 
is the charge that the can/lid contraption retains after grounding and disassembly. 


3.2. A point charge of 20 nC is located at (4,-1,3), and a uniform line charge of -25 nC/m is lies 
along the intersection of the planes x = —4 and z = 6. 


a) Calculate D at (3,-1,0): 
The total flux density at the desired point is 





D(3, —1,0) 





20 5c 107° [AE 25 x107? [7a, —6a, 
= 4n(1-9) | 149 22 49 + 36 | /49 + 36 
point charge line charge 


= —0.38a, + 0.13a, nC/m? 





b) How much electric flux leaves the surface of a sphere of radius 5, centered at the origin? 
This will be equivalent to how much charge lies within the sphere. First the point charge is 
at distance from the origin given by Rp = v16 + 1 +9 = 5.1, and so it is outside. Second, 
the nearest point on the line charge to the origin is at distance Rg = /16 + 36 = 7.2, and 
so the entire line charge is also outside the sphere. Answer: zero. 

c) Repeat part b if the radius of the sphere is 10. 


First, from part b, the point charge will now lie inside. Second, the length of line 
charge that lies inside the sphere will be given by 2yo, where yo satisfies the equation, 
16 + yg + 36 = 10. Solve to find yo = 6.93, or 2y9 = 13.86. The total charge within the 
sphere (and the net outward flux) is now 


® = Qua = [20 — (25 x 13.86)] = —326 nC 
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3.3. The cylindrical surface p = 8 cm contains the surface charge density, p, = 5e~?°l?! nC/m?. 
a) What is the total amount of charge present? We integrate over the surface to find: 





2T E 
= gr. f 5e ?"*(.08)d$ dz nC = 207(.08) ( =) g 70 
0 





b) How much flux leaves the surface p = 8cm, lem < z < 5cm, 30° < ¢ < 90°? We just 
integrate the charge density on that surface to find the flux that leaves it. 


" 90 — 30 -1 
— g e —20z 
= f. f> (.08) dọ dz nC = ( 380 ) 27(5)(.08) (=) e 


= 9.45 x 107? nC = 9.45 pC 








3.4. In cylindrical coordinates, let D = (pa, + zaz)/ [4m(p? + 2?)+5]. Determine the total flux 
leaving: 


a) the infinitely-long cylindrical surface p = 7: We use 


2m oo 
 poapgctza8; | 2 dz 
D-dS = dọ dz = aa 
v= f 2 J 4m An(pg + 22)3/2 ` ap po dọ dz àf (o2 + 229372 


- Vee VES 


where po = 7 (immaterial in this case). 
b) the finite cylinder, p = 7, |z| < 10: 


The total flux through the cylindrical surface and the two end caps are, in this order: 


2v 
po Eus 
P, 2 f PO do dz 
Dus An(p2 +z is ES 
ax [P^ za ROO: lod uem 
Z az d z z d 
+f f TEES An(pl + 28/2 P dp o+ f 1 m? E dp dó 
where po = 7 and z = 10. Simplifying, this becomes 


20 dz Po pdp 
UM of oie 
PPO ft, (e+e 9] (pe tun 


z 20 Zo Po Zo 
LI = j 1 = 1 
vetz — vph apo um T3 V+ 


where again, the actual values of po and zo (7 and 10) did not matter. 

















3.5. Let D = 4rya, + 2(z? + z?)a, + Ayza; C/m? and evaluate surface integrals to find the total 
charge enclosed in the rectangular parallelepiped 0< z «2,0«9y «3,0«z « 5 m: Of the 6 
surfaces to consider, only 2 will contribute to the net outward flux. Why? First consider the 
planes at y = 0 and 3. The y component of D will penetrate those surfaces, but will be inward 
at y — 0 and outward at y — 3, while having the same magnitude in both cases. These fluxes 


28 


will thus cancel. At the x = 0 plane, D, = 0 and at the z = 0 plane, D, = 0, so there will be 
no flux contributions from these surfaces. This leaves the 2 remaining surfaces at r = 2 and 
z = b. The net outward flux becomes: 


5 p3 3 p2 
s-[[» „'asdydz+ | f D| _, ` az dx dy 
o Jo = o Jo TT 
3 


3 
-sf 4(2)ydy + 2 | 4(5)y dy = 360 C 
0 0 


3.6. In free space, volume charge of constant density o, = po exists within the region —oo < x « oo, 
—oo < y < oo, and —d/2 < z < d/2. Find D and E everywhere. 
From the symmetry of the configuration, we surmise that the field will be everywhere 
z-directed, and will be uniform with x and y at fixed z. For finding the field inside the 
charge, an appropriate Gaussian surface will be that which encloses a rectangular region 
defined by —1 < x < 1, —1 < y < 1, and |z| < d/2. The outward flux from this surface 
will be limited to that through the two parallel surfaces at z: 


1 pl z pl pl 
in = fD - dS = 2 | f D, dxdy = Qenci = f f f po dxdydz’ 
—1 J—1 —z J—1 J—1 


where the factor of 2 in the second integral account for the equal fluxes through the 
two surfaces. The above readily simplifies, as both D, and po are constants, leading to 
Din = poza; C/m? (|z| < d/2), and therefore Ej, = (poz/eo) a; V/m (|z| < d/2). 
Outside the charge, the Gaussian surface is the same, except that the parallel boundaries 
at +z occur at |z| > d/2. As a result, the calculation is nearly the same as before, with 
the only change being the limits on the total charge integral: 


if <p d/2 pl pl 
Pout = fp -dS= 2 | / D, dzdy = Qenci = f ji f po dxdydz’ 
-did-i -d/2 J—14J-1 


Solve for D, to find the constant values: 


_ f (p0d/2)az (z > 4/2) ue: _ J (0od/2e)) az. (z > 4/2) 
"e Ea a, (z«d/2) C B eae a, (z< d/2) 














V/m 


3.7. Volume charge density is located in free space as p, = 2e7 1000r nC/m? for 0 <r < 1 mm, and 
pv — 0 elsewhere. 
a) Find the total charge enclosed by the spherical surface r — 1 mm: To find the charge we 


integrate: 
2m T .001 
Q= | i f 2e- 1000r 72 sin 0 dr dO do 
0 o Jo 


Integration over the angles gives a factor of 4r. The radial integration we evaluate using 
tables; we obtain 


—1000r ,.001 9  g-1000r 


.001 
| (—1000r 1) = 4.0 x 10-9 nC 
o ' 1000 (1000)? 0 a 


—r?e 
1000 








Q=8r| 
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b) By using Gauss's law, calculate the value of D, on the surface r = 1 mm: The gaussian 
surface is a spherical shell of radius 1 mm. The enclosed charge is the result of part a. 
We thus write 47r?D, = Q, or 


4.0 x 10-9 
Dei ees 


= = = 3.2 x 1074 nC/m? 
Aur?  4r(.001)? x Acum 








3.8. Use Gauss's law in integral form to show that an inverse distance field in spherical coordinates, 
D = Aa,/r, where A is a constant, requires every spherical shell of 1 m thickness to contain 
4TA coulombs of charge. Does this indicate a continuous charge distribution? If so, find the 
charge density variation with r. 


'The net outward flux of this field through a spherical surface of radius r is 


2T T 
o= $D-as= | "i d uo Tn) cd A E 
0 o f 


We see from this that with every increase in r by one m, the enclosed charge increases 
by 47A (done). It is evident that the charge density is continuous, and we can find the 
density indirectly by constructing the integral for the enclosed charge, in which we already 
found the latter from Gauss's law: 


2n T T T 
Qena = 40 Ar = I f | p(r’) (r’)? sin 6 dr’ dé dé = an | plr’) (r)? dr’ 
o Jo Jo 0 
To obtain the correct enclosed charge, the integrand must be p(r) = A/r?. 


3.9. A uniform volume charge density of 80 j,|C/m? is present throughout the region 8mm < r < 
10mm. Let p, = 0 for 0 < r < 8mm. 
a) Find the total charge inside the spherical surface r — 10 mm: This will be 


2T T .010 p? .010 
Q- 1 I | (80 x 1079)r? sin 0 dr d8 dé = 47 x (80 x 109) — 
0 0 4.008 3 |.008 


= 1.64 x 1071? C = 164pC 


b) Find D, at r = 10 mm: Using a spherical gaussian surface at r = 10, Gauss’ law is 
written as 4rr? D, = Q = 164 x 1072, or 


164 x 10-2 


D,(10mm) = anon? 


= 1.30 x 1077 C/m? = 130nC/m? 


c) If there is no charge for r > 10 mm, find D, at r = 20 mm: This will be the same 
computation as in part b, except the gaussian surface now lies at 20 mm. Thus 


164 x 1071? 


DOS e 002)2 


= 3.25 x 1078 C/m? = 32.5 nC /m’ 


3.10. Volume charge density varies in spherical coordinates as p, = (posin mr)/r?, where po is a 
constant. Find the surfaces on which D = 0. 
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3.11. In cylindrical coordinates, let o, = 0 for p < 1 mm, py = 2sin(20007p) nC/m? for 1mm < 
p < 1.5 mm, and p, = 0 for p > 1.5 mm. Find D everywhere: Since the charge varies only 
with radius, and is in the form of a cylinder, symmetry tells us that the flux density will be 
radially-directed and will be constant over a cylindrical surface of a fixed radius. Gauss’ law 
applied to such a surface of unit length in z gives: 


a) for p « 1 mm, D, — 0, since no charge is enclosed by a cylindrical surface whose radius 
lies within this range. 


b) for 1 mm < p < 1.5 mm, we have 





21pD, = 2n / ' 2 x 107° sin(20007p’) p’ dp’ 
.001 , 5 
= 4r x 107°? E sin(20007p) — 30007 cos(20007 p) " 
or finally, 
1 —15 
De | sin (200075) + 27 [1 — 10% p cos(20007p)] | C/m? (1mm < p < 1.5mm) 
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3.11. 


3.12. 


3.14. 


3.15. 


(continued) 

c) for p > 1.5 mm, the gaussian cylinder now lies at radius p outside the charge distribution, 
so the integral that evaluates the enclosed charge now includes the entire charge distri- 
bution. To accomplish this, we change the upper limit of the integral of part b from p to 
1.5 mm, finally obtaining: 


2.5 x 10715 


The sun radiates a total power of about 2 x 107° watts (W). If we imagine the sun's surface 
to be marked off in latitude and longitude and assume uniform radiation, (a) what power is 
radiated by the region lying between latitude 50° N and 60° N and longitude 12° W and 27° 
W? (b) What is the power density on a spherical surface 93,000,000 miles from the sun in 
W/m?? 


. Spherical surfaces at r = 2, 4, and6 m carry uniform surface charge densities of 20 nC/m?, 


—4nC/m?, and p,o, respectively. 

a) Find D at r = 1,3and5 m: Noting that the charges are spherically-symmetric, we 
ascertain that D will be radially-directed and will vary only with radius. Thus, we apply 
Gauss! law to spherical shells in the following regions: r « 2: Here, no charge is enclosed, 
and so D, — 0. 


80 x 10-? 
2«r«4: 4Am?D, = An(2? (20 x 10-9) > D, = ~~ Cm? 
T 


So D,(r = 3) = 89 x 10-9 C/m?. 





6910-9 


A<r<6: 4nr? D, = 4n(2?(20 x 107°) cAn(4?(-4x10?) > D, 5 


r 


So D,(r = 5) = 6.4 x 1071? C/m?. 





b) Determine ps9 such that D = 0 at r = 7 m. Since fields will decrease as 1/r?, the question 
could be re-phrased to ask for pso such that D = 0 at all points where r > 6 m. In this 
region, the total field will be 


16x 107? | pso(6)? 





D,(r > 6) = 


r2 r2 


Requiring this to be zero, we find pso = — (4/9) x 107? C/m?. 





The sun radiates a total power of about 2 x 1079 watts (W). If we imagine the sun’s surface 
to be marked off in latitude and longitude and assume uniform radiation, (a) what power is 
radiated by the region lying between latitude 50? N and 60? N and longitude 12? W and 27? 
W? (b) What is the power density on a spherical surface 93,000,000 miles from the sun in 
W /m?? 


Volume charge density is located as follows: p, = 0 for p « 1 mm and for p > 2 mm, 
pv = 4p wC/m? for 1 < p < 2 mm. 
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a) Calculate the total charge in the region 0 < p < pı, 0 < z < L, where 1 < p; < 2 mm: 
We find 


L 2m pi L 
Q=] ff sppapaedz =p} - 1073] nC 
0 0 


.001 





where p, is in meters. 


b) Use Gauss’ law to determine D, at p = pı: Gauss’ law states that 2rp1 LD, = Q, where 
Q is the result of part a. Thus 


A(pi — 107?) 
3pi 





D,(p1) ES uC/m? 





where p, is in meters. 


c) Evaluate D, at p — 0.8mm, 1.6mm, and 2.4mm: At p — 0.8mm, no charge is enclosed 
by a cylindrical gaussian surface of that radius, so D,(0.8mm) = 0. At p = 1.6mm, we 
evaluate the part b result at pı = 1.6 to obtain: 


4[(.0016)? — (.0010)3] 


D, (1.6mm) = 3 0016) = 3.6 x 10 9 pC/m? 








At p = 2.4, we evaluate the charge integral of part a from .001 to .002, and Gauss’ law is 


written as 81L 
2npLD, = =E [(.002)? — (.001)?] pC 


from which D,(2.4mm) = 3.9 x 10 9 uC/m?. 





3.16. In spherical coordinates, a volume charge density p, = 10e?" C/m? is present. (a) Determine 
D. (b) Check your result of part a by evaluating V - D. 


3.17. A cube is defined by 1 < z, y, z < 1.2. If D = 2z?ya, + 32?3?a, C/m?: 


a) apply Gauss’ law to find the total flux leaving the closed surface of the cube. We call the 
surfaces at x = 1.2 and x = 1 the front and back surfaces respectively, those at y = 1.2 
and y = 1 the right and left surfaces, and those at z = 1.2 and z = 1 the top and bottom 
surfaces. To evaluate the total charge, we integrate D - n over all six surfaces and sum 
the results. We note that there is no z component of D, so there will be no outward flux 
contributions from the top and bottom surfaces. The fluxes through the remaining four 


are 
1.2 49 1.2 p1.2 
®=Q= fp -nda = / | 2(1.2)?y dydz+ | i —2(1)?y dy dz 
1 1 1 1 
a_n 


front back 


1.2 1.2 1.2 1.2 
«f ? —3z?(1)? dz dz+ | " 327(1.2)? dx dz = 0.1028 C 
1 1 1 1 


left right 


b) evaluate V - D at the center of the cube: This is 


V.D = [4zy + 62?y] 4(1.1)? 4- 6(1.1)? — 12.83 


(1.1,1.1) — 
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3.19. 


3.20. 


c) Estimate the total charge enclosed within the cube by using Eq. (8): This is 


Q=V-D| x Av = 12.83 x (0.2)? = 0.1026 Close! 


center 


. State whether the divergence of the following vector fields is positive, negative, or zero: (a) the 


thermal energy flow in J/(m? — s) at any point in a freezing ice cube; (b) the current density 
in A/m? in a bus bar carrying direct current; (c) the mass flow rate in kg/(m? — s) below the 
surface of water in a basin, in which the water is circulating clockwise as viewed from above. 


A spherical surface of radius 3 mm is centered at P(4, 1,5) in free space. Let D = za, C/m?. 
Use the results of Sec. 3.4 to estimate the net electric flux leaving the spherical surface: We 
use ® = V. DAv, where in this case V. D = (0/0x)x = 1 C/m?. Thus 


4 
$- 37(003)*(1) = 1.13 x 1077 C = 113nC 


Suppose that an electric flux density in cylindrical coordinates is of the form D = D,a,. 
Describe the dependence of the charge density p, on coordinates p, ¢, and z if (a) D, = f(¢, z); 


(b) Dp = (1/p)f(6, 2); (c) Do = F(p). 


. Calculate the divergence of D at the point specified if 


a) D = (1/22) [10xyz a; + 5z?z ay + (22? — 52?y) a;] at P(—2,3,5): We find 


1 
v.p» |199 1945, 


Zz z3 





b) D = 5z?a, + 10pz a; at P(3, —45?,5): In cylindrical coordinates, we have 


Er 


V.D- 
p Op 





| 109 = 71.67 
(3,—459,5) 


(pDp) 


18D, _ AD, [52 
p Od Oz — 


c) D = 2r sin 0 sin Qa, + rcos@singag + rcos $a, at P(3,45?, —45?): In spherical coordi- 
nates, we have 











"lr 1 ð, 1 0D, 
TRS Bar Dy rsin T. ü rsinü ðo 
20si . 
= |6sindsing+ —- ny a =-2 
sin 0 sin 0 (3,459 ,—459) 


3.22. (a) A flux density field is given as F; = 5a,. Evaluate the outward flux of F4, through the 


hemispherical surface, r = a, 0 < 0 < 7/2, 0 < @ < 2r. (b) What simple observation would 
have saved a lot of work in part a? (c) Now suppose the field is given by Fə = 5za,. Using the 
appropriate surface integrals, evaluate the net outward flux of Fə through the closed surface 
consisting of the hemisphere of part a and its circular base in the zy plane. (d) Repeat part 
c by using the divergence theorem and an appropriate volume integral. 
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3.23. a) A point charge Q lies at the origin. Show that div D is zero everywhere except at the 
origin. For a point charge at the origin we know that D = Q/(4nr?) ap. Using the formula 
for divergence in spherical coordinates (see problem 3.21 solution), we find in this case that 


wba = (7 Q ) =0 


r? dr Arr? 





The above is true provided r > 0. When r = 0, we have a singularity in D, so its divergence 
is not defined. 


b) Replace the point charge with a uniform volume charge density pvo for 0 < r < a. Relate 
pvo to Q and a so that the total charge is the same. Find div D everywhere: To achieve 
the same net charge, we require that (4/3)7a? pvo = Q, so pvo = 3Q/(41a?) C/m?. Gauss’ 
law tells us that inside the charged sphere 











4 Qr? 
2p _ 3 = 
4nr^ D, = gor pvo = pros 
Thus 3 
Qr 2 1d (Qr 3Q 
D, = C d V.D- = 
4ra’ aan r? dr \ 4ra’ 4ra’ 


as expected. Outside the charged sphere, D = Q/(4rr?) a, as before, and the divergence 
is zero. 


3.24. (a) A uniform line charge density pr, lies along the z axis. Show that V - D — 0 everywhere 
except on the line charge. (b) Replace the line charge with a uniform volume charge density 
po for 0 < p <a. Relate po to pr, so that the charge per unit length is the same. Then find 
V D everywhere. 


3.25. Within the spherical shell, 3 « r « 4 m, the electric flux density is given as 
D = 5(r - 3? a, C/m? 


a) What is the volume charge density at r — 4? In this case we have 


7 old} 5 B 3 
h=V D= 37." De) mU 3)*(5r — 6) C/m 


which we evaluate at r = 4 to find p,(r = 4) = 17.50 C/m?. 


b) What is the electric flux density at r — 4? Substitute r — 4 into the given expression to 
find D(4) = 5a, C/m? 


c) How much electric flux leaves the sphere r — 4? Using the result of part b, this will be 
$ = 4n(4)?(5) = 3201 C 


d) How much charge is contained within the sphere, r — 4? From Gauss' law, this will be 
the same as the outward flux, or again, Q = 3207 C. 


3.26. If we have a perfect gas of mass density pm kg/m?, and assign a velocity U m/s to each 
differential element, then the mass flow rate is p,,U kg/(m? —s). Physical reasoning then 
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leads to the continuity equation, V - (p, U) = —0p,,/0t. (a) Explain in words the physical 
interpretation of this equation. (b) Show that $, p,U - dS = —dM/dt, where M is the total 
mass of the gas within the constant closed surface, S, and explain the physical significance of 
the equation. 


3.27. Let D = 5.00r?a, mC/m? for r < 0.08 m and D = 0.205a,./r? wC/m? for r > 0.08 m (note 
error in problem statement). 
a) Find p, for r = 0.06 m: This radius lies within the first region, and so 


1 
Beo] 


1 
2 = 
7 (r D,) = ing 


p, =V-D= ts 4 (5 o0r4) = 20r mC/m? 
dr r* dr 


which when evaluated at r = 0.06 yields p,(r = .06) = 1.20 mC/m?. 


b) Find p, for r = 0.1 m: This is in the region where the second field expression is valid. 
The 1/r? dependence of this field yields a zero divergence (shown in Problem 3.23), and 
so the volume charge density is zero at 0.1 m. 


c) What surface charge density could be located at r = 0.08 m to cause D = 0 for r > 0.08 
m? The total surface charge should be equal and opposite to the total volume charge. 
The latter is 


27 T .08 
Q= 1 f | 20r(mC/m?) r? sin 0 dr dó dà = 2.57 x 107? mC = 2.57 uC 
o Jo Jo 


So now 





2.57 
c= — —32 E 
p p —32 Cm" 


3.28. Repeat Problem 3.8, but use V - D = p, and take an appropriate volume integral. 
3.29. In the region of free space that includes the volume 2 < x,y,z < 3, 
Bec 2 C/m? 
= zi 2s ^ rza,-—2rya;)C/m 


a) Evaluate the volume integral side of the divergence theorem for the volume defined above: 
In cartesian, we find V - D = 8ry/z?. The volume integral side is now 


3 3 3 
f V-Dav= | | f oy pies CDO Si ear 
vol 2 J2 Jg. 2 4 9 


b. Evaluate the surface integral side for the corresponding closed surface: We call the surfaces 
at x = 3 and x = 2 the front and back surfaces respectively, those at y = 3 and y = 2 
the right and left surfaces, and those at z = 3 and z = 2 the top and bottom surfaces. 
To evaluate the surface integral side, we integrate D - n over all six surfaces and sum the 
results. Note that since the x component of D does not vary with x, the outward fluxes 
from the front and back surfaces will cancel each other. The same is true for the left 
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and right surfaces, since D, does not vary with y. This leaves only the top and bottom 
surfaces, where the fluxes are: 


fD-as= iis a 














=Y dedy = (9 4)(9 »( ;) -34rc 


Nor 


3.30. Let D = 20p?a, C/m?. (a) What is the volume charge density at the point P(0.5,60°,2)? 
(b) Use two different methods to find the amount of charge lying within the closed surface 
bounded by p=3,0< z € 2. 


3.31. Given the flux density 
16 
D = — cos(20) ag C/m?, 
T 


use two different methods to find the total charge within the region 1 «xr «2m, 1«0 «2 
rad, 1 « @ « 2 rad: We use the divergence theorem and first evaluate the surface integral 
side. We are evaluating the net outward flux through a curvilinear “cube”, whose boundaries 
are defined by the specified ranges. The flux contributions will be only through the surfaces 
of constant 0, however, since D has only a 0 component. On a constant-theta surface, the 
differential area is da = r sin 0drd$, where 0 is fixed at the surface location. Our flux integral 


becomes 
16 Pa 8 
gp. dS = -f f D cos(2) rsin(1) dedo f ji ^, cos(4) r sin(2) drdó 
1 J1 
— SS ama 


6—2 
= —16 [cos(2) sin(1) — cos(4) sin(2)] = —3.91 C 


We next evaluate the volume integral side of the divergence theorem, where in this case, 


l d 


WD = dg r sin 0 d 


2 sin 20 








d 
sin 0 De) = 


ar 
r sin Ó dð r2 


£ m | = 16 [= 20 cos 6 
sin 0 


We now evaluate: 


2 (2 [21 2 
/ V.Ddv-— / ^ i. 9h SOR id Sa 2sin20| r? sin0 drdódó 
vol » iyu sin 0 


The integral simplifies to 





2 
i 1 n 16|cos 20 cos 0 — 2 sin 20 sin 0] drdüdó = sj [3 cos 30 — cos 0] d0 = —3.91 C 
1 
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CHAPTER 4 


4.1. The value of E at P(p = 2, ọ = 40°, z = 3) is given as E = 100a, — 200a, + 300a; V/m. 


Determine the incremental work required to move a 20 uC charge a distance of 6 um: 


a) in the direction of ap: The incremental work is given by dW = —qE - dL, where in this 


case, dL = dpa, = 6 x 10 9a,. Thus 


dW = —(20 x 109 C)(100 V/m)(6 x 10 9m) = —12 x 10-9 J = -12nJ 


b) in the direction of ag: In this case dL = 2déag = 6 x 10 9 ag, and so 


dW = —(20 x 10 5)(—200)(6 x 1079) = 2.4 x 1078 J = 24 nJ 


c) in the direction of a;: Here, dL = dza, = 6 x 10 9 a,, and so 


dW = —(20 x 10 9)(300)(6 x 109) = —3.6 x 1078 J = —36 nJ 


d) in the direction of E: Here, dL = 6 x 10 9 ag, where 


100a, — 200a, + 300a; 
[1002 + 200? + 300?]1/2 





ag = = 0.267 a, — 0.535 a, + 0.802 a, 


Thus 


dW = —(20 x 10~°)[100a, — 200a, + 300a;] - (0.267 a, — 0.535 ag + 0.802 a;](6 x 1076) 


= —44.9nJ 


e) In the direction of G = 2a, —3a, +4a,: In this case, dL = 6 x 1078 ag, where 


_ 2a, — 3a, + 4a, 
SOLES [22 + 32 4- 4211/2 





= 0.371 a, — 0.557 a, + 0.743 a, 


So now 


dW = —(20 x 1079)[100a, — 200a, + 300a.] - [0.371 a — 0.557 ay + 0.743 a;](6 x 107°) 


= —(20 x 1079) [37.1(a, - a4) — 55.7(ap - ay) — 74.2(as - az) + 111.4(ag - ay) 
+ 222.9] (6 x 1076) 


where, at P, (aj: az) = (as: ay) = cos(40°) = 0.766, (ap ay) = sin(40°) = 0.643, and 


(ag: as) = —sin(40°) = —0.643. Substituting these results in 


dW = —(20 x 10~°)[28.4 — 35.8 + 47.7 + 85.3 + 222.9](6 x 1076) = —41.8nJ 
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4.2. An electric field is given as E = —10e¥(sin2za, + x sin 2z ay + 2x cos 2z az) V/m. 
a) Find E at P(5,0,7/12): Substituting this point into the given field produces 





Ep = —10 [sin(/6) a, + 5sin(1/6) aj + 10 cos(m/6) a.] = [ay + 25a, +50V3a, 





b) How much work is done in moving a charge of 2 nC an incremental distance of 1 mm 
from P in the direction of az? This will be 


dW, = —qE-dLa, = —2x10 ?(—5)(10 35) = 107" J = 10 pJ 


c) of ay? 
dW, = —qE-dLa, = —2 x 10-°(—25)(10-*) = 507+ J = 50 pJ 


d) of a;? 
dW, = —qE - dLa, = —2 x 10-?(—50/3)(107?) = 100V3 pJ 


e) of (a; + ay + az)? 


: )) 104-504-1003 
dW,,, = T tata su a V3 _ 135 pJ 





4.3. If E = 120a, V/m, find the incremental amount of work done in moving a 50 um charge a 
distance of 2 mm from: 


a) P(1,2,3) toward Q(2,1,4): The vector along this direction will be Q — P — (1,—1, 1) 
from which apg = [az — ay + a;]/ v3. We now write 


(a; — ay +a, 
V3 
— — (50 x 10-5)(120) (a, - az) — (ay -a,)] =(2 x 10-3) 


V3 


At P, ọ = tan™t(2/1) = 63.4°. Thus (da v8.) = cos(63.4) = 0.447 and (ap ay) = 
sin(63.4) = 0.894. Substituting these, we obtain dW = 3.1 wJ. 


dW = —qE- dL = —(50 x 1079) | 120a, - (2 x 107°) 


gZ 


Q(2,1,4) toward P(1,2,3): A little thought is in order here: Note that the field has only 
a radial component and does not depend on $ or z. Note also that P and Q are at the 
same radius (v5) from the z axis, but have different ó and z coordinates. We could just 
as well position the two points at the same z location and the problem would not change. 
If this were so, then moving along a straight line between P and Q would thus involve 
moving along a chord of a circle whose radius is v5. Halfway along this line is a point of 
symmetry in the field (make a sketch to see this). This means that when starting from 
either point, the initial force will be the same. Thus the answer is dW = 3.1 uJ as in part 
a. This is also found by going through the same procedure as in part a, but with the 
direction (roles of P and Q) reversed. 
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4.4. It is found that the energy expended in carrying a charge of 4 wC from the origin to (x,0,0) 
along the x axis is directly proportional to the square of the path length. If E, = 7 V/m at 
(1,0,0), determine E, on the x axis as a function of z. 


'The work done is in general given by 
W = a] E, dv = Ar? 
0 


where A is a constant. Therefore E, must be of the form E, = Hox. At x= 1, E, =7, 
so Eg = 7. Therefore E, = 7x V/m. Note that with the positive-x-directed field, the 
expended energy in moving the charge from 0 to x would be negative. 


4.5. Compute the value of ‘A G - dL for G = 2ya, with A(1, —1,2) and P(2,1,2) using the path: 
a) straight-line segments A(1, —1,2) to B(1,1,2) to P(2, 1,2): In general we would have 


P P 
| Gea = f 2y dx 
A A 


The change in x occurs when moving between B and P, during which y = 1. Thus 


P P 2 
f Gea = f 2yde = | 2(1)dz = 2 
A B 1 


b) straight-line segments A(1, —1,2) to C(2, —1,2) to P(2,1,2): In this case the change in 
x occurs when moving from A to C, during which y = —1. Thus 


P c 2 
f cea | 2yde f 2(—1)dz = —2 
A A 1 


4.6. Determine the work done in carrying a 2-uC charge from (2,1,-1) to (8,2,-1) in the field 
E = ya; + za, along 
a) the parabola x = 2y?: As a look ahead, we can show (by taking its curl) that E is 
conservative. We therefore expect the same answer for all three paths. The general 
expression for the work is 


B 8 2 
w=- f s.a =-a4] f yds f zdy] 
A 2 1 


In the present case, x = 2y”, and so y = ,/2/2. Substituting these and the charge, we 
get 


8 2 
2 8 2 4? 
W, = -2x10 9 ff vaRdc+ | 2y? ty = —2x 107 [en + zi | = —28 uJ 
2 1 2 1 Am 


b) the hyperbola x = 8/(7 — 3y): We find y = 7/3 — 8/32, and the work is 


8 2 
7 8 8 
W = —2 x 107° dx 4 d 
— n (; x) á J 7—8y 7 


--2x:7* [iG 2) Sm(3) 5 n(7 wj = c 








3 3 
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4.6c. the straight line z = 6y — 4: Here, y = z/6 + 2/3, and the work is 
Bo 2 2 
Wc nas | f (2*3) ax + | (6y — 4) dy] = -28 ud 
2 1 


4.7. Let G = 3zy?a, + 2za,. Given an initial point P(2,1,1) and a final point Q(4,3,1), find 
f G- dL using the path: 


a) straight line: y = z — 1, z = 1: We obtain: 


4 3 4 3 
[o-a=/ sry? de + | 2zdy = f oe - ^de | 2(1) dy = 90 
2 1 2 1 


b) parabola: 6y = z? + 2, z = 1: We obtain: 
4 3 44 3 
[a-a- | jay de + | 2zdy = f a(g? +2)? de | 2(1) dy = 82 
2 1 2 12 1 


4.8. Given E = —xa, + yay, find the work involved in moving a unit positive charge on a circular 
arc, the circle centered at the origin, from x = a to x = y = a/ v2. 





In moving along the arc, we start at ¢ = 0 and move to ¢ = 7/4. The setup is 


m/A4 n/4 
w--fza--[ E-adóa, =- | (—r ax: ag +y ay: ag)a dọ 
0 0 — res o 


— sin $ cos $ 
T/4 m/A4 
= -f 2a? sin ¢ cos ¢ dó = -f a? sin(2¢) dọ = —a° /2 
0 0 Dm 


where q = 1, x = a cos ó, and y = asin $. 


Note that the field is conservative, so we would get the same result by integrating along 
a two-segment path over x and y as shown: 


a/V/2 a/V/2 
W=- [B-a=- / (-a)ae+ | ydy| = —a?/2 
a 0 


4.9. A uniform surface charge density of 20 nC/m? is present on the spherical surface r = 0.6 cm 
in free space. 


a) Find the absolute potential at P(r = 1 cm, 0 = 25°, ó = 50°): Since the charge density 
is uniform and is spherically-symmetric, the angular coordinates do not matter. The 
potential function for r > 0.6 cm will be that of a point charge of Q = 4va?p,, or 


V with r in meters 





4m(0.6 x 1072)?(20 x 107?) — 0.081 
T 


Ves 4T eor 


At r — lcm, this becomes V(r = 1cm) = 8.14 V 
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b) Find Väg given points A(r = 2cm, 0 = 30°, ¢ = 60°) and B(r = 3cm, 0 = 45°, ¢ = 90°): 
Again, the angles do not matter because of the spherical symmetry. We use the part a 
result to obtain 


1 1 
= Va — Vg = 0.081 | — — — | = 1.36 V 
Via Vas Vie Oe [us d 





4.10. Express the potential field of an infinite line charge 


a) with zero reference at p — po: We write in general: 





Vi(p) = | ota- PL In(p) + C1 — 0 at p= po 


Therefore 





and finally 








Vo(po) = Vo = = In(po) + Co. — Ca = Vo + -= In(po) 
TEQ 2T€0 


and finally 








c) Can the zero reference be placed at infinity? Why? Answer: No, because we would have 
a potential that is proportional to the undefined In(co/p). 


4.11. Let a uniform surface charge density of 5 nC/m? be present at the z — 0 plane, a uniform line 
charge density of 8nC/m be located at z = 0, z = 4, and a point charge of 2 uC be present 
at P(2,0,0). If V — 0 at M(0,0,5), find V at N(1,2,3): We need to find a potential function 
for the combined charges which is zero at M. That for the point charge we know to be 


V(r) = - 


4TEor 





Potential functions for the sheet and line charges can be found by taking indefinite integrals 
of the electric fields for those distributions. For the line charge, we have 





Vile) =— | zd +0 = - nlp) + C4 


For the sheet charge, we have 








VR) m | Ee + C2 = aa + Cy 
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'The total potential function will be the sum of the three. Combining the integration constants, 
we obtain: 
Q pı 


Ps 
Va l | 
4m€or 27€ n(p) Deo” 





The terms in this expression are not referenced to a common origin, since the charges are at 
different positions. The parameters r, p, and z are scalar distances from the charges, and will 
be treated as such here. To evaluate the constant, C', we first look at point M, where Vr = 0. 
At M, r = V2? +5? = 29, p = 1, and z = 5. We thus have 


= 2x10 8x10? 5 x 107? 


= In(1 5+C => C= -1.93 x 10^ V 
Aten V 29 2T7€9 () 





2€0 





At point N, r = /14-40 9 = V14, p = V2, and z = 3. The potential at N is thus 


Vn 








2 x 107° 10-9 10-? 
| 2x10 Satya) 5 x 10 


= 3) — 1.93 x 10? = 1.98 x 10? V = 1.98kV 
4neo v 14 271€9 2€ 8) 


4.12. In spherical coordinates, E = 2r/(r? + a2)? a, V/m. Find the potential at any point, using 
the reference 


a) V — 0 at infinity: We write in general 


Vir) = | "LN RE: 


| 
(r2 + a?)? : r2 +a? i 





With a zero reference at r — oo, C = 0 and therefore V(r) = 1/(r? + a”). 


b) V 20 at r — 0: Using the general expression, we find 


1 1 
a 


Therefore 





c) V = 100V at r =a: Here, we find 











1 1 
V(a) = — + C = 100 C = 100 - — 
(a) 2a? 2a? 
Therefore 5 5 
1 1 a T 
Vir) = + 100 = + 100 
(r) r? +a? 2g? 2a? (r? + a?) 


4.13. Three identical point charges of 4 pC each are located at the corners of an equilateral triangle 
0.5 mm on a side in free space. How much work must be done to move one charge to a point 
equidistant from the other two and on the line joining them? This will be the magnitude of 
the charge times the potential difference between the finishing and starting positions, or 


W = 





4x10-22)2f1 1 
s ) | | < 10t = 5.76 x 10795 = 576 p3 


27€0 25 5 


AT 





4.14. Given the electric field E = (y + 1)a; + (x — 1)a, + 2az, find the potential difference between 
the points 
a) (2,-2,-1) and (0,0,0): We choose a path along which motion occurs in one coordinate 
direction at a time. Starting at the origin, first move along x from 0 to 2, where y — 0; 
then along y from 0 to —2, where x is 2; then along z from 0 to —1. The setup is 


2 —2 =f 
v-v =- f n dx - f (a — 1) a- f 2dz =2 
0 y=0 0 y-2 0 


b) (3,2,-1) and (-2,-3,4): Following similar reasoning, 


3 2 zi 
W-w--f (y 1) da- f (a — 1) ay - f 2dz 
-2 y=—3 -3 $—3 4 








I 
Is 


4.15. Two uniform line charges, 8 nC/m each, are located at x = 1, z = 2, and at z = —1, y= 2 
in free space. If the potential at the origin is 100 V, find V at P(4,1,3): The net potential 
function for the two charges would in general be: 


Pl Pl 
ia PESE 
V DUM n(R1) Dies n(R2) - C 


At the origin, Ry = Rə = V5, and V = 100 V. Thus, with p; = 8 x 107°, 


8 x 1079) 


100 = —2! In(V5)+C = C=3316V 


2T7€0 
At P(4,1,3), Ri = |(4,1,3) - (1,1,2)| = V10 and Rə = |(4,1,3) -(-1,2,3)| = V26. Therefore 


1 —9 
yes uu [in( V0) + In(v26)] + 331.6 = 684 V 
TEQ 


4.16. The potential at any point in space is given in cylindrical coordinates by V = (k/p?) cos(bd) 
V/m, where k and b are constants. 


a) Where is the zero reference for potential? This will occur at p — oo, or whenever 
cos(bd) = 0, which gives ¢ = (2m — 1)x/2b, where m = 1,2,3... 
b) Find the vector electric field intensity at any point (p, 9, z). We use 


OV 1 ƏV k 


E(p, ¢,z) = -VV = T Ara 





2cos(bġ)a, + b sin(bġ) ag] 


4.17. Uniform surface charge densities of 6 and 2 nC/m? are present at p = 2 and 6 cm respectively, 
in free space. Assume V — 0 at p — 4 cm, and calculate V at: 


a) p — 5 cm: Since V — 0 at 4 cm, the potential at 5 cm will be the potential difference 
between points 5 and 4: 


5 5 —9 
" .02)(6 x 10 5 
v=- f E- dL = | Git cic uL in ( )- 3.026 V 
4 4 €P €0 4 
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b) p — 7 cm: Here we integrate piecewise from p = 4 to p = T: 


6 7 
sa sa b S 
V = ns di | = + bos), 
4 €op 6 €op 








With the given values, this becomes 


V;= pee x 22 A (5) E x 10-9) + (.06)(2 x 2) i C) 


€0 4 €0 6 





= —9.678 V 


4.18. Find the potential at the origin produced by a line charge pr, = kz/(x? + a?) extending along 
the x axis from x = a to +00, where a > 0. Assume a zero reference at infinity. 


Think of the line charge as an array of point charges, each of charge dq = pr, dz, and each 
having potential at the origin of dV = prdx/(47eox). The total potential at the origin is 
then the sum of all these potentials, or 


v-f ee k dx _ k tant (2)" = k [2 T] = k 
= Ja (Ament) Ja 4neolz? +a?)  4reoa aja X 4mega l2 | 41  16eoa 


4.19. The annular surface, 1cm < p < 3cm, z = 0, carries the nonuniform surface charge density 
ps = dpnC/m?. Find V at P(0,0,2cm) if V = 0 at infinity: We use the superposition integral 


form: 
= | | A ps da 
Ameo|r — r'| 


where r — za, and r' — pa,. We integrate over the surface of the annular region, with 
da = pdpd$. Substituting the given values, we find 


Pps (5 x 107 ee dp dọ 
Vp = 

01 4neo/ p? + z2 p? + z 
Substituting z — .02, and using tables, the integral evaluates as 


2 .03 
vs = [EO] gre cap - SE noe vere Guy) = osy 
.01 























2c 


4.20. A point charge Q is located at the origin. Express the potential in both rectangular and 
cylindrical coordinates, and use the gradient operation in that coordinate system to find the 
electric field intensity. The result may be checked by conversion to spherical coordinates. 


The potential is expressed in spherical, rectangular, and cylindrical coordinates respec- 


tively as: 
Q Q Q 


~ Amer? Ameg(a2 +y? + z2)/2 — Ameg(pl + z2)1/2 











Now, working with rectangular coordinates 


OV OV OV Q |xa,+ya,+za, 
E = -VV = x z y 
Or ay — @z 4n€o | (£2 + y? + 22)37? 
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4.20. (continued) 
Now, converting this field to spherical components, we find 




















E.—-E.a.— Q [rsinðcosgġ(as:ar)+ rsinð sin (ay ar) + r cos(a; ar) 
v- " — 4m€0 r3 
QR sin? 0 cos? $4 sin? 0 sin? $ + cos? 0 EM 
—. Anto r2 ^ 4megr? 
Continuing: 
a Q |rsin8cosó(a; ae) +rsin@sin ó(a, - ag) + r cos (az - ag) 
RS T 4T€0 r3 
| Q sin 0 cos 0 cos? à + sin 0 cos 0 sin?  — cos O sin 0 t 
^ Areg pA 
Finally 
E,-—E-a.= Q rsin@ cos (a; - ag) + rsin 0 sin d(ay - ag) + r cos0(a; - ag) 
UE a Ar eg r3 
B Q E Q(— sin $) PEE — 
ATE r 


Now, in cylindrical we have in this case 


2 _ OV ðV Q | pap+za 
Woo Ber ga Pec Am€9 Fe + 22)3/2 








Converting to spherical components, we find 


Q pa t Q EE Q 


ATE 47€or? 





" A Ameo r3 r2 





Eo 


|. Q [rsin0(aj-ag) - rcos0(a;-ag)| | Q Jsinð cos + cos0(— sin 0) E 
— 4m€o r3 Ane r2 7 





Q = O(a, - ag) + rcos O(a, - ag) 
Ej 


— — heck 
Iu | 0 chec 


r3 


4.21. Let V = 2zy?z? +3 ln(x? +2y? +327) V in free space. Evaluate each of the following quantities 
at P(3,2,—1): 


a) V: Substitute P directly to obtain: V = —15.0 V 
b) |V|. This will be just 15.0 V. 











c) E: We have 
6x 12y 
E| --vv|.-- | ( 2972 + (42y 4 
P P ( oa EPEITI " d T2 + 242 + 32? ay 
18z 
2.9 E 
+ (sou Zz 4 EIS zn) z = 7.la, + 22.8a, — 71.1a; V/m 
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4.21d) |E|p: taking the magnitude of the part c result, we find |E|p = 75.0 V/m. 


e) ay: By definition, this will be 


E 
an| = qs = —0.095 as — 0.304 ay + 0.9482; 
P |B 








f) D: This is D| = «E = 62.8a, + 202a, — 629a, pC/m?. 
P P 


4.22. A certain potential field is given in spherical coordinates by V = Vo(r/a) sin @. Find the total 
charge contained within the region r < a: We first find the electric field through 


wv 18V W 


DIM EE cae d 





[sin 0 a, + cos 6 ag] 


The requested charge is now the net outward flux of D = e9E through the spherical shell of 
radius a (with outward normal a,.): 


2T T T 
Q= f D -dS = | f coE - a, a° sin 0 d0 dó = -2raVoeo | sin? 0 dð = —n?acoVo C 
S o Jo 0 


The same result can be found (as expected) by taking the divergence of D and integrating 
over the spherical volume: 


V.D- Ed (^9 sind) ee (=$ cossin) sao [sno ED 
a a ra S 














r? Or rsin 0 90 in 0 
= Eo Vo [2 sin? 0 --1—2sin? o] = za = py 
— rasinð rasin 0 


Now 
2n — eg Vo 21? eg Vo i 
Q= I a [ — —— r? sin 0 dr d do = —^[ rdr = —s?2aegVy C 
o rasin0 a 0 ——SSS SS 


4.23. It is known that the potential is given as V = 80p'? V. Assuming free space conditions, find: 
a) E: We find this through 


dV 
E--VV- p —48p ^V/m 


b) the volume charge density at p = .5m: Using D = «oE, we find the charge density 
through 


1\ d 
ss — .D pes D — 98. —1.4 —À 3 
po] — IV: Dis (5 ) ap (pDp) | $ 8.8egp 7|. — —673pC/m 


c) the total charge lying within the closed surface p = .6, 0 < z « 1: The easiest way to do 
this calculation is to evaluate D, at p — .6 (noting that it is constant), and then multiply 
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by the cylinder area: Using part a, we have D,| = —48eo(.6) ^ = —521pC/m?. Thus 
6 
Q = —2n(.6)(1)521 x 101? C = —1.96 nC. 


4.24. The surface defined by the equation z? + y? + z = 1000, where x, y, and z are positive, is an 
equipotential surface on which the potential is 200 V. If |E| = 50 V/m at the point P(7, 25, 32) 
on the surface, find E there: 

First, the potential function will be of the form V (z,y, z) = Ci(az? + y? + z) + C», where 
Cı and Cù are constants to be determined (C5 is in fact irrelevant for our purposes). The 


electric field is now 
E = -VV = -C1 (3x? a, + 2y ay + a;) 


And the magnitude of E is |E| = C1 y 9x4 + 4y? + 1, which at the given point will be 











[E|p = C1 /9(7)4 + 4(25)? + 1 = 155.27C, = 50 C; = 0.322 
Now substitute C; and the given point into the expression for E to obtain 


Ep = —(47.34a, + 16.10a, + 0.32a,) 





The other constant, C2, is needed to assure a potential of 200 V at the given point. 


4.25. Within the cylinder p = 2, 0 < z < 1, the potential is given by V = 100+ 509+ 150psin dV. 
a) Find V, E, D, and p, at P(1,60°,0.5) in free space: First, substituting the given point, 
we find Vp = 279.9 V. Then, 
OV 10V 


E--VV- Dp ap » 86 ay = — [50 + 150sin ¢] a, — [150 cos 9| ag 





Evaluate the above at P to find Ep = —179.9a, — 75.0a; V/m 
Now D = eoE, so Dp = —1.59a, — .664a, nC/m?. Then 











1\ d 10D¢ | 1 . 1 . 50 
v—-V.D-2(-]-—(pD,)4 = 50 + 150sin $) + -150sin 9| co = ——c€o C 
p (=) gepni E = I-A P o= a ey 


At P, this is op = —443 pC/m?. 
b) How much charge lies within the cylinder? We will integrate p, over the volume to obtain: 


Q= — —— p dp d$ dz = —2n(50)eo(2) = —5.56 nC 
0 JO 0 p 
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4.26. Let us assume that we have a very thin, square, imperfectly conducting plate 2m on a side, 
located in the plane z — 0 with one corner at the origin such that it lies entirely within the 
first quadrant. The potential at any point in the plate is given as V = —e * sin y. 


a) 


An electron enters the plate at x = 0, y = 7/3 with zero initial velocity; in what direction 
is its initial movement? We first find the electric field associated with the given potential: 


E = -VV = —e “|sinya, — cos y a] 


Since we have an electron, its motion is opposite that of the field, so the direction on 
entry is that of —E at (0,7/3), or /3/2a, — 1/2 ay. 





Because of collisions with the particles in the plate, the electron achieves a relatively low 
velocity and little acceleration (the work that the field does on it is converted largely into 
heat). The electron therefore moves approximately along a streamline. Where does it 
leave the plate and in what direction is it moving at the time? Considering the result 
of part a, we would expect the exit to occur along the bottom edge of the plate. The 
equation of the streamline is found through 


E d 
UN m d => s=- | tanydy + C= In(cosy) +C 
E. dx siny 





At the entry point (0,7/3), we have 0 = In[cos(7/3)] + C, from which C = 0.69. Now, 
along the bottom edge (y = 0), we find x = 0.69, and so the exit point is (0.69,0). From 
the field expression evaluated at the exit point, we find the direction on exit to be —ay. 


4.27. Two point charges, 1 nC at (0,0,0.1) and —1nC at (0,0, —0.1), are in free space. 


a) 


b) 


c) 


Calculate V at P(0.3,0,0.4): Use 


za UE q 
4reog|R^| | 4veo|R.- | 





Vp 


where Rt = (.3,0,.3) and R^ = (.3,0,.5), so that [R.* | = 0.424 and |R| = 0.583. Thus 


10° f 1 1 
Vp = = 5.78 V 
P Areo E sss 





Calculate |E| at P: Use 


q(.-3a, -.3a;) q(.3a,+.5a,) 107° 
Ep = = 2.42a, + 141a] V 
pea cm uS ug Oe 





Taking the magnitude of the above, we find |Ep| = 25.2 V/m. 


Now treat the two charges as a dipole at the origin and find V at P: In spherical coor- 
dinates, P is located at r = v.3? + .42 = .5 and 0 = sin !(.3/.5) = 36.9°. Assuming a 
dipole in far-field, we have 


10-*(:2 .9? 
| qdcos0 — 107*(.2) cos(36.9?) —576V 


Vas = 
P 4megr? 47€o(.5)? = 
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4.28. Use the electric field intensity of the dipole (Sec. 4.7, Eq. (36)) to find the difference in 
potential between points at 0, and 05, each point having the same r and $ coordinates. Under 
what conditions does the answer agree with Eq. (34), for the potential at 0,? 


We perform a line integral of Eq. (36) along an arc of constant r and €: 








6 6 
a d f d 
Va-- f el ; [2cos8a, + sinBay] -aor dð = — | I z sin 0 dé 
Ob 4TEor Oy Aneor 


qd 


= Aner? [cos 0, — COS 6;] 
0 


This result agrees with Eq. (34) if 0, (the ending point in the path) is 90? (the ry plane). 
Under this condition, we note that if 0 > 90°, positive work is done when moving (against 
the field) to the zy plane; if 6, < 90°, negative work is done since we move with the field. 


4.29. A dipole having a moment p = 3a; — 5a, + 10a; nC : m is located at Q(1, 2, —4) in free space. 
Find V at P(2,3,4): We use the general expression for the potential in the far field: 


p:(r-r) 
— 4neo|r — r'| 
where r — r' = P — Q = (1,1,8). So 


Vp = (3a, — 5a, + 10a,) - (a; + ay + 8a,) x 107° 4p 
Aneo|1? + 1? + 82]15 








4.30. A dipole for which p = 10e5 a; C-m is located at the origin. What is the equation of the 
surface on which E, = 0 but E 4 0? 


First we find the z component: 


2cos0 (a.-a;)--sin0(ag-a;)] = 2 [2 cos? 0 — sin? 8] 


E,—E.a,— 
Qrr3 





10 i 
4nr3 


'This will be zero when [2 cos? 0 — sin? 8| = 0. Using identities, we write 
2 . 2 1 
2 cos 0 — sin“ 0 = gilt + 3 cos(20)] 
The above becomes zero on the cone surfaces, 0 = 54.7? and 0 = 125.3°. 


4.31. A potential field in free space is expressed as V = 20/(xyz) V. 


a) Find the total energy stored within the cube 1 < z,y,z « 2. We integrate the energy 
density over the cube volume, where wg = (1/2)e9E - E, and where 


1 1 





E--vv-m| 5 
x ’yz ry^z 


The energy is now 
We = 200 rie d : + : : da dy d 
E= €0 i Ji À [ay ox2y4z2 12424 OT He 


54 





4.31a. (continued) 


'The integral evaluates as follows: 


1 i] 
We = 20060 f. [ | G )z r3y)z2 — ryiz? |, dy dz 
= 2006 f. [ (i)a y2z2 | (3) m ! (3) ai dy dz 
= 200€9 [ | (zi) a (s) 33 (3) zu]. i 
w IM 


7 
= 200¢€0(3) las| = 387 pJ 














b) What value would be obtained by assuming a uniform energy density equal to the value 
at the center of the cube? At C(1.5, 1.5, 1.5) the energy density is 


1 
(1.5)4(1.5)2(1.5)2 
This, multiplied by a cube volume of 1, produces an energy value of 207 pJ. 





wg = 200€9(3) | | = 2.07 x 1071 J/m? 


4.32. Using Eq. (36), a) find the energy stored in the dipole field in the region r > a: 


We start with 
qd 


Ga [2 cos 0 ay + sin 6 ag] 
€or 


E(r, 0) = 


Then the energy will be 


2v 
= Ae oe ne a 2 M eee 
W, 1.3 5 60 dv = f [ i xs [4 cos 0 + sin 8] r^ sin 6 dr d0 do 





3 cos? 04-1 
omad? 11° l'noseeratao IP (coat ext 
= -gane 37 | [3 cos 0+1] sin 0 d0 = 48r?ego* [— cos 0 — cos 6], 
4 
_ ad)" 
127€9a3 


b) Why can we not let a approach zero as a limit? From the above result, a singularity in the 
energy occurs as a — 0. More importantly, a cannot be too small, or the original far-field 
assumption used to derive Eq. (36) (a >> d) will not hold, and so the field expression 


will not be valid. 


4.33. A copper sphere of radius 4 cm carries a uniformly-distributed total charge of 5 UC in free 
space. 

a) Use Gauss’ law to find D external to the sphere: with a spherical Gaussian surface at 

radius r, D will be the total charge divided by the area of this sphere, and will be a,- 


directed. Thus 
Q B3 TD 


2 
= ar a, C/m 
4nr? Arr? / 
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4.33b) Calculate the total energy stored in the electrostatic field: Use 


2T 
(5 x 107 (5 x 107°)? f 
= -D.E = 
Wg = [5 dv = i 2 NET 7 "lómegri r? sin 0 dr dé dà 


1 5 x 107 d 25 x 10712 1 
= (an) (4) E + f° cae = 281J 
2 1677€9 Ga 8me9  .04 








c) Use Wg — Q?/(2C) to calculate the capacitance of the isolated sphere: We have 


Q? (5 x 1076)? —12 
C= = = 4.45 x 10 F = 4.45 pF 
2Wg 2281) j BERI 





4.34. A sphere of radius a contains volume charge of uniform density po C/m?. Find the total stored 
energy by applying 
a) Eq. (43): We first need the potential everywhere inside the sphere. The electric field 
inside and outside is readily found from Gauss's law: 


3 
r a 
kor a, r<a and E y= Po ar r>a 


E UE 
KT 3€9 3eor? 


The potential at position r inside the sphere is now the work done in moving a unit 
positive point charge from infinity to position r: 


s a 3 T / 
Vip -f Es a, dr — / E, : a, dr! = i Pot dr f BU E (3a? — r°) 
a G5 3eor? P 3€0 6€9 


Now, using this result in (43) leads to the energy associated with the charge in the sphere: 


2v 5.2 
= 2 — TPo EN" _ 4na^pj 
-5] i Të 6a (3a? r ?) r sin 0 dr d0 dé = 3o s (3a°r? r'^—r ) dr — 15e; 


b) Eq. (45): Using the given fields we find the energy densities 











1 per? 1 poa? 
el^ - . = < d e2 7 — 2 = LES 
Wel 5 coEi E; 18e; r € and wez = zéo Es- E2 18,7 


We now integrate these over their respective volumes to find the total energy: 








2 
zr? sin 0 dr d9 dọ = SUMI 


2T 2v 5 
W. = | [fe —r?sindr dodo + | [TË 
15€o 
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4.35. Four 0.8nC point charges are located in free space at the corners of a square 4 cm on a side. 
a) Find the total potential energy stored: This will be given by 


1 4 
n=1 


where V,, in this case is the potential at the location of any one of the point charges that 
arises from the other three. This will be (for charge 1) 





1 1 1 
Vi = Va + Vai + Va = — | 


| 
Are 4° 04 04/2 


Taking the summation produces a factor of 4, since the situation is the same at all four 
points. Consequently, 


(.8 x 10-7)" 
2meo(.04) 





1 1 
We = z(4)aVi = E | | — 1.19 x 1077 J = 0.779 wd 


(v8 


A fifth 0.8 nC charge is installed at the center of the square. Again find the total stored 
energy: This will be the energy found in part a plus the amount of work done in moving 
the fifth charge into position from infinity. The latter is just the potential at the square 
center arising from the original four charges, times the new charge value, or 


A(.8 x 1079)? 
AS A(8x107) — 813 pJ 
Arrég(.04,/2/2) 


The total energy is now 


Wenet = Wz(part a) + AWg = .779 + .813 = 1.59 uJ 


57 


CHAPTER 5 


5.1. Given the current density J = —10^[sin(2)e ?*"a, + cos(2)e ?*a,] kA/m?: 


a) Find the total current crossing the plane y = 1 in the a, direction in the region 0 < x < 1, 
0 « z « 2: This is found through 


CHE n. ‘a= [ [ J. aj " devas = f [ —10* cos(2x)e 7? dz dz 


-10*(2 )5 sin(2z)| «7? = —1.23MA 


b) Find the total current leaving the region 0 < z, x < 1, 2 < z < 3 by integrating J-dS over 
the surface of the cube: Note first that current through the top and bottom surfaces will 
not exist, since J has no z component. Also note that there will be no current through the 
x — 0 plane, since J, = 0 there. Current will pass through the three remaining surfaces, 
and will be found through 


iff —a,) ie f [04 ay) dda fa a4) 
y= |. x=1 
= -w f° fi cos(2x)e ? — cos(2x)e~ 7] ded 108 f f sin(2)e ?" dy dz 
2 Jo 


= 104 (5) sina] G29) Ter EU (5) sin(2)e-?"| (3—2) =ü 


dy dz 











c) Repeat part b, but use the divergence theorem: We find the net outward current through 
the surface of the cube by integrating the divergence of J over the cube volume. We have 
OJ, | 0Jy 

Oy 





= —10^* [2cos(2x)e~?¥ — 2cos(2z)e ?"] = 0 as expected 


5.2. A certain current density is given in cylindrical coordinates as J = 100e~**(pa, + a;) A/m?. 
Find the total current passing through each of these surfaces: 
a) z=0,0<p<1, in the a, direction: 


27 1 
Le i: J-dS= f | 100e~? (pa, + az) - a; pdp dọ = 100m 
S 0 0 


where ap: a; = 0. 
b) z=1,0< p< 1, in the a, direction: 


20 1 
h = i J-dS= f f 100e7 0 (pa, +a,)-a, pdp dọ = 100ne ? 
S o Jo 


c) closed cylinder defined by 0 € z € 1, 0 € p € 1, in an outward direction: 





2v 
Ip = Iy-lot | | 100e~?*( (1)ap+az)-ay (1) dé dz = 1007(e~*-1)+1007(1-e7”) = 0 
0 0 


5.3. Let , 
_ 400sin 0 


2 
Pd a, A/m 


a) Find the total current flowing through that portion of the spherical surface r — 0.8, 
bounded by 0.17 < 0 < 0.37, 0 < ¢ < 2m: This will be 


2T 3T 2 OT 
r= f fa n LI i TEE RE (8)? singat do = 20227 | sin? dO 
lr lm 


4.64 
1 
— 346.5 i: Li — cos(20)] dô = 7.4.8 
lv 





b) Find the average value of J over the defined area. The area is 


2T 
Area = f [ves )? sin 0 d8 dé = 1.46 m? 
lm 
The average current density is thus Jay, = (77.4/1.46) a, = 53.0 a, A/m?. 


5.4. Assume that a uniform electron beam of circular cross-section with radius of 0.2 mm is gen- 
erated by a cathode at xz = 0 and collected by an anode at x = 20 cm. The velocity of the 
electrons varies with x as v, = 109205 m/s, with x in meters. If the current density at the 
anode is 10* A /m?, find the volume charge density and the current density as functions of z. 

'The requirement is that we have constant current throughout the beam path. Since the 


beam is of constant radius, this means that current density must also be constant, and 
will have the value J = 10* a, A/m?. Now J = pyv Po = die = 105 fa? C/m?. 

















5.5. Let 
25 20 


2 A/m? 
p E p 001? pm 





a) Find the total current crossing the plane z = 0.2 in the a, direction for p « 0.4: Use 


2m A —90 
TA "aset f / rae ye 


A 
eps (3) 201n(.01 + e (21) = —207 In(17) = —178.0A 





b) Calculate 0p,/0t: This is found using the equation of continuity: 


Op, — 12 ,94, 108 o —20 
Ot tae eer "Oz — udo RSS x) 








=0 


c) Find the outward current crossing the closed surface defined by p = 0.01, p = 0.4, z = 0, 
and z = 0.2: This will be 


r= f d S. au —a,)(.01) Mods | d 3. a5)(.4) dọ dz 


2T ao 2n = 
+f ie i ee] ri EL prt (as) pdpdo - 0 


2 


since the integrals will cancel each other. 


d) Show that the divergence theorem is satisfied for J and the surface specified in part b. 
In part c, the net outward flux was found to be zero, and in part b, the divergence of J 
was found to be zero (as will be its volume integral). Therefore, the divergence theorem 
is satisfied. 


5.6. The current density in a certain region is approximated by J = (0.1/r) exp (—1067) a, A/m? 
in spherical coordinates. 
a) At t = 1 us, how much current is crossing the surface r = 5? At the given time, 
Ia cam" (0.1/5)e7t = metes 2.31 A. 
b) Repeat for r = 6: Again, at 1 us, Ia = 41(6)?(0.1/6)e ^! = 2.41e^! = 2.77 A. 


c) Use the continuity equation to find p,(r, t), under the assumption that p, — 0 as t — oo: 


10 0.1 6 0.1 6 Op 
Y-J= ge ceo yz de sk o PESE 
r? OF (r r° "x Ot 


Then 
1077 


P(T, t) ES - fe dt + f(r) — = + f(r) 


Now, p, — 0 as t > oo; thus f(r) = 0. Final answer: p,(r,t) = (1077 /r?)e7 10t C/m8. 


d) Find an expression for the velocity of the charge density. 





J  (01/r)-U" 5a. — 





6 
~ pe — (1077 /r2)e-108t 10"r a, m/s 


5.7. Assuming that there is no transformation of mass to energy or vice-versa, it is possible to 
write a continuity equation for mass. 


a) If we use the continuity equation for charge as our model, what quantities correspond to J 
and py? These would be, respectively, mass flux density in (kg/m? — s) and mass density 
in (kg/m?). 





b) Given a cube 1 cm on a side, experimental data show that the rates at which mass is 
leaving each of the six faces are 10.25, -9.85, 1.75, -2.00, -4.05, and 4.45 mg/s. If we 
assume that the cube is an incremental volume element, determine an approximate value 
for the time rate of change of density at its center. We may write the continuity equation 
for mass as follows, also invoking the divergence theorem: 


tenduz- [ v 3s deo - d sas 
, ôt o : 


j Jm : dS = 10.25 — 9.85 + 1.75 — 2.00 — 4.05 + 4.45 = 0.550 mg/s 


S 


where 





Treating our 1 cm? volume as differential, we find 


Opa . 0.550 x 107? g/s 
Ot 1076 m? 











= —550g/m? — s 
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5.8. The conductivity of carbon is about 3 x 10* S/m. 

a) What size and shape sample of carbon has a conductance of 3 x 104 S? We know that 
the conductance is G = c A/L, where A is the cross-sectional area and £ is the length. To 
make G — c, we may use any regular shape whose length is equal to its area. Examples 
include a square sheet of dimensions / x £, and of unit thickness (where conductance is 
measured end-to-end), a block of square cross-section, having length Z, and with cross- 
section dimensions v£ x v£, or a solid cylinder of length @ and radius a = \/0 /7. 


What is the conductance if every dimension of the sample found in part a is halved? 
In all three cases mentioned in part a, the conductance is one-half the original value if 
all dimensions are reduced by one-half. This is easily shown using the given formula for 
conductance. 


g 


5.9a. Using data tabulated in Appendix C, calculate the required diameter for a 2-m long nichrome 
wire that will dissipate an average power of 450 W when 120 V rms at 60 Hz is applied to it: 
The required resistance will be 





Thus the diameter will be 


iP 2(450) i 
d= 2 = 4| =2,/ 5, = 28x 107*m = 028 
C= ^V Grv? (l0%)rG202 ^7 7 7 oe 


b) Calculate the rms current density in the wire: The rms current will be J = 450/120 = 


3.75 A. Thus 
3.75 


— «(2.8 x 1074/2)? 





— 6.0 x 107 A/m? 





5.10. A solid wire of conductivity o4 and radius a has a jacket of material having conductivity oo, 
and whose inner radius is a and outer radius is b. Show that the ratio of the current densities 
in the two materials is independent of a and b. 


A constant voltage between the two ends of the wire means that the field within must be 
constant throughout the wire cross-section. Calling this field E, we have 


Jı J2 Jı 01 
01 02 Jo 02 


E 











which is independent of the dimensions. 


5.11. Two perfectly-conducting cylindrical surfaces of length l are located at p = 3 and p = 5 cm. 
The total current passing radially outward through the medium between the cylinders is 3 A 
dc. 


a) Find the voltage and resistance between the cylinders, and E in the region between the 
cylinders, if a conducting material having ø = 0.05 S/m is present for 3 < p < 5 cm: 
Given the current, and knowing that it is radially-directed, we find the current density 
by dividing it by the area of a cylinder of radius p and length l: 


5.11a. (continued) 
'Then the electric field is found by dividing this result by o: 


3 9.55 


H 2ropl ue pl aoe 


The voltage between cylinders is now: 


3 5 
9.55 9.55. /5\ 488 
=- | E.dL- | a,- adp = 2] = 
xe J ree “Pn (5) = 5v 


Now, the resistance will be 





V 488 1.63 
dv = ap = l ? 





b) Show that integrating the power dissipated per unit volume over the volume gives the 
total dissipated power: We calculate 


2m 2 
3 5 14.64 
P= see = l = W 


We also find the power by taking the product of voltage and current: 





4. 14.64 
p=vi="*@)=="w 


which is in agreement with the power density integration. 


5.12. Two identical conducting plates, each having area A, are located at z = 0 and z = d. The re- 
gion between plates is filled with a material having z-dependent conductivity, o(z) = age 7/4, 
where og is a constant. Voltage Vo is applied to the plate at z = d; the plate at z = 0 is at 
zero potential. Find, in terms of the given parameters: 

a) the resistance of the material: We start with the differential resistance of a thin slab of 
the material of thickness dz, which is 


dz e*/ddz d ez/dq d 1.72d 
dR = — = so that R= | dR= = 1) = Q 
cA 09À x * 7 if ooA (e ) 09À 











b) the total current flowing between plates: We use 


I= Vo = oop AVo 
AR 1.72d 


c) the electric field intensity E within the material: First the current density is 


— To Vo J —Vge*/? 
Zz h E= iced z 
ETa a) eg: a 








a, = 


I 
pe 


5.13. A hollow cylindrical tube with a rectangular cross-section has external dimensions of 0.5 in by 
1 in and a wall thickness of 0.05 in. Assume that the material is brass, for which ø = 1.5 x 107 
S/m. A current of 200 A dc is flowing down the tube. 


a) What voltage drop is present across a 1m length of the tube? Converting all measurements 
to meters, the tube resistance over a 1 m length will be: 


1 
(1.5 x 107) [(2.54)(2.54/2) x 10-4 — 2.54(1 — .1)(2.54/2)(1 — .2) x 10-4] 
= 7.38 x 10°* Q 


R= 





The voltage drop is now V = IR, = 200(7.38 x 1074 = 0.147 V. 


b) Find the voltage drop if the interior of the tube is filled with a conducting material for 
which e = 1.5 x 10° S/m: The resistance of the filling will be: 


: -2 
Po = asoa 25x09 





The total resistance is now the parallel combination of Rı and Ro: 
Rr = RíR3/(R4 + R3) = 7.19x107* Q, and the voltage drop is now V = 200Rr = .144 V. 


5.14. A rectangular conducting plate lies in the xy plane, occupying the region 0 < x «a, 0 « y « b. 
An identical conducting plate is positioned directly above and parallel to the first, at z — d. 
The region between plates is filled with material having conductivity o(x) = aoe */*. where 
oo is a constant. Voltage Vo is applied to the plate at z = d; the plate at z = 0 is at zero 
potential. Find, in terms of the given parameters: 

a) the electric field intensity E within the material: We know that E will be z-directed, 
but the conductivity varies with x. We therefore expect no z variation in E, and also 
note that the line integral of E between the bottom and top plates must always give Vo. 
Therefore E = —Vo/da; V/m. 


b) the total current flowing between plates: We have 


7 —oge- */ W P 
d Zz 
Using this, we find 





b pa —z/a 
r= fs-as-f | aurei a dt ae ey 
o Jo d d d 


c) the resistance of the material: We use 





5.15. Let V = 10(p + 1)? cos 9 V in free space. 


a) Let the equipotential surface V — 20 V define a conductor surface. Find the equation of 
the conductor surface: Set the given potential function equal to 20, to find: 


(p+1)z? cos $ = 2 





b) Find p and E at that point on the conductor surface where ó = 0.2: and z = 1.5: At 
the given values of ¢ and z, we solve the equation of the surface found in part a for p, 
obtaining p — .10. Then 


OV 1 oV OV 
Op " p dd ? Oz 
pl 


E--VV- 








= —10z? cos da, + 10 z? sin dag — 20(p + 1)z cos $a; 





Then 
E(.10, .27, 1.5) = —18.2a, + 145 ay — 26.7a, V/m 





c) Find |p,| at that point: Since E is at the perfectly-conducting surface, it will be normal 
to the surface, so we may write: 
E-E 


= «E-n ggg 
Ps 0 surface g |E| 





= egVE- E = eo / (18.2)? + (145)? + (26.7)? = 1.32 nC/m? 


5.16. In cylindrical coordinates, V = 1000p?. 


a) If the region 0.1 < p « 0.3 m is free space while the surfaces p = 0.1 and p = 0.3 m 
are conductors, specify the surface charge density on each conductor: First, we find the 
electric field through 


OV 
E--VV- E a, = —2000pa, so that D = eE = —2000copa, C/m? 
Then the charge densities will be 


inner conductor : ps =D. ap = —200€) C/m? 
p=0.1 


outer conductor: ps2 = D- (-a,)| am 600€9 C/m? 
p=0. 


b) What is the total charge in a 1-m length of the free space region, 0.1 < p < 0.3 (not 
including the conductors)? The charge density in the free space region is 


py = V -D = - -(pD,) = —4000e9 C/m? 


Then the charge in the volume is 


1 27 0.3 1 
Que I f l —4000€9 p dp dọ dz = -2r (4000)eo3 [(0.3)? — (0.1)?] = —320eo C 
0 0 0.1 


5.16c What is the total charge in a 1-m length, including both surface charges? 


First, the net surface charges over a unit length will be 
Qs1(p = 0.1) = —200€9[27(0.1)](1) = —407€o C 


and 
Qs2(p = 0.3) = 600€9[27(0.3)](1) = 3607€9 C 


The total charge is now Qio; = Qs1 + Qs2 + Qu = 0. 


5.17. Given the potential field V = 100xz/(x? + 4) V. in free space: 
a) Find D at the surface z = 0: Use 








Ó x 100x 
E= -VV = 1002 - (= zi) a; —Oay " a, V/m 


At z = 0, we use this to find D(z = 0) = egE(z = 0) = —100eoz/(x? + 4)a; C/m?. 





b) Show that the z — 0 surface is an equipotential surface: There are two reasons for this: 
1) E at z — 0 is everywhere z-directed, and so moving a charge around on the surface 
involves doing no work; 2) When evaluating the given potential function at z — 0, the 
result is 0 for all x and y. 


c) Assume that the z — 0 surface is a conductor and find the total charge on that portion 
of the conductor defined by 0 < x < 2, —3 < y < 0: We have 








So 





100602 u 1 5 2 Ea 
Q= i: [- z7 4 4 %2 dy = -(3)100)e (5) ln(x +4)| = 150¢9 In 2 = —0.92nC 


5.18. A potential field is given as V = 1001n ([(x + 1)? + y?]/[(z — 1)? + y?]) V. It is known that 
point P(2, 1,1) is on a conductor surface and that the conductor lies in free space. At P, find 
a unit vector normal to the surface and also the value of the surface charge density on the 
conductor. 


A normal vector is the electric field vector, found (after a little algebra) to be 








x 


oy op t DG - DiG- 2 -e+ 

2nd 200 | (etl + v9] — 22 y 
yi — 1 — (i41 

(a 1923-2] — 1? 4-97 





200 | ay V/m 


At the specified point (2,1,1) the field evaluates as Ep = 40a; + 80a,, whose magnitude 
is 89.44 V/m. The unit normal vector is therefore n = E/|E| = 0.447 a; + 0.894 a,. Now 





=D. nl, = 89.44€9 = 792 pC/m?. This could be positive or negative, since we do not 


oe which side of the surface the free space region exists. 


5.19. Let V = 20z?yz — 102? V in free space. 


a) Determine the equations of the equipotential surfaces on which V — 0 and 60 V: Setting the 
given potential function equal to 0 and 60 and simplifying results in: 


AtOV: 227y— 2 —0 
6 
At 60V: 2z7y— z=- 
z 


b) Assume these are conducting surfaces and find the surface charge density at that point 
on the V = 60 V surface where x = 2 and z = 1. It is known that 0 < V < 60 V is the 
field-containing region: First, on the 60 V surface, we have 


6 7 
247y 2— — 2 0 > 2(2)4(1) -1-6—0 > yes 
z 
Now 
E = -VV = —40zyz a, — 20x°z ay — [20ry — 207] az 
Then, at the given point, we have 
D(2,7/8,1) = eoE(2,7/8, 1) = —eo[70a; + 80a, + 50a;] C/m? 


We know that since this is the higher potential surface, D must be directed away from 
it, and so the charge density would be positive. Thus 


ps = VD. D = l0eg y 72 + 82 + 5? = 1.04 nC/m? 


c) Give the unit vector at this point that is normal to the conducting surface and directed 
toward the V = 0 surface: This will be in the direction of E and D as found in part b, or 


Tar + 8a, + 5a; 


VT + 82 +5? 





a= = —|0.60a, + 0.68a, + 0.43a,] 





5.20. Two point charges of —1007 uC are located at (2,-1,0) and (2,1,0). The surface x = 0 isa 
conducting plane. 
a) Determine the surface charge density at the origin. I will solve the general case first, in 
which we find the charge density anywhere on the y axis. With the conducting plane in 
the yz plane, we will have two image charges, each of +1007 uC, located at (-2, -1, 0) 
and (-2, 1, 0). The electric flux density on the y axis from these four charges will be 


—1007 | [((y—l)ay—2a,]  [(y+1)a, —2a;] 
4T [(y — 1)2 + 4]3/2 [(y + 1)2 + 4]3/2 
SS amama 


given charges 


D(y) = 





[(y—1)a,-2a&,] [(y+1)ay+2az] 
GPF yee A 
—_$_$_ ammam 


image charges 





uC/m? 


5.20a. (continued) 
In the expression, all y components cancel, and we are left with 


1 1 2 
D(y) = 100 [(y — 1)? + 4]3⁄2 i [(y + 1)2 + 4]3/2 a, WC/m 





We now find the charge density at the origin: 


ps(0,0, 0) =D. ag 
y= 





af 17.9 uC/m? 





b) Determine ps at P(0,h,0). This will be 





ps(0, h, 0) =D-a, 





1 1 : 
-10 rcp Taps apr "Cim 


y=h 


5.21. Let the surface y = 0 be a perfect conductor in free space. Two uniform infinite line charges 
of 30 nC/m each are located at x = 0, y= 1, and z = 0, y = 2. 
a) Let V — 0 at the plane y — 0, and find V at P(1,2,0): The line charges will image across 
the plane, producing image line charges of -30 nC/m each at x = 0, y = —1, and x = 0, 
y — —2. We find the potential at P by evaluating the work done in moving a unit positive 
charge from the y — 0 plane (we choose the origin) to P: For each line charge, this will 
be: 








final distance from charge 
Vp — Vo,0,0 = B | : | 


n 
27r€9 initial distance from charge 


where Vo,o,o = 0. Considering the four charges, we thus have 


s EOD (9) (2) 

















1 VIT 30 x 107°. 10/17 
= e In (2) + In (=) + In (vio) + In E) moa In | A | 
= 1.20kV 


b) Find E at P: Use 





a pi [20 0 (1,2,0) — (0,2,0) 











P mol LOP 100P 
(1,2,0) = (0, —1,0) (1,2,0) = (0, —2,0) 
|(1, 3, 0)|? |(1, 4, 0)|? 
1,1 1 1 1,4,0 
= Pl ( , zu ( ,0,0) ( , 9, 0) ( EE ) = 723a, —18.9a, V/m 
2T7€0 2 1 10 17 
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5.22. The line segment x = 0, —1 € y € 1, z = 1, carries a linear charge density pr, = z|y| uC/m. 
Let z — 0 be a conducting plane and determine the surface charge density at: (a) (0,0,0); (b) 
(0,1,0). 


We consider the line charge to be made up of a string of differential segments of length, dy’, 
and of charge dq = pr, dy’. A given segment at location (0, y’, 1) will have a corresponding 
image charge segment at location (0, y', —1). The differential flux density on the y axis 
that is associated with the segment-image pair will be 

qp — PLW Ky — v) ay — a] 


pr dy’ (y — y) ay + az] 
4n|(y — y)? + 1]8/2 


tnu -VP + IPP 





= —PL dy az 
rgy pe 

In other words, each charge segment and its image produce a net field in which the y 
components have cancelled. The total flux density from the line charge and its image is 
now 


: —T |y'| a; dy’ 
=i 2n| 
az 





(y - y 1p? 


/ 





Ug ja [oce | some dy 
az | yly— y) +1 





= y(yty') +1 i 
2 y-y)? -1"? [yty)? +1? J, 
_a |_y4-1)+1 y(y+1)+1 —— 


Now, at the origin (part a), we find the charge density through 











ps(0,0,0) = D. a; 








a 1 1 
= 2| = —0.29 uC/m? 
yo 2 E V2 | —0.29 nC/m" 
Then, at (0,1,0) (part 5), the charge density is 


ps(0,1,0) 2 D. a; 


supe 
y—1 2 p 


5.23. A dipole with p = 0.1a; uC -m is located at A(1,0,0) in free space, and the x = 0 plane is 
perfectly-conducting. 








0.24 uC/m? 


a) Find V at P(2,0,1). We use the far-field potential for a z-directed dipole: 


0 
ya Posh _ P 
47€or? 


zZ 





Are [z? + y? + 2?]-5 
The dipole at x = 1 will image in the plane to produce a second dipole of the opposite 
orientation at z — —1. The potential at any point is now: 


zZ 
[((z 4- 1)? + y? + z2]*5 





"ES. z 
«Arey [((x — 1)? + y? + 27]! 
Substituting P(2,0,1), we find 





1x10°/ 1 1 
ATE E xvm ee 
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5.23b) Find the equation of the 200-V equipotential surface in cartesian coordinates: We just set the 
potential exression of part a equal to 200 V to obtain: 


Z zZ 
[ee = 1)? + y2 + gai» [(x + 1)? + y2 + gate 





= 0.222 


5.24. At a certain temperature, the electron and hole mobilities in intrinsic germanium are given as 
0.43 and 0.21 m?/V - s, respectively. If the electron and hole concentrations are both 2.3 x 101° 
m-^, find the conductivity at this temperature. 

With the electron and hole charge magnitude of 1.6 x 1071? C, the conductivity in this 
case can be written: 


o = |pe|ue + prun = (1.6 x 10719)(2.3 x 1019) (0.43 + 0.21) = 2.36 S/m 


5.25. Electron and hole concentrations increase with temperature. For pure silicon, suitable expres- 
sions are pj, = —pe = 6200T15e-7000/T (1/5. The functional dependence of the mobilities 
on temperature is given by un = 2.3 x 105T727 m?/V -s and pe = 2.1 x 10?T?? m?/V .s, 
where the temperature, T, is in degrees Kelvin. The conductivity will thus be 


0 = —pelie + pnjis, = 62007-9567 7000/T [2.1 x 109725 + 2.3 x 1097727] 


_ 130x 10° -7000/7 


m [1 +1.095T~ 7] S/m 


Find c at: 
a) 0° C: With T = 273°K, the expression evaluates as o (0) = 4.7 x 107? S/m. 





b) 40? C: With T = 273 + 40 = 313, we obtain e(40) = 1.1 x 107? S/m. 





c) 80? C: With T = 273 + 80 = 353, we obtain o(80) = 1.2 x 107? S/m. 





5.26. A semiconductor sample has a rectangular cross-section 1.5 by 2.0 mm, and a length of 11.0 
mm. The material has electron and hole densities of 1.8 x 101? and 3.0 x 10!? m^ ?, respectively. 
If ue = 0.082 m?/V -s and up = 0.0021 m?/V . s, find the resistance offered between the end 
faces of the sample. 


Using the given values along with the electron charge, the conductivity is 
c = (1.6 x 1077?) [(1.8 x 1075)(0.082) + (3.0 x 10*°)(0.0021)] = 0.0236 S/m 


The resistance is then 


£ 0.011 
ned (0.0236) (0.002) (0.0015) 
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CHAPTER 6. 


6.1. Atomic hydrogen contains 5.5 x 107? atoms /m? at a certain temperature and pressure. When 
an electric field of 4 kV /m is applied, each dipole formed by the electron and positive nucleus 
has an effective length of 7.1 x 1071? m. 


a) Find P: With all identical dipoles, we have 


P = Nqd = (5.5 x 1075)(1.602 x 107 19)(7.1 x 1079) = 6.26 x 101? C/m? = 6.26 pC/m? 


b) Find er: We use P = eoxe E, and so 


P 6.26 x 10-1? 


= = 1.76 x 1074 
«oE (8.85 x 10-12)(4 x 103) ? 





Xe = 
Then e, = 1 + Xe = 1.000176. 


6.2. Find the dielectric constant of a material in which the electric flux density is four times the 
polarization. 
First we use D = e E+ P = «oE + (1/4)D. Therefore D = (4/3)e0E, so we identify 
€r = 4/3. 


6.3. A coaxial conductor has radii a = 0.8 mm and b = 3 mm and a polystyrene dielectric for 
which e, = 2.56. If P = (2/p)ap nC/m? in the dielectric, find: 
a) D and E as functions of p: Use 








P (2/p) x 107°a, 144.9 
E = = = V 
e.c essi 400) ., 56 B 
'Then 
2 x 10-9 1 28 x 10-9 3.28 
D = &E + P = DES F1 E t a Qm? = T8 ac? 
p 1.56 p 


b) Find Vap and %e: Use 


0.8 
144. 3 
Vap = -f ut dp — 144.91n (5) = 192 V 


Xe = €r — 1 = 1.56, as found in part a. 


c) If there are 4 x 101° molecules per cubic meter in the dielectric, find p(p): Use 


P (2x10 9/p) 5.0 x 10729 
PN 4x09 E ap C: m 








6.4. Consider a composite material made up of two species, having number densities N; and No 
molecules/m? respectively. The two materials are uniformly mixed, yielding a total number 
density of N = N, + Ns. The presence of an electric field E, induces molecular dipole 
moments pı and po within the individual species, whether mixed or not. Show that the 
dielectric constant of the composite material is given by e, = ferı + (1 — f)er2, where f is the 
number fraction of species 1 dipoles in the composite, and where e,, and €,2 are the dielectric 
constants that the unmixed species would have if each had number density N. 


We may write the total polarization vector as 


N- N: 
Pioi = Nipi + Napa = N ( Sipi + ps = N [fpi + (1— f)p2] = fPı + (1 — f)P2 


In terms of the susceptibilities, this becomes Prot = €o [f Xe1 + (1 — f)Xe2] E, where x«i 
and xe» are evaluated at the composite number density, N. Now 


D = e;cj;E = E + Pio; = €o [1+ fXe1 + (1 — f)Xe2] E 
———— 


Identifying e, as shown, we may rewrite it by adding and subracting f: 


Er = [1 | f f | TXet | (1 P)xea] T [fa | Xe1) (1 pa H Xe2)] 
Searle] OED. 








6.5. The surface x = 0 separates two perfect dielectrics. For x > 0, let €, = €&4 = 3, while €,2 = 5 
where x < 0. If E; = 80a, — 60a, — 30a, V/m, find: 
a) En: This will be E; - a, = 80V/m. 


b) Erı. This has components of E, not normal to the surface, or Ep, = —60a, — 30a, V/m. 





c) Ep, = (60)? + (30)? = 67.1 V/m. 





d 


SS 


E, = \/(80)? + (60)? + (30)? = 104.4 V/m. 
e) The angle 0; between E, and a normal to the surface: Use 


E,-a, 80 


_ = 40.0? 
E, ipu Ur D. 


cos 0, = 





Dy» = Dyı = €ri€oEn1 = 3(8.85 x 1071?) (80) = 2.12nC/m?. 
Dro = €p2€9 E71 = 5(8.85 x 10-12) (67.1) = 2.97 nC /m?. 





P2 = D> = €9 Ei2 = D2 [1 = (1/er2)] = (4/5)D2 = 1.70a, == 2.13a, = 1.06a, nC/m?. 





) 
) 
h) Də = 61€0E Nias + €r2€0E71 = 2.12a, — 2.66a, — 1.33a; nC/m?. 
) 
) 











j) the angle 05 between Ey and a normal to the surface: Use 
Es -az Do -az 2.12 
cos Oy = DRM NUIT E Ae = .581 
E2 D» V/(2.12)? = (2.66)? + (1.33)? 


Thus 62 = cos 1(.581) = 54.5°. 


6.6. The potential field in a slab of dielectric material for which e, = 1.6 is given by V = —5000z. 
a) Find D, E, and P in the material. 


First, E = —VV = 5000a, V/m. Then D = ec E = 1.6e9(5000) a, = 70.8a, nC/m?. 
Then, Xe = €r — 1 = 0.6, and so P = cox, E = 0.6€9(5000) a, = 26.6a, nC/m?. 


b) Evaluate p», py, and p; in the material. Using the results in part a, we find p, = V-D = 0, 
p» = -V-P=0, and p; = V- egE — Q. 


6.7. Two perfect dielectrics have relative permittivities €; = 2 and €,2 = 8. The planar interface 
between them is the surface z — y--2z = 5. The origin lies in region 1. If E; = 100a; +200a, — 
50a, V/m, find Es: We need to find the components of E; that are normal and tangent to 
the boundary, and then apply the appropriate boundary conditions. The normal component 
will be Ey; = E; -n. Taking f = x — y+ 2z, the unit vector that is normal to the surface is 


o Vf d 
IVf] v6 


This normal will point in the direction of increasing f, which will be away from the origin, or 
into region 2 (you can visualize a portion of the surface as a triangle whose vertices are on the 
three coordinate axes at x = 5, y = —5, and z = 2.5). So Ey; = (1/V/6)[100 — 200 — 100] = 
—81.7 V/m. Since the magnitude is negative, the normal component points into region 1 from 
the surface. Then 


n 








[az — ay + 2a;] 


1 


V6 


Now, the tangential component will be Er; = E, — Ey; = 133.3a, + 166.7a, + 16.67a,. Our 
boundary conditions state that Er = Er; and Ewe = (€r1/€r2)Eni = (1/4)En1. Thus 





Eni = —81.65 ( ) [az — ay + 2a,] = —33.33a, + 33.33a, — 66.67a, V/m 


1 
E; = Er; + Ey? = Eri + [Ei = 133.3a, + 166.7a, + 16.67a, — 8.3a, + 8.3a, — 16.67a, 
= 125a, + 175a, V/m 





6.8. Region 1 (x > 0) is a dielectric with e, = 2, while region 2 (x < 0) has €,2 = 5. Let 
E; = 20a, — 10a, + 50a; V/m. 

a) Find Ds: One approach is to first find E». This will have the same y and z (tangential) 
components as E,, but the normal component, Ez, will differ by the ratio €,1/e,2; this 
arises from D,,; = D,2 (normal component of D is continuous across a non-charged 
interface). Therefore E? = 20(€,1/€,2) a; — 10a, + 50a; = 8a, — 10a, + 50a;. The flux 
density is then 


D» = €,3c9E» = 40€9 ay — 50€9 a, + 250¢0 a; = 0.35a, — 0.44a, + 2.21 a; nC/m? 





b) Find the energy density in both regions: These will be 


Taak 


1 
Wer = 5€r160E1 Ei = =(2)eo [(20)? + (10)? + (50)?] = 3000e9 = 26.6 nJ/m? 


N 


1 1 
Wer = 5€r2¢0B2 «Es = 5 (9)€o [(8)? + (10)? + (50)?] = 6660¢9 = 59.0 nJ/nm? 


3 


6.9. Let the cylindrical surfaces p — 4 cm and p — 9 cm enclose two wedges of perfect dielectrics, 
€1 = 2 for 0 < ¢ < 1/2, and €,2 = 5 for 1/2 < $ < 2r. If E; = (2000/p)a, V/m, find: 


a) 


b) 


E»: The interfaces between the two media will lie on planes of constant ¢, to which E 
is parallel. Thus the field is the same on either side of the boundaries, and so E» = Ej. 


the total electrostatic energy stored in a 1m length of each region: In general we have 
wg = (1/2)€,€9E?. So in region 1: 


1/2 ,Q 
Wr = [ J [ie em pdp dọ dz = 5 0(2000)* In (1) = 45.1 uJ 


In region 2, we have 


e 157 
Wp = T [. fk - (5)e (2000: P T ERON LIE ) = 3389 
X p2 4 4j E 








6.10. Let S = 100mm?, d = 3 mm, and e, = 12 for a parallel-plate capacitor. 


— 


a 


& 


Calculate the capacitance: 


€,€9.À _ 12eo(100 x 10-9) 
d 3 x 1073 





C= = 0.4e0 = 3.54 pf 


After connecting a 6 V battery across the capacitor, calculate E, D, Q, and the total 
stored electrostatic energy: First, 


E = Vo/d = 6/(3 x 1073) = 2000 V/m, then D = e,e9E = 2.4 x 10*e9 = 0.21 uC/m? 
The charge in this case is 
Q=D-n|, = DA —0.21 x (100 x 10 9) = 0.21 x 1074 uC = 21 pC 


Finally, We = (1/2)QVo = 0.5(21)(6) = 63 pJ. 

With the source still connected, the dielectric is carefully withdrawn from between the 
plates. With the dielectric gone, re-calculate E, D, Q, and the energy stored in the 
capacitor. 


E = Vo/d = 6/(3 x 10 3) = 2000 V/m, as before. D = e9E = 2000€9 = 17.7 nC/m? 


The charge is now Q = DA = 17.7 x (100 x 1079) nC = 1.8 pC. 

Finally, We = (1/2)QVo = 0.5(1.8)(6) = 5.4 pJ. 

If the charge and energy found in (c) are less than that found in (b) (which you should 
have discovered), what became of the missing charge and energy? In the absence of 


friction in removing the dielectric, the charge and energy have returned to the battery 
that gave it. 





6.11. 


6.12. 


Capacitors tend to be more expensive as their capacitance and maximum voltage, Vinaz, 
increase. The voltage Vmar is limited by the field strength at which the dielectric breaks 
down, Epp. Which of these dielectrics will give the largest CVmaz product for equal plate 
areas: (a) air: e, = 1, Epp = 3 MV/m; (b) barium titanate: e, = 1200, Epp = 3 MV/m; 
(c) silicon dioxide: e, = 3.78, Epp = 16 MV /m; (d) polyethylene: e. = 2.26, Epp = 4.7 
MV/m? Note that Vinaz = EBDd, where d is the plate separation. Also, C = €,¢€9A/d, and 
so VinazC = Erco 4E Bp, where A is the plate area. The maximum CV,,,, product is found 
through the maximum e, Epp product. Trying this with the given materials yields the winner, 
which is barium titanate. 





An air-filled parallel-plate capacitor with plate separation d and plate area A is connected to 
a battery which applies a voltage Vo between plates. With the battery left connected, the 
plates are moved apart to a distance of 10d. Determine by what factor each of the following 
quantities changes: 

a) Vo: Remains the same, since the battery is left connected. 


b) C: As C = eo A/d, increasing d by a factor of ten decreases C by a factor of 0.1. 


c) E: We require E x d = Vo, where Vo has not changed. Therefore, E has decreased by a 
factor of 0.1. 


d) D: As D = egE, and since E has decreased by 0.1, D decreases by 0.1. 
e) Q: Since Q = CV, and as C is down by 0.1, Q also decreases by 0.1. 


f) ps: As Q is reduced by 0.1, pg reduces by 0.1. This is also consistent with D having been 
reduced by 0.1. 


g) We: Use We = 1/2 CV, to observe its reduction by 0.1, since C is reduced by that factor. 


. A parallel plate capacitor is filled with a nonuniform dielectric characterized by e, = 2 + 2 x 


1097?, where x is the distance from one plate. If S = 0.02 m?, and d = 1 mm, find C: Start by 
assuming charge density p, on the top plate. D will, as usual, be z-directed, originating at the 
top plate and terminating on the bottom plate. The key here is that D will be constant over 
the distance between plates. This can be understood by considering the z-varying dielectric as 
constructed of many thin layers, each having constant permittivity. The permittivity changes 
from layer to layer to approximate the given function of z. The approximation becomes exact 
as the layer thicknesses approach zero. We know that D, which is normal to the layers, will 
be continuous across each boundary, and so D is constant over the plate separation distance, 
and will be given in magnitude by p,. The electric field magnitude is now 


D Ps 
Eoér  €o(2 + 2 x 10622) 





The voltage beween plates is then 








E 2 0  e2x103 


Y= T ps dx _ Ps 1 aa aV4 x 106 P E p 1 (5 
0 €9(2 + 2 x 10622) €o V/A x 108 


Now Q = p,(.02), and so 


,(.02)e9(2 x 102)(4 
c = 9 _ Psl.02)eo( x OO L 451 x 1079 F = 451 pF 
Vo Ps T 





6.14. Repeat Problem 6.12 assuming the battery is disconnected before the plate separation is 
increased: The ordering of parameters is changed over that in Problem 6.12, as the progression 
of thought on the matter is different. 

a) Q: Remains the same, since with the battery disconnected, the charge has nowhere to go. 

) ps: As Q is unchanged, pg is also unchanged, since the plate area is the same. 

) D: As D — ps, it will remain the same also. 

d) E: Since E — D/eo, and as D is not changed, E will also remain the same. 

) 


Vo: We require E x d = Vo, where E has not changed. Therefore, Vo has increased by a 
factor of 10. 


f) C: As C = eo A/d, increasing d by a factor of ten decreases C by a factor of 0.1. The 
same result occurs because C = Q/Vo, where Vo is increased by 10, whereas Q has not 
changed. 


g) We: Use We = 1/2CV2 = 1/2 QVo, to observe its increase by a factor of 10. 


6.15. Let €; = 2.5 for 0 < y «1mm, 6,2 = 4 for 1 < y < 3 mm, and e3 for 3 < y < 5 mm. 
Conducting surfaces are present at y = 0 and y = 5 mm. Calculate the capacitance per square 
meter of surface area if: a) e,3 is that of air; b) €-3 = €-1; €) €-3 = €-2; d) region 3 is silver: 
The combination will be three capacitors in series, for which 





1 1 1 1 dı dy ds = E = 
C5 Cs  eueo(l)  ereo(l) ^ eseo(1) €o 


So that 
(5 x 1078)eoer3 


10 + 4.5€,3 
Evaluating this for the four cases, we find a) C = 3.05 nF for e,3 = 1, b) C = 5.21nF for 
€r3 = 2.5, c) C = 6.32nF for er3 = 4, and d) C = 9.83nF if silver (taken as a perfect 
conductor) forms region 3; this has the effect of removing the term involving e,3 from the 
original formula (first equation line), or equivalently, allowing €,3 to approach infinity. 











6.16. A parallel-plate capacitor is made using two circular plates of radius a, with the bottom plate 
on the zy plane, centered at the origin. The top plate is located at z — d, with its center on 
the z axis. Potential Vo is on the top plate; the bottom plate is grounded. Dielectric having 
radially-dependent permittivity fills the region between plates. The permittivity is given by 
e(p) = eo(1 + p/a). Find: 

a) E: Since e does not vary in the z direction, and since we must always obtain Vo when 
integrating E between plates, it must follow that E = —Vo/da; V/m. 


b) D: D = Æ = - [eo(1 + p/a)Vo/d] a, C/m?. 
c) Q: Here we find the integral of the surface charge density over the top plate: 


u = ?* [* —eo(14- p/a)Vo . 2meoVo f°, , » 
Q= [D as = f / -P10 a. (a2) pdpdó = E f e foo 


i 5reoa? 
|... 8d 














Vo 


d) C: We use C = Q/Vo and our previous result to find C = 5eo(a?)/(3d) F. 





6.17. Two coaxial conducting cylinders of radius 2 cm and 4 cm have a length of 1m. The region 
between the cylinders contains a layer of dielectric from p — c to p — d with e, — 4. Find the 
capacitance if 

a) c = 2 cm, d = 3 cm: This is two capacitors in series, and so 


1 1 1 1 1 3 4 
E hea l Hl — 143 pF 
Qi TR O. gan i a (3) «($) iio 


b) d = 4 cm, and the volume of the dielectric is the same as in part a: Having equal volumes 
requires that 3? — 2? — 4? — c?, from which c — 3.32 cm. Now 


1 1 1 1 3.32 1 4 
C Ci PO 2T€0 is ( 2 ) E" a(z) P EBSDE 











6.18. (a) If we could specify a material to be used as the dielectric in a coaxial capacitor for which 
the permittivity varied continuously with radius, what variation with o should be used in order 
to maintain a uniform value of the electric field intensity? 


Gauss's law tells us that regardless of the radially-varying permittivity, D = (ap;/p) ap, 
where a is the inner radius and p, is the presumed surface charge density on the inner 


cylinder. Now 
D aps 


= — = a 
€ Ep s 





which indicates that e must have a 1/p dependence if E is to be constant with radius. 


b) Under the conditions of part a, how do the inner and outer radii appear in the expression 
for the capacitance per unit distance? Let e = g/p where g is a constant. Then E = 
aps /g ay and the voltage between cylinders will be 








^ aps aps 
v=- f a:a, dp = b—a 
0 m 28 p ` Ap ap ve ) 


where b is the outer radius. The capacitance per unit length is then C = 27ap;/Vo = 
2mg/ (b — a), or a simple inverse-distance relation. 


6.19. Two conducting spherical shells have radii a = 3 cm and b = 6 cm. The interior is a perfect 
dielectric for which e, — 8. 


a) Find C: For a spherical capacitor, we know that: 


Are, 4n(8 
dues 2 a z a Jeo = 1.927e9 = 53.3 pF 
a b (5 5) (100) mm 








b) A portion of the dielectric is now removed so that e, = 1.0, 0 < @ < 7/2, and e, = 8, 
7/2 < ġ < 2m. Again, find C: We recognize here that removing that portion leaves 
us with two capacitors in parallel (whose C’s will add). We use the fact that with the 
dielectric completely removed, the capacitance would be C(e, = 1) = 53.3/8 = 6.67 pF. 
With one-fourth the dielectric removed, the total capacitance will be 





1 
C = 5 (6.67) 4 (53-4) = 41.7 pF 


T 


6.20. Show that the capacitance per unit length of a cylinder of radius a is zero: Let p, be the 
surface charge density on the surface at p = a. Then the charge per unit length is Q = 27ap,. 
The electric field (assuming free space) is E = (aps)/(€9p) ap. The potential difference is 
evaluated between radius a and infinite radius, and is 


a 





-a,dp — oo 


The capacitance, equal to Q/Vo, is therefore zero. 


6.21. With reference to Fig. 6.9, let b — 6 m, ^ — 15 m, and the conductor potential be 250 V. 
Take e = eo. Find values for K1, pr, a, and C: We have 


2 
h+vh? +o] DEUS 15)? 
— |= 


K, = 

















We then have T Areo (250) 
- 7T €o VO u TEQ = 
PE Kı  . In(23) Sonny an nC 


Next, a = Vh? — b? = 4/(15)? — (6)? = 13.8 m. Finally, 








2 2 
=— = — 35.5pF 
cosh (h/b)  cosh (15/6 | — —— 





6.22. Two #16 copper conductors (1.29-mm diameter) are parallel with a separation d between 
axes. Determine d so that the capacitance between wires in air is 30 pF/m. 


We use C ; 
T€ 
— = 60 pF/m = — 7 —— 
L cosh™ (h/b) 
The above expression evaluates the capacitance of one of the wires suspended over a plane 
at mid-span, h = d/2. Therefore the capacitance of that structure is doubled over that 


required (from 30 to 60 pF/m). Using this, 


h 2mT€0 27 x 8.854 
Ec h | —— ] = cosh | ————— | = 1.4 
b AER ( e) M ( 60 ) ? 


Therefore, d — 2h — 2b(1.46) — 2(1.29/2)(1.46) — 1.88 mm. 


6.23. A 2 cm diameter conductor is suspended in air with its axis 5 cm from a conducting plane. 
Let the potential of the cylinder be 100 V and that of the plane be 0 V. Find the surface 
charge density on the: 


a) cylinder at a point nearest the plane: The cylinder will image across the plane, producing 
an equivalent two-cylinder problem, with the second one at location 5 cm below the 
plane. We will take the plane as the zy plane, with the cylinder positions at x = +5. 
Now b = 1 cm, h = 5 cm, and Vo = 100 V. Thus a = yh? — b? = 4.90 cm. Then 

= [(h + a)/b|? = 98.0, and pr, = (4megVo)/In Kı = 2.43 nC/m. Now 





pL [(r-ca)a;- yay, (x —a)as, + yay 


D-cecE- 
UU I| wta ty ay 
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6.23a. (continued) 
and 





=| h—b+a h—b-a 


s,maz = D: Tag = 
Pm (aeng er baa bar 


| = 473nC/m? 


b) plane at a point nearest the cylinder: At x = y = 0, 





from which 
ps = D(0,0) -az = m —15.8nC/m? 
TQ —————— 


6.24. For the conductor configuration of Problem 6.23, determine the capacitance per unit length. 
This is a quick one if we have already solved 6.23. The capacitance per unit length will be 
C = pr /Vo = 2.43 [nC/m]/100 = 24.3 pF/m. 


6.25 Construct a curvilinear square map for a coaxial capacitor of 3-cm inner radius and 8-cm outer 
radius. These dimensions are suitable for the drawing. 

a) Use your sketch to calculate the capacitance per meter length, assuming eg — 1: The 
sketch is shown below. Note that only a 9? sector was drawn, since this would then be 
duplicated 40 times around the circumference to complete the drawing. The capacitance 
is thus N ad 

C= o = OR = 59 pF/m 


b) Calculate an exact value for the capacitance per unit length: This will be 


27€09 


In(8/3) 





C= = 57 pF/m 


6.26 Construct a curvilinear-square map of the potential field about two parallel circular cylinders, 
each of 2.5 cm radius, separated by a center-to-center distance of 13cm. These dimensions are 
suitable for the actual sketch if symmetry is considered. As a check, compute the capacitance 
per meter both from your sketch and from the exact formula. Assume eg — 1. 


Symmetry allows us to plot the field lines and equipotentials over just the first quadrant, as 
is done in the sketch below (shown to one-half scale). The capacitance is found from the 
formula C = (Ng/Nv)eo, where Ng is twice the number of squares around the perimeter 
of the half-circle and Ny is twice the number of squares between the half-circle and the left 
vertical plane. The result is 








C= ae EO) -€Q 2€o 17.7 pF/m 


We check this result with that using the exact formula: 


C= i ss T esiisa 





cosh !(d/2a) ^ cosh !(13/5) 
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6.27. Construct a curvilinear square map of the potential field between two parallel circular cylin- 
ders, one of 4-cm radius inside one of 8-cm radius. The two axes are displaced by 2.5 cm. 
These dimensions are suitable for the drawing. As a check on the accuracy, compute the 
capacitance per meter from the sketch and from the exact expression: 


2me 


C= =I 
cosh” ^ [(a? + b? — D?)/(2ab)| 





where a and b are the conductor radii and D is the axis separation. 


'The drawing is shown below. Use of the exact expression above yields a capacitance value of 
C = 11.5eg F/m. Use of the drawing produces: 


22 x 2 
C= 





€o = 11e; F/m 
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6.28. A solid conducting cylinder of 4-cm radius is centered within a rectangular conducting cylinder 
with a 12-cm by 20-cm cross-section. 


a) 


Make a full-size sketch of one quadrant of this configuration and construct a curvilinear- 
square map for its interior: The result below could still be improved a little, but is 
nevertheless sufficient for a reasonable capacitance estimate. Note that the five-sided 
region in the upper right corner has been partially subdivided (dashed line) in anticipation 
of how it would look when the next-level subdivision is done (doubling the number of field 
lines and equipotentials). 





Assume e = eo and estimate C per meter length: In this case Ng is the number of squares 
around the full perimeter of the circular conductor, or four times the number of squares 
shown in the drawing. Ny is the number of squares between the circle and the rectangle, 
or 5. The capacitance is estimated to be 


No |. 4x13 
© 8 





€) = 10.4€eo — 90 pF/m 
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6.29. The inner conductor of the transmission line shown in Fig. 6.14 has a square cross-section 
2a x 2a, while the outer square is 5a x 5a. The axes are displaced as shown. (a) Construct 
a good-sized drawing of the transmission line, say with a — 2.5 cm, and then prepare a 
curvilinear-square plot of the electrostatic field between the conductors. (b) Use the map to 
calculate the capacitance per meter length if € = 1.6€9. (c) How would your result to part b 
change if a = 0.6 cm? 


a) The plot is shown below. Some improvement is possible, depending on how much time 
one wishes to spend. 





b) From the plot, the capacitance is found to be 


. 16x2 


MEE. 





(1.6)eg = 12.8€9 = 110 pF/m 


c) If a is changed, the result of part b would not change, since all dimensions retain the same 
relative scale. 





6.30. For the coaxial capacitor of Problem 6.18, suppose that the dielectric is leaky, allowing current 
to flow between the inner and outer conductors, while the electric field is still uniform with 
radius. 


a) What functional form must the dielectric conductivity assume? We must have constant 
current through any cross-section, which means that J = I/(2xp) a, A/m?, where I is 
the radial current per unit length. Then, from J = oE, where E is constant, we require 
a 1/p dependence on c, or let o = o9/p, where o is a constant. 


b) What is the basic functional form of the resistance per unit distance, R? From Problem 
6.18, we had E = ap,/g a, V/m, where ps is the surface charge density on the inner con- 
ductor, and g is the constant parameter in the permittivity, € = g/p. Now, I = 2ypo E = 
21ap,09/g, and Vo = aps(b — a)/g (from 6.18). Then R = Vo/I = (b — a) / (2700). 
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6.30c) What parameters remain in the product, RC, where the form of C, the capacitance per unit 
distance, has been determined in Problem 6.18? With C = 2zg/(b — a) (from 6.18), we have 
RC = g/ey. 


6.31. A two-wire transmission line consists of two parallel perfectly-conducting cylinders, each hav- 
ing a radius of 0.2 mm, separated by center-to-center distance of 2 mm. The medium sur- 
rounding the wires has e, = 3 and ø = 1.5 mS/m. A 100-V battery is connected between the 
wires. Calculate: 

a) the magnitude of the charge per meter length on each wire: Use 


; 1 —12 
3 E eu ete ctr dodo OC 
cosh (h/b) cosh ~ (1/0.2) 





Then the charge per unit length will be 


Q = CV = (3.64 x 10 1!)(100) = 3.64 x 10? C/m = 3.64nC/m 


b) the battery current: Use 


€ 3 x 8.85 x 10712 
c (1.5 x 10-3)(3.64 x 10-11) 





Tack Ve 100 
0 
= — = — =(0.206A = 2 A 
R 186 0.206 06m 
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CHAPTER 7 
7.1. Let V = 2zy?2? and e = eg. Given point P(1,2, —1), find: 
a) V at P: Substituting the coordinates into V, find Vp = —8V. 


b) E at P: We use E = - VV = -2y?z?a, — 4ryz?^a — 621? 2?a,, which, when evaluated 
at P, becomes Ep = 8a; + 8a, — 24a; V/m 





c) py at P: This is o, = V. D = —e)V?V = —Azz(z? + 3y?) C/m? 





d) the equation of the equipotential surface passing through P: At P, we know V = —8V, 
so the equation will be zy?z? = —4. 


e) the equation of the streamline passing through P: First, 


E, dy | Axyz? 2x 


E, dz 28223 y 





Thus 1 
ydy = 2xdxz, and so 5 =z +0 


Evaluating at P, we find C4 = 1. Next, 


E; dz 6xy?;? 3x 
E; dr 2y?z3 Zz 





Thus 
2 


3 1 
3zdx = zdz, and so 37 = 3^ + C 
Evaluating at P, we find C9 = 1. The streamline is now specified by the equations: 


y? — Oy? =2 and dz 2" =2 


f) Does V satisfy Laplace’s equation? No, since the charge density is not zero. 


7.2. Given the spherically-symmetric potential field in free space, V = Voe~"/“, find: 





a) p, at r =a; Use Poisson's equation, V?V = —p,/e, which in this case becomes 
pv ld dV — Vo d ( 2 2 — Vo ( -) —r/a 
I = Am 
€9 dr (« dr ar? dr \' © ar dA 


from which 


Ve Ve 
plr) = 22 (2-2) ee => pla) = Pe! C/m? 


ar a 


b) the electric field at r = a; this we find through the negative gradient: 





dV Vo rj 
= — e ar 


E(r)=-VV =— a, 
dr a 


=: E(a)= Vo cia, V/m 
a 
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7.2c) the total charge: The easiest way is to first find the electric flux density, which from part 6 is 
D = &E = (e9Vo/a)e~"/“a,. Then the net outward flux of D through a sphere of radius r 
would be 
$(r) = Qena(r) = 4rr? D = AnegVor2e—"/* C 


As r — oo, this result approaches zero, so the total charge is therefore Qnez = 0. 


7.3. Let V (x, y) = 4e?* + f(x) — 3y? in a region of free space where p, = 0. It is known that both 
E, and V are zero at the origin. Find f(x) and V(x, y): Since p, = 0, we know that V?V = 0, 








a PV aov di 
WV = — + a = lbe” + — -6=0 
Ox? x Oy? T dz? 
Therefore Bf df 
20 | 2x | | 
d = 16e T 6 => di 8e T 6x T Ci 
Now av df 
Ez ac pe ee 2x 
Ox a dx 
and at the origin, this becomes 
d 
E,(0) =8+ 2 m O(as given) 


Thus df /dx |;-o = —8, and so it follows that C, = 0. Integrating again, we find 

f(x,y) = —4e?* + 327 + C5 
which at the origin becomes f(0,0) = —4 + Co. However, V(0,0) = 0 = 4 + f(0,0). So 
f(0,0) = —4 and C5 = 0. Finally, f(x,y) = —4e?* + 32, and V(z,y) = 4e?” — 4e?* + 3a? — 
3y? = 3(z? — y?). 


7.4. Given the potential field, V (p, ¢) = (Vop/d) cos à: 
a) Show that V(p, 9) satisfies Laplace’s equation: 


2, 10 ( @V\ 10V 10 (Ve | 10 (Vop .. 
Me P 55 22:082. BOD j 059 EET j 9m 


= DP cos W sing =0 








b) Describe the constant-potential surfaces: These will be surfaces on which pcosó is a 
constant. At this stage, it is helpful to recall that the x coordinate in rectangular co- 
ordinates is in fact pcos, so we identify the surfaces of constant potential as (plane) 
surfaces of constant x (parallel to the yz plane). 





c) Specifically describe the surfaces on which V — Vo and V — 0: In the first case, we would 
have x = 0 (or the yz plane); in the second case, we have the surface x = d. 


d) Write the potential expression in rectangular coordinates: Using the argument in part 6, 
we would have V(x) = Vox/d. 


7.5. Given the potential field V = (Apt + Bp~*) sin 49: 
a) Show that V?V — 0: In cylindrical coordinates, 





i 1-0 6 9V vo 18V 
VV 758p V 8p) ^ BOP 
1 1 
2525 (p(4Ap? — 4Bp~°)) sin4ó — 16(Ap* + Bp *)sin4ó 
pop p 
16 EE 16 zat 
= 2 p + Bp P)sin4$ — pa (AP + Bp ^)sin4$ = 0 


b) Select A and B so that V = 100 V and |E| = 500 V/m at P(p = 1,9 = 22.5°, z = 2): 
First, 
OV 10V 
E--VV- 
Op pap 
= -A[(Ap? — Bp ?)sin4óa, + (Ap? + Bp?) cos 4ġ ag] 
and at P, Ep = —4(A — B)a,. Thus [Ep| = -4(A — B). Also, Vp = A+ B. Our two 
equations are: 











4(A — B) = +500 





and 
A 4- B — 100 


We thus have two pairs of values for A and B: 


A=112.5, B = —12.5 or A= -12.5, B = 112.5 








7.6. A parallel-plate capacitor has plates located at z = 0 and z — d. The region between plates 
is filled with a material containing volume charge of uniform density pọ C/m?, and which has 
permittivity e. Both plates are held at ground potential. 

a) Determine the potential field between plates: We solve Poisson's equation, under the 
assumption that V varies only with z: 











At z —0, V = 0, and so C2 = 0. Then, at z = d, V = 0 as well, so we find C4 = pod/2e. 
Finally, V(z) = (poz/2e)|d — z]. 

b) Determine the electric field intensity, E between plates: Taking the answer to part a, we 
find E through 








po? (q 2) = P (22 — d)a, V/m 


7.6c) Repeat a and 6 for the case of the plate at z = d raised to potential Vo, with the z = 0 plate 
grounded: Begin with 








So that 





d^ 2€ 
We recognize this as the simple superposition of the voltage as found in part a and the voltage 
of a capacitor carrying voltage Vo, but without the charged dielectric. The electric field is now 








E = az = az 4 (2z d)a; V/m 
€ 


7.7. Let V = (cos 2¢)/p in free space. 
a) Find the volume charge density at point A(0.5, 60?, 1): Use Poisson’s equation: 


ks (VON rV 
be Se M (55, "8p, PaP 


10 (—cos2¢ 4 cos2¢ 3€9 cos 20 
== €0 Ə 2 — 3 
p Op p p p p 








So at A we find: 
|. $eo cos(120?) 


0.53 





DvA = —12€9 = —106 pC/m? 


b) Find the surface charge density on a conductor surface passing through B(2, 30?, 1): First, 











we find E: av 18V 

E=-VV= ap ag 

Op p O 
cos 20 2sin 29 
= p? ap p? ag 

At point B the field becomes 

60° 2 sin 60° 

Eg = = a, + E as = 0.125a, + 0.433 ag 


4 4 


The surface charge density will now be 

















psp = +|Dp| = +e|Eg| = +0.451e9 = +0.399 pC/m? 


The charge is positive or negative depending on which side of the surface we are consid- 
ering. The problem did not provide information necessary to determine this. 


7.8. A uniform volume charge has constant density p, = po C/m?, and fills the region r < a, in 
which permittivity e as assumed. A conducting spherical shell is located at r = a, and is held 
at ground potential. Find: 

a) the potential everywhere: Inside the sphere, we solve Poisson's equation, assuming radial 
variation only: 








1d dV — po — por? Ci 
Wr 2 E E 
vv- Ss )- € sae oe 6€9 = r + C2 


We require that V is finite at the orgin (or as r — 0), and so therefore C4 = 0. Next, 
V — 0 at r =a, which gives C3 = poa?/6e. Outside, r > a, we know the potential must 
be zero, since the sphere is grounded. To show this, solve Laplace’s equation: 


1d dV C 
2y > 2 £j coU 
VV= ak (« x) 0 = V(r) E + Co 


Requiring V = 0 at both r = a and at infinity leads to C, = Cp = 0. To summarize 


po(,2 2 
Os rr) <a 
0 r>a 


b) the electric field intensity, E, everywhere: Use 


E a oye. r<a 
dr 3e 


Outside (r > a), the potential is zero, and so E = 0 there as well. 


7.9. The functions Vi(p, ¢, z) and V2(p, $, z) both satisfy Laplace’s equation in the region a < p < b, 
0 € ġ « 2n, —L < z < L; each is zero on the surfaces p = b for — L < z < L; z = —L for 
a < p< b; and z = L for a < p < b; and each is 100 V on the surface p = a for —L < z < L. 

a) In the region specified above, is Laplace’s equation satisfied by the functions Vi + V2, 
Vi — Vo, Vi + 3, and ViV3? Yes for the first three, since Laplace’s equation is linear. No 
for Vi Vo. 

b) On the boundary surfaces specified, are the potential values given above obtained from 
the functions Vj + V2, V; — V2, Vi +3, and VyV3? At the 100 V surface (p = a), No for all. 
At the 0 V surfaces, yes, except for Vi + 3. 

c) Are the functions Vi + Vo, Vi — V2, Vi + 3, and Vi Və identical with Vi? Only V2 is, 
since it is given as satisfying all the boundary conditions that Vi does. Therefore, by the 
uniqueness theorem, V2 = Vi. The others, not satisfying the boundary conditions, are 
not the same as Vj. 


7.10. Consider the parallel-plate capacitor of Problem 7.6, but this time the charged dielectric exists 
only between z = 0 and z = b, where b < d. Free space fills the region b < z < d. Both 
plates are at ground potential. No surface charge exists at z — b, so that both V and D are 
continuous there. By solving Laplace's and Poisson's equations, find: 

a) V(z) for 0 < z < d: In Region 1 (z < b), we solve Poisson's equation, assuming z variation 








only: 
PV, — —po dVi — —poz 
= => z EC b 
dz? € dz € Pea) 
In Region 2 (z > b), we solve Laplace's equation, assuming z variation only: 
d? V, dV» 
zd qe au 
dz? dz pie) 


At this stage we apply the first boundary condition, which is continuity of D across the 
interface at z = b. Knowing that the electric field magnitude is given by dV/dz, we write 
dV, dV> — pob € 


EM er ce > edubd eO Seg wu. De 26 
ae z=b i dz |z=b Fp TORRE ROSE ^ €0 E = 





Substituting the above expression for C1, and performing a second integration on the 
Poisson and Laplace equations, we find 


poz 
Vi(z) ———— + Cyz+ Co (z « b) 








2€ 
and b 
pobz | € ; 
V = | Ciz 4 C 
a(z) m - 1Z 5 (xb) 
Next, requiring V1 = 0 at z = 0 leads to C5 = 0. Then, the requirement that V2 = 0 at 
z = d leads to 
bd bd 
eR ES E as) S, 
€0 €0 €0 €0 


With C» and C5 known, the voltages now become 








2 
b 
Vi(z) = 2 +Cyz and V2(z) = * (d — z) z 


Finally, to evaluate C1, we equate the two voltage expressions at z = b: 


pob E 2e, (d — 2] 


Vile= = V2|z= g 
1la= = Velz=» 1 2e | bt es (d —b) 








where e. = e/eg. Substituting Cı as found above into V; and Vz leads to the final 
expressions for the voltages: 


nt) = Sr an 








pol? d—z 
Vale 25 le wen) 


7.10b) the electric field intensity for 0 < z « d: This involves taking the negative gradient of the final 
voltage expressions of part a. We find 








dz € 


dV, = po b b+ 2e, (d — b) 
a. E (aS a, V/m (z«b) 
dV, pob? 


E» = -— a, = Deo lrzeu-al* V/m (zb) 





7.11. The conducting planes 2x + 3y = 12 and 2x + 3y = 18 are at potentials of 100 V and 0, 
respectively. Let € = eo and find: 
a) V at P(5,2,6): The planes are parallel, and so we expect variation in potential in the 
direction normal to them. Using the two boundary condtions, our general potential 
function can be written: 


V(z,y) = A(2x + 3y — 12) + 100 = A(2x + 3y — 18) +0 
and so A — —100/6. We then write 


100 100 
6 (2x + 3y — 18) = “3 — 50y + 300 





V(z, y) a 





and Vp = —199(8) — 100 + 300 = 33.33 V. 


b) Find E at P: Use 
100 
E = -VV = a, + 50 ay V/m 





7.12. The derivation of Laplace’s and Poisson’s equations assumed constant permittivity, but there 
are cases of spatially-varying permittivity in which the equations will still apply. Consider the 
vector identity, V - (YG) = G- Vy + v V - G, where v and G are scalar and vector functions, 
respectively. Determine a general rule on the allowed directions in which e may vary with 
respect to the electric field. 


In the original derivation of Poisson's equation, we started with V.D = p,, where D = cE. 
Therefore 
V-D = V. (E) = - V. (VV) = -—VV- Ve—€V°V = py 


We see from this that Poisson’s equation, V?7V = —p,/e, results when VV - Ve = 0. In 
words, € is allowed to vary, provided it does so in directions that are normal to the local 
electric field. 


7.13. Coaxial conducting cylinders are located at p = 0.5 cm and p = 1.2 cm. The region between 
the cylinders is filled with a homogeneous perfect dielectric. If the inner cylinder is at 100V 
and the outer at OV, find: 

a) the location of the 20V equipotential surface: From Eq. (16) we have 


u In(.012/p) 
V(p) = 1001 0157.05) 


T 


We seek p at which V = 20 V, and thus we need to solve: 


20 = 100——— => = =1.01 
n(2.4) P= (243 -l10Lem 





In(.012/p) 012 
l 


b) Epmaz: We have 
OV dV 100 


dp dp pin(2A) 





whose maximum value will occur at the inner cylinder, or at p = .5 cm: 


100 


E, mae = ————— = 2.28 x 104 =22.8k 
p 005 n(2-4) aa a 


c) e, if the charge per meter length on the inner cylinder is 20 nC/m: The capacitance per 
meter length is 

| neor Q 

—. In(2.4) V 





C 


We solve for e: 





20 x 10-9) In(2.4 
VM IR aig 


tr 77 3«e9(100) c 


7.14. Repeat Problem 7.13, but with the dielectric only partially filling the volume, within 0 < 9 < 
7, and with free space in the remaining volume. 

We note that the dielectric changes with ¢, and not with p. Also, since E is radially- 
directed and varies only with radius, Laplace's equation for this case is valid (see Problem 
7.12) and is the same as that which led to the potential and field in Problem 7.13. 
Therefore, the solutions to parts a and b are unchanged from Problem 7.13. Part c, 
however, is different. We write the charge per unit length as the sum of the charges along 
each half of the center conductor (of radius a) 


Q t6 E maxz (Ta) + es Es mas(Ta) = c&0Ep,mas(Ta)(1 + €r) C/m 
Using the numbers given or found in Problem 7.13, we obtain 


20 x 107° C/m 
(8.852 x 10712)(22.8 x 103 V/m)(0.5 x 10-2 m)» 





1l+e,= 


We may also note that the average dielectric constant in this problem, (e, + 1)/2, is the 
same as that of the uniform dielectric constant found in Problem 7.13. 


7.15. The two conducting planes illustrated in Fig. 7.8 are defined by 0.001 < p < 0.120 m, 
0 « z « 0.1 m, ¢ = 0.179 and 0.188 rad. The medium surrounding the planes is air. For 
region 1, 0.179 < $ < 0.188, neglect fringing and find: 

a) V(@): The general solution to Laplace’s equation will be V = C16 + C5, and so 


8 


Subtracting one equation from the other, we find 
—180 = C,(.88 —.179) = Cı = —2.00 x 10* 


'Then 
20 = —2.00 x 101(.188) + C2 = Cy — 3.78 x 10? 
Finally, V(¢) = (—2.00 x 104) + 3.78 x 10? V. 


b) E(p): Use 





1dV 2.00 x 104 
E(p) = -VV = = as V/m 
(p) 5 dj 5 86 V/ 








c) D(p) = egE(p) = (2.00 x 10*e5/p) a; C/m?. 





d) ps on the upper surface of the lower plane: We use 


2.00 x 104 2.00 x 104 
pPs=D-n I OU aa Oe 
sur face p p 





e) Q on the upper surface of the lower plane: This will be 


120 
2.00 x 10* 
D [n im SUBIRE dp dz = 2.00 x 10*¢9(.1) In(120) = 8.47 x 10 5 C = 84.7 nC 
00 


f) Repeat a) to c) for region 2 by letting the location of the upper plane be ¢ = .188 — 27, 
and then find p, and Q on the lower surface of the lower plane. Back to the beginning, 
we use 


20 = C1(.188 — 27) + C and 200 = C1(.179) + C] 


7.15f (continued) Subtracting one from the other, we find 
—180 = C/(000—2x) => C! =28.7 


Then 200 = 28.7(.179) + C = C} = 194.9. Thus V(9) = 28.79 + 194.9 in region 2. Then 








28.7 28.7 
E = ———a, V/m and D = ees C/m? 
p p 
ps on the lower surface of the lower plane will now be 
28.7€9 28.7€9 
fas ag : (—ag) = — — C/m* 


The charge on that surface will then be Qs = 28.7€9(.1) In(120) = 122 pC. 


g) Find the total charge on the lower plane and the capacitance between the planes: Total 
charge will be Qnet = Qi + Qy = 84.7 nC + 0.122 nC = 84.8 nC. The capacitance will be 


- Qnet — 84.8 


G= AV 200-20 





= 0.471 nF = 471 pF 


7.16. A parallel-plate capacitor is made using two circular plates of radius a, with the bottom plate 
on the zy plane, centered at the origin. The top plate is located at z = d, with its center on 
the z axis. Potential Vo is on the top plate; the bottom plate is grounded. Dielectric having 
radially-dependent permittivity fills the region between plates. The permittivity is given by 
€(p) = eo(1 + p/a). Find: 

a) V(z): Since e varies in the direction normal to E, Laplace's equation applies, and we 
write 2 
V 
VV =- =0 > V(z)=0ız+C2 
dz? 
With the given boundary conditions, C2 = 0, and C, = Vo/d. Therefore V(z) = Voz/d V. 
b) E: This will be E = —VV = —dV/dza, = —(Vo/d) a; V/m. 


c) Q: First we find the electric flux density: D = «EF = —e9(1 + p/a)(Vo/d) a; C/m?. The 
charge density on the top plate is then p, = D - —a; = eo(1 + p/a)(Vo/d) C/m?. From 
this we find the charge on the top plate: 








2 
OTA“ eg Vo 


C 
3d 


ce l jn sa pla weldpapad= 


d) C. The capacitance is C = Q/Vo = 51a?«o/(3d) F. 


7.17. Concentric conducting spheres are located at r = 5 mm and r = 20 mm. The region between 
the spheres is filled with a perfect dielectric. If the inner sphere is at 100 V and the outer 
sphere at 0 V: 

a) Find the location of the 20 V equipotential surface: Solving Laplace's equation gives us 





1 1 
V(r) =Vor— 
a b 


KH 
© 


where Vo = 100, a = 5 and b = 20. Setting V(r) = 20, and solving for r produces 
r = 12.5 mm. 
b) Find Ep maz: Use 
dV Va, 
E =-VV = -2a = 2" 
Pes) 
Vo 100 


Ermas = E(r = a) = a(l = (a/b) = 5ü — (5/20) = 26.7 V/mm = 26.7 kV/m 








c) Find e, if the surface charge density on the inner sphere is 1.0 uC/m?: o, will be equal 
in magnitude to the electric flux density at r = a. So p, = (2.67 x 10* V/m)e,€9 = 
1079 C/m?. Thus e, = 4.23. Note, in the first printing, the given charge density was 
100 uC/m?, leading to a ridiculous answer of e, = 423. 


7.18. The hemisphere 0 < r < a, 0 < 0 < 7/2, is composed of homogeneous conducting material of 
conductivity o. The flat side of the hemisphere rests on a perfectly-conducting plane. Now, 
the material within the conical region 0 < 0 < o, 0 < r < a, is drilled out, and replaced with 
material that is perfectly-conducting. An air gap is maintained between the r — 0 tip of this 
new material and the plane. What resistance is measured between the two perfect conductors? 
Neglect fringing fields. 

With no fringing fields, we have 6-variation only in the potential. Laplace's equation is 


therefore: ios "Y 
2 POIL dE E de 
VV = si sin dB (sino) i 


This reduces to 
dV C 
dð sin 
We assume zero potential on the plane (at 0 = 7/2), which means that C9 = 0. On the 
cone (at 0 = o), we assume potential Vo, and so Vo = Cilntan(o/2) 
=> C, = Vo/Intan(a/2) The potential function is now 





V(0) = Cilntan (0/2) + C2 


| v Intan(0/2) 











V(0) = Voy ———— 2 
(9) ?Intan(a/2) aset 
The electric field is then 
1dV Vo 
E — aan. PES 
dd r do °° r sin ô ln tan(a/2) apr 


The total current can now be found by integrating the current density, J = c E, over any 
cross-section. Choosing the lower plane at 0 = 7/2, this becomes 





ie al PEN E cae 
= Jo Jo  rsin(z/2)Intan(a/2) es — ]lntan(a/2) 


The resistance is finally 
l 2 
R= Vo _ ntan(a/2) m 
I 27Tac 





Note that R is in fact positive (despite the minus sign) since In tan(a/2) is negative when 
a < 7/2 (which it must be). 
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7.19. Two coaxial conducting cones have their vertices at the origin and the z axis as their axis. 
Cone A has the point A(1,0,2) on its surface, while cone B has the point B(0,3,2) on its 
surface. Let V4 — 100 V and Vg — 20 V. Find: 

a) a for each cone: Have ag = tan 1 (1/2) = 26.57? and ag = tan 1(3/2) = 56.31°. 


b) V at P(1,1,1): The potential function between cones can be written as 
V(0) = Cilntan(0/2) + C2 
Then 
20 = Cilntan(56.31/2) + C2 and 100 = Cı Intan(26.57/2) + C» 


Solving these two equations, we find C4 = —97.7 and Cp = —41.1. Now at P, 0 = 
tan !(/2) = 54.7°. Thus 


Vp = —97.71ntan(54.7/2) — 41.1 = 23.3 V 


7.20. A potential field in free space is given as V = 100 Intan(6/2) + 50 V. 
a) Find the maximum value of |Eg| on the surface 0 = 40° for 0.1 < r < 0.8 m, 60° < ọ < 
90°. First 


ldV 100 100 100 


r do? 2r tan(0/2) cos? (0/2) °° ~ 2r sin(0/2) cos(0/2) ^? ~ sind” 








This will maximize at the smallest value of r, or 0.1: 


100 
0.1 sin(40) 





E,,,,(0 = 40°) = E(r = 0.1,0 = 40°) 





ag = 1.56 ag kV/m 


b) Describe the surface V = 80 V: Set 1001n tan 0/2 + 50 = 80 and solve for 6: Obtain 
Intan0/2 2 0.3 => tan6/2—e? = 1.35 = 80— 107? (the cone surface at 0 = 107 
degrees). 
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7.21. In free space, let p, = 200€9/r?"*. 


a) Use Poisson’s equation to find V(r) if it is assumed that r? E, — 0 when r — 0, and also 
that V — 0 as r — oo: With r variation only, we have 


ld 





VV = 


r? dr 


or 


Integrate once: 


200r-?4 


20V _ Pw 
dr € 





dV 
2 — 2 —.4 
( d ) 00r 





Or 


— = —333.3r- 1 ^ 
dr : t 


200 
p 


^ 333.3r Ê + Ci 


Ci = 


C 
= = VV (in this case) = —E, 


Our first boundary condition states that r?E, — 0 when r — 0 Therefore C, = 0. 


Integrate again to find: 


V(r) 


_ 333.34 


C. 
E + C2 


From our second boundary condition, V — 0 as r — oo, we see that C5 = 0. Finally, 


g 


surface of radius r gives: 


V(r) = 833.3r 24 V 


Now find V(r) by using Gauss’ Law and a line integral: Gauss’ law applied to a spherical 





Arr? D, = An i Í 20060 (9!) 2p = 8007«, — 
o (7) 6 
Thus m co " 
E TET = 3333r- ^ V/m 
Now 


333.3(r') 4dr! = 833.3r V 
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1.22. By appropriate solution of Laplace's and Poisson's equations, determine the absolute potential 
at the center of a sphere of radius a, containing uniform volume charge of density po. Assume 
permittivity eg everywhere. HINT: What must be true about the potential and the electric 
field at r = 0 and at r = a? 


With radial dependence only, Poisson's equation (applicable to r € a) becomes 





l d dVi pr. oC 
2 2 1 po po 1 
NU r2 dr ( dr ) €0 zs PN) 6€o Y r +2 (r Sa) 
For region 2 (r > a) there is no charge and so Laplace’s equation becomes 
l d dV; C 
Vh => |P 2 ]=0 2 W(r-2-32-404, (r>a) 
r? dr dr T 


Now, as r — oo, V2 — 0, so therefore C4 = 0. Also, as r — 0, Vi must be finite, so 
therefore C, = 0. Then, V must be continuous across the boundary, r = a: 

















a? C. C. a? 
vil = Val, 4 po tO 3 Cə V3 , Po 
=e r=a 6€o a a 6€o 
So now p 
Vi(r) = £2 (a? - r?) + 23 and V(r) = 2 
6€o a 


Finally, since the permittivity is ey everywhere, the electric field will be continuous at 
r =a. This is equivalent to the continuity of the voltage derivatives: 














dV, dV3 poa C3 poa? 
dr Ir=a dr Ir=a 3€0 a? i 3€0 
So the potentials in their final forms are 
PO poa? 
Vi(r) = — (3a? — r°) and Vo(r) = 
6€o 9€or 


The requested absolute potential at the origin is now Vi(r = 0) = poa?/(2eo) V. 


7.23. A rectangular trough is formed by four conducting planes located at x = 0 and 8 cm and y = 0 
and 5 cm in air. The surface at y — 5 cm is at a potential of 100 V, the other three are at 
zero potential, and the necessary gaps are placed at two corners. Find the potential at x = 3 
cm, y = 4 cm: This situation is the same as that of Fig. 7.6, except the non-zero boundary 
potential appears on the top surface, rather than the right side. The solution is found from 
Eq. (39) by simply interchanging x and y, and b and d, obtaining: 





sin 


_ AV X 1 sinh(mmy/d) . mrz 
V(z,y) = — DE m sinh(mrb/d) g 


1,odd 

where Vo = 100 V, d = 8 cm, and b = 5 cm. We will use the first three terms to evaluate the 
potential at (3,4): 

400 | sinh(7/2) 

m | sinh(57/8) 


400 
= [.609 — .040 — .011] = 71.1 V 
T 


1 sinh(37/2) 
3 sinh(157/8) 


oaa En aaa 


V (3,4) = 5 sinh(257/8) 





sin(37/8) 4 











Additional accuracy is found by including more terms in the expansion. Using thirteen terms, 
and using six significant figure accuracy, the result becomes V(3,4) = 71.9173 V. The series 
converges rapidly enough so that terms after the sixth one produce no change in the third 
digit. T'hus, quoting three significant figures, 71.9 V requires six terms, with subsequent terms 
having no effect. 
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1.24. 


7.25. 


The four sides of a square trough are held at potentials of 0, 20, -30, and 60 V; the highest 
and lowest potentials are on opposite sides. Find the potential at the center of the trough: 
Here we can make good use of symmetry. The solution for a single potential on the right side, 
for example, with all other sides at OV is given by Eq. (39): 








oo á 
ren = S S Aen an (m 
1,odd 
In the current problem, we can account for the three voltages by superposing three solutions 
of the above form, suitably modified to account for the different locations of the boundary 
potentials. Since we want V at the center of a square trough, it no longer matters on what 
boundary each of the given potentials is, and we can simply write: 





V (center) = 





4(0 +2 + 60) > 1 sinh(mz/2 
(0 + 20 — 30 + 60) Sc sinh(mm/ | satu ay tay 


m sinh(mm 
a 1,odd S ( ) 
The series converges to this value in three terms. 


In Fig. 7.7, change the right side so that the potential varies linearly from 0 at the bottom of 
that side to 100 V at the top. Solve for the potential at the center of the trough: Since the 
potential reaches zero periodically in y and also is zero at x = 0, we use the form: 


V(x, y) = 2 Vin sinh (=) sin (=) 
Now, at x = d, V = 100(y/b). Thus 
= : d. 
1007 = 2. Vm sinh (= ) sin (=) 


We then multiply by sin(nzy/b), where n is a fixed integer, and integrate over y from 0 to b: 


—b/2 if m=n, zero if mzn 





The integral on the right hand side picks the nth term out of the series, enabling the coefficients, 
Vn, to be solved for individually as we vary n. We find in general, 


2 s y. (mmy 
Vm bsinh(mz /d) f A Cw dy 


The integral evaluates as 


b 
go. fmm —100/mz (m even) m-+1 100 
100— —À— = —í(—1 D 
/ us p ( b ) dy { 100/m (m odd) e mm 
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7.25 (continued) Thus 


7.26. 


| 800(-1)nH 
. mb sinh(mzd/b) 





So that finally, 





200 < (—1)"**! sinh (mma /b) <i Qu 
= i 

mb ^ m  sinh(mmd/b) b 
Now, with a square trough, set b = d = 1, and so 0 < xz < 1 and 0O < y < 1. The potential 
becomes 


sin (mmy) 





Vs = 5 (—1)™*! sinh (mrz) 


4 m sinh (mr) 


Now at the center of the trough, x = y = 0.5, and, using four terms, we have 


V(.5,.5) = = 12.5 V 








200 [sinh(7/2) 1sinh(37/2)  1sinh(57/2) 1sinh(77/2) 
| sinh(7) 3 sinh(37) ` 5 sinh(57) 7 sinh(77) 


T 
where additional terms do not affect the three-significant-figure answer. 
If X is a function of z and X” + (x — 1)X — 2X = 0, assume a solution in the form of an 


infinite power series and determine numerical values for ag to ag if ay = 1 and a, = —1: The 
series solution will be of the form: 
oo 
X= ` s 
m=0 


The first 8 terms of this are substituted into the given equation to give: 








(2a2 — a1 — 2ao) + (6a3 + a1 — 2ag — 2a1)x + (12a4 + 2a2 — 3aa 2a3)a? 
(3a3 — 4a4 — 2as + 20a5)z? + (30ag + 4a4 — 5a; — 2a4)z* + (42a; + 5a; — 6ag — 2a;)z? 
(56ag + 6ag — 7a; — 2ag)a9 + (Ta; — 8ag — 2a7)x’ + (8ag — 2ag)z? = 0 




















For this equation to be zero, each coefficient term (in parenthesis) must be zero. The first of 
these is 
2a2 — aı — 2ao = 2a9 +1-2=0 > a» = 1/2 


The second coefficient is 
6a3 + a, — 2a — 2aı = 6az—1—1+2=0 > az=0 
Third coefficient: 
12a4 + 2a2 — 3a3 — 2ag = 12ag+1-0-1=0 => ag=0 
Fourth coefficient: 
3a3 — 4a4 — 2a3 + 20a5 = 0 — 0 — 0 + 20a = 0 => as=0 
In a similar manner, we find ag = a7 = ag = 0. 
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7.27. It is known that V = XY is a solution of Laplace's equation, where X is a function of x alone, 
and Y is a function of y alone. Determine which of the following potential function are also 
solutions of Laplace's equation: 

a) V =100X: We know that V?XY = 0, or 
82 82 X Y" 
—_XY+—-XY=0 > YX"4+xY"=0 >» —=-—=° 
Ox? i Oy? i X yoo. 
Therefore, V? X = 100X” Z0 — No. 
b) V =50XY: Would have V?V = 50V?XY — 0 — Yes. 


c) V22XY -z-3y V?V 2 2V?XY -0—0—0 — Yes 





d) V Y: 
OxXY @xXY ð ð 
v?y = | = XY + a¢X'Y) + — [zXY' 
Ox? Oy? Ox | d [+ Oy E: 
=2X'Y +2[X"¥ + XY"] Z0 — No 
—— 
V2XY 


e) V=X7Y: VV = XV?XY -XYV?X =04 XYV?X - No. 


7.28. Assume a product solution of Laplace’s equation in cylindrical coordinates, V = PF, where 
V is not a function of z, P is a function only of p, and F is a function only of 9. 
a) Obtain the two separated equations if the separation constant is n?. Select the sign of 
n? so that the solution of the ¢ equation leads to trigonometric functions: Begin with 
Laplace's equation in cylindrical coordinates, in which there is no z variation: 


| 189 aV 1 OV 

"pOpNV 0p) POP 

We substitute the product solution V — PF to obtain: 

F d dP PF _ FdP_ PP PdF o 

pdp Vdp) pd? pdp dp pd? 

Next, multiply by p? and divide by FP to obtain 
pdP | pha P 1d^F 
Pdp Pdp ^ Fdg? 
——— MM 


V?V 








—0 





n2 —n2 


'The equation is now grouped into two parts as shown, each a function of only one of the 
two variables; each is set equal to plus or minus n?, as indicated. The ¢ equation now 
becomes 
dF 2 f 
ie +n°F=0 => F=C,cos(nd)+ Dysin(nd) (n> 1) 
Note that n is required to be an integer, since physically, the solution must repeat itself 
every 27 radians in ¢. If n = 0, then 
dF 
—=0 > F=C D 
dé? 09 + Do 


17 


7.28b. Show that P = Ap” + Bp" satisfies the p equation: From part a, the radial equation is: 


dP d 
2 2 
pM. Set cnt ph 
quio aai 
Substituting Ap", we find 
p^n(n — 1)p^ =? 4 onp” Tl n? P = np -n Hn a1 0" m 


Substituting Bo~”: 





phn(n + 1)p- 0*9 — pnp 0*0 — n29- = n?p "4 np nnp 2 _ n? =0 


So it works. 


c) Construct the solution V(p, $). Functions of this form are called circular harmonics. To 
assemble the complete solution, we need the radial solution for the case in which n = 0. 
The equation to solve is 

dP dP 
PT T dp 


Let S = dP/dp, and so dS/dp = d? P/dp?. The equation becomes 


—0 


dS 
dS = zm dp _ as 
Integrating, find 
Ao 
—Inp+InAp=InS => lnS=ln | — EX Ge a 
p 


where Ag is a constant. So now 


2 SS Pro = Ao ln p + Bo 





We may now construct the solution in its complete form, encompassing n > 0: 


oo 


V(p,¢) = (Aoln p + Bo)(Cob + Do) + 9 [Anp" + Bp" [Cn cos(nd) + D, sin(ng)] 


n=1 





n=0 solution 
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1.29. Referring to Chapter 6, Fig. 6.14, let the inner conductor of the transmission line be at a 
potential of 100V, while the outer is at zero potential. Construct a grid, 0.5a on a side, and 
use iteration to find V at a point that is a units above the upper right corner of the inner 
conductor. Work to the nearest volt: 


'The drawing is shown below, and we identify the requested voltage as 38 V. 
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7.30. Use the iteration method to estimate the potentials at points x and y in the triangular trough 
of Fig. 7.14. Work only to the nearest volt: The result is shown below. 'l'he mirror image of 
the values shown occur at the points on the other side of the line of symmetry (dashed line). 
Note that Vz = 78 V and V, = 26 V. 


V=0 





V=0 


7.31. Use iteration methods to estimate the potential at point z in the trough shown in Fig. 7.15. 
Working to the nearest volt is sufficient. The result is shown below, where we identify the 
voltage at x to be 40 V. Note that the potentials in the gaps are 50 V. 


100 V 
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1.32. Using the grid indicated in Fig. 7.16, work to the nearest volt to estimate the potential at 
point A: The voltages at the grid points are shown below, where V4 is found to be 19 V. Half 
the figure is drawn since mirror images of all values occur across the line of symmetry (dashed 
line). 


ov 






——o——50—— 
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1.33. Conductors having boundaries that are curved or skewed usually do not permit every grid 
point to coincide with the actual boundary. Figure 6.16a illustrates the situation where the 
potential at Vo is to be estimated in terms of Vi, Vo, V3, and V4, and the unequal distances 
hi, ha, hs, and h4. 

a) Show that 


Vi V2 V3 


Vor h hih + h hoh m h hıh 
(G+) (14e) (QR) ER) (1+) 0+ pta) 
| (1 ! Hs) (1 


Referring to the figure, we write: 























zz 
e E 
Sus 
= iN 
Maa 

















avy Vi- ƏV) V-V 
ðrlm h ÓrlMs ha 
'Then 
OPV) .(W-W)/h-(Vo-Vi))h M  ,  2V 2Vo 
Ox? Vo = (hy + h3) /2 K hı (hı + ha) l h3(hy + ha) hiha 





We perform the same procedure along the y axis to obtain: 


o?V 
Oy? 


. (Va — Vo)/h2 - (Vo — Va)/ha _ 2V2 2V1 2Vo 
ha(ha + h4) | haha 





Vo (ha + h4)/2 ha(ha + h4) 





Then, knowing that 
OPV OV 
Ox? Ivo Oy? 


the two equations for the second derivatives are added to give 


Vo 








2V4 2V3 2V3 2V4 (55 + ait) 


+ | T = 
hi(hi +h3)  hea(hat+ha)  h3(hit+h3)  ha(ho + ha) hihahah4 


Solve for Vo to obtain the given equation. 
b) Determine Vo in Fig. 6.16b: Referring to the figure, we note that hy = hg = a. The other 
two distances are found by writing equations for the circles: 


(0.5a + hg)? + a? = (1.5a)? and (a+ ha)? + (0.5a)? = (1.5a)? 


These are solved to find h3 = 0.618a and h4 = 0.414a. The four distances and potentials 
are now substituted into the given equation: 


80 n 60 100 
(ea a e e a MO vc UI. 
100 
= 90 V 
(1+ .414) (1+ 3$) ~~ 


Vo = 
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1.34. Consider the configuration of conductors and potentials shown in Fig. 7.18. Using the method 
described in Problem 7.33, write an expression for V, (not Vo): The result is shown below, 


where V, = 70 V. 





7.35a) After estimating potentials for the configuation of Fig. 7.19, use the iteration method with 
a square grid 1 cm on a side to find better estimates at the seven grid points. Work to the 


nearest volt: 


o c c C 


0 


79 


100 48 
100 42 
34 


0 


0 


b) Construct a 0.5 cm grid, establish new rough estimates, and then use the iteration method 
on the 0.5 cm grid. Again, work to the nearest volt: The result is shown below, with 
values for the original grid points underlined: 


bo 
oO 


o OD O O CO oS CO © 


50 
32 
26 
23 


50 
50 


48 


45 


50 
68 
72 
70 
64 


79 

100 
100 
100 
100 


50 
68 
72 
70 
64 


50 
50 


48 


bo 
on 


eo OD O O CO O C ©) 


7.35c. Use a computer to obtain values for a 0.25 cm grid. Work to the nearest 0.1 V: Values for the 
left half of the configuration are shown in the table below. Values along the vertical line of 
symmetry are included, and the original grid values are underlined. 


25 50 50 50 50 50 50 50 75 
0 26.5 38.0 44.6 49.6 54.6 61.4 73.2 100 
0 18.0 31.0 40.7 49.0 57.5 67.7 81.3 100 
0 14.5 27.1 38.1 48.3 58.8 70.6 84.3 100 
0 12.8 24.8 36.2 47.3 58.8 71.4 85.2 100 
0 11.7 23.1 34.4 45.8 57.8 70.8 85.0 100 
0 10.8 21.6 32.5 43.8 55.8 69.0 83.8 100 
0 10.0 20.0 30.2 40.9 52.5 65.6 81.2 100 
0 9.0 18.1 27.4 37.1 47.6 59.7 15.2 100 
0 7.9 15.9 24.0 32.4 41.2 50.4 59.8 67.2 
0 6.8 13.6 20.4 27.3 34.2 40.7 46.3 49.2 
0 5.6 11.2 16.8 22.2 27.4 32.0 35.4 36.8 
0 4.4 8.8 13.2 17.4 21.2 24.4 26.6 27.4 
0 3.3 6.6 9.8 12.8 15.4 17.6 19.0 19.5 
0 2.2 4.4 6.4 8.4 10.0 11.4 12.2 12.5 
0 1.1 2.2 3.2 4.2 5.0 5.6 6.0 6.1 
0 0 0 0 0 0 0 0 0 
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CHAPTER 8 


8.1a. Find H in cartesian components at P(2, 3,4) if there is a current filament on the z axis carrying 


8:2. 


8 mA in the a, direction: 
Applying the Biot-Savart Law, we obtain 


a IdL x ag T Idza, x [2a; + 3a, + (4 — z)a;] T Idz|2a, — 3a4] 
H, LI — > = - 
An R? 4n(z? — 8z + 29)3/2 o; 4r(z2 — 8z + 29)3/2 


— Oo — oo 








Using integral tables, this evaluates as 





I ES — 8)(2a, — 3a; 


yp I 
a — = 2 Jay 
4r | 223 — 82 +20)? | .. ^ 36g 0e — 909) 


Then with J = 8 mA, we finally obtain Ha = —294a, + 196a, LA/m 











. Repeat if the filament is located at x = —1, y = 2: In this case the Biot-Savart integral 
becomes 
H, — ra Idza, x |(2 + 1)a; + (3 — 2)a, + (4 — z)a,] _ ic Idz[3a, — az] 
NA An(z? — 8z + 26)3/2 Loo 4m (2? — 8z + 26)3/2 


Evaluating as before, we obtain with J = 8 mA: 





H, = ^ = — (3a, — as) = —127a, + 382a, wA/m 
T 


40(22—8z--26)/2! . 20r 





I DIR m I 


. Find H if both filaments are present: This will be just the sum of the results of parts a and 


b, or 





Hr =H, + H, = —421a, 4 578ay pA/m 





This problem can also be done (somewhat more simply) by using the known result for H from 
an infinitely-long wire in cylindrical components, and transforming to cartesian components. 
The Biot-Savart method was used here for the sake of illustration. 


A filamentary conductor is formed into an equilateral triangle with sides of length £ carrying 
current /. Find the magnetic field intensity at the center of the triangle. 


I will work this one from scratch, using the Biot-Savart law. Consider one side of the 
triangle, oriented along the z axis, with its end points at z = +¢/2. Then consider a 
point, ro, on the x axis, which would correspond to the center of the triangle, and at 
which we want to find H associated with the wire segment. We thus have [dL = Idza;, 
R= /z? + 22, and ag = [ro a; — zaz|/R. The differential magnetic field at xo is now 





dH = IdLxag  ldza,x(zoa,—2a;) |^ Idzzga, 
© 4R An (x2 + 2?)3/2 — 4n(z? + 22)3/2 





where a, would be normal to the plane of the triangle. The magnetic field at zo is then 








es I dz £o ay Izay [- Ita, 


H = = = 
—ej2 An(ag + 27)3/? Anzo /rà + 22 -4/2  2mzo4/£? + 422 
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8.2. (continued). Now, xo lies at the center of the equilateral triangle, and from the geometry of 
the triangle, we find that rg = (//2)tan(30?) = £/(24/3). Substituting this result into the 
just-found expression for H leads to H = 37/(214/) a,. The contributions from the other two 
sides of the triangle effectively multiply the above result by three. The final answer is therefore 
H,., = 97/(210£) a, A/m. It is also possible to work this problem (somewhat more easily) by 





using Eq. (9), applied to the triangle geometry. 


8.3. Two semi-infinite filaments on the z axis lie in the regions —oo < z < —a (note typographical 
error in problem statement) and a « z < oo. Each carries a current J in the a, direction. 
a) Calculate H as a function of p and ¢ at z = 0: One way to do this is to use the field from 
an infinite line and subtract from it that portion of the field that would arise from the 
current segment at —a « z « a, found from the Biot-Savart law. Thus, 


I y Idza, x [pas — zaz] 
a 
2np ? An|p? + 22]3/? 





H = 


—a 


The integral part simplifies and is evaluated: 


i Idz pag Ip z a Ia 


= 6 


—a 2mp / p? + a? 


a An|p? + 22]3/2 4r s ph / ph + 22 








Finally, 
I 


H= 1 x 
2np p? + a? 





ag A/m 





b) What value of a will cause the magnitude of H at p = 1, z = 0, to be one-half the value 
obtained for an infinite filament? We require 


1 a 1 
= = a=1/V3 
2 vl+a? 2 Les 








a 
1 


p=1 


8.4. (a) A filament is formed into a circle of radius a, centered at the origin in the plane z = 0. It 
carries a current J in the ag direction. Find H at the origin: 
Using the Biot-Savart law, we have IdL = ladr a, R = a, and ag = —a,. The field at 
the center of the circle is then 


2v = 20 
Heire m f Jadoog 5 ( ap) = ji Idea, = s A/m 
0 0 


4ra? 4ra 2a 








b) A second filament is shaped into a square in the z = 0 plane. The sides are parallel to 
the coordinate axes and a current J flows in the general a, direction. Determine the side 
length b (in terms of a), such that H at the origin is the same magnitude as that of the 
circular loop of part a. 


Applying Eq. (9), we write the field from a single side of length b at a distance b/2 from 
the side center as: 


_ V2la; 


Ia; . : 
LA ae ee eee 4 OY — —4 o 
H= [sin(45?) — sin(—45?)] 37. 


4n(bJ2) 


so that the total field at the center of the square will be four times the above result or, 
Hs; = 2/2Ia;/(zb) A/m. Now, setting H,, = Heirc, we find b = 4\/2a/n = 1.80.4. 





8.5. The parallel filamentary conductors shown in Fig. 8.21 lie in free space. Plot |H| versus 
y, —4 « y « 4, along the line x — 0, z — 2: We need an expression for H in cartesian 
coordinates. We can start with the known H in cylindrical for an infinite filament along the 
z axis: H = I/(27p) ag, which we transform to cartesian to obtain: 

—Iy Ix 
H = — narta 
2n(z?--y?) ^ uU 2n(z?--y?) " 
If we now rotate the filament so that it lies along the x axis, with current flowing in positive 
x, we obtain the field from the above expression by replacing x with y and y with z: 





—Iz 4 Iy 
= — ~~ a, + L————*.a 
Qn(y2 + 22) "  2m(y)-22) ^ 
Now, with two filaments, displaced from the x axis to lie at y = +1, and with the current 
directions as shown in the figure, we use the previous expression to write 








| Iz Iz ja +| I(y — 1) I(y +1) | 
elt Dez] HUPA] * [Baw —IP FP] mete 


We now evaluate this at z = 2, and find the magnitude (VH - H), resulting in 


2 2 “a (ye) (y-1) V 
y2+2Qy+5 34?-2y-5 y2? —2y+5 y?+2y4+5 


This function is plotted below 


1/2 
I / 


~ On 








IH] 








T |H(y)| (Problem 8.5) 


0.075 


H) 


0.05 


0.025 


4 ~ 0 2 4 
y 


8.6. A disk of radius a lies in the zy plane, with the z axis through its center. Surface charge of 
uniform density ps lies on the disk, which rotates about the z axis at angular velocity Q rad/s. 
Find H at any point on the z axis. 

We use the Biot-Savart law in the form of Eq. (6), with the following parameters: K — 
psV = pspQag, R= y2? + p?, and ag = (za; — pa,)/R. The differential field at point 
zis 

JH = Kdaxamg __ pspQag x (zaz — pap) 
| AtR2 An(z? + p2)3/? 








psp (zap + paz) m 


pdp dọ = An (2? + p2)3/2 
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8.6. (continued). On integrating the above over ¢ around a complete circle, the a, components 
cancel from symmetry, leaving us with 


2n 
psp pa; ps Qo? a; 
=| reer T LN jo 2(2? + p?) a2 + pare? 
ps9 a? + 22? (1- vL at]z?) 
2z V1 + a2/2? 


2 
2:24.02. i ed 
VIF + di 











a, A/m 





a 








8.7. Given points C(5, —2,3) and P(4, —1,2); a current element [dL = 10^ 4(4, 3,1) A- m at C 
produces a field dH at P. 
a) Specify the direction of dH by a unit vector ay: Using the Biot-Savart law, we find 


IdLxacp 10 *4a,—3a,c-a;]x[-a; +ay —a;]  [2a,—3a,--a;]x 1074 
CURES 4733/2 5 65.3 








dH — 








from which 
| 2a, + 3ay +a, 


ay = 
H V 





= 0.53a, + 0.80a, + 0.27a; 





b) Find |dH]. 
v14 x 1074 


|dH| = 
65.3 





= 5.73 x 107 A/m = 5.73 „A/m 


c) What direction a; should [dL have at C so that dH = 0? IdL should be collinear with 
acp, thus rendering the cross product in the Biot-Savart law equal to zero. Thus the 
answer is a; = +(—a, + ay —az)/V3 








8.8. For the finite-length current element on the z axis, as shown in Fig. 8.5, use the Biot-Savart 
law to derive Eq. (9) of Sec. 8.1: The Biot-Savart law reads: 





E. T IdL xar _ f Idza, x (pay — zaz) _ | Ipas dz 
An R2 7 ptanay, Ar (p? + gos 7 piano; An(p? T 9289/9 


The integral is evaluated (using tables) and gives the desired result: 


H= 





| lza | NEM 
4n p/ p? + 2? 


Lov . 
= — (sin a2 — sino1)ae 


Arp 


ptana, in 





tan ag tan ay, | 


4/1 +tan? as V/1+tan?a; 


8.9. A current sheet K = 8a, A/m flows in the region —2 « y « 2 in the plane z = 0. Calculate 


8.10. 


H at P(0,0,3): Using the Biot-Savart law, we write 


K x ag dz dy e ax —La, — ya, + 3a;) 
Hp = dz d 
P / |» mR -f a eS + 9)3/2 x ay 





Taking the cross product gives: 


2 [4 —ya, — 3a,) dx dy 
Hp = 
An (x? + y? + 9)3/2 
We note that the z component is anti-symmetric in y about the origin (odd parity). Since the 
limits are symmetric, the integral of the z component over y is zero. We are left with 














H ees NEL 2 x oo 
g)3/2 ay 2 2 42 | 
n(x? +y? + 9) T J-a (y? - 9) /z2 + y? + 91-00 


2 12 1, (yn 4 
nrw d 5 dy = Tay 3 tan ' (2) | = - (0.59) a, = —1.502, A/m 





A hollow spherical conducting shell of radius a has filamentary connections made at the top 
(r =a, 0 = 0) and bottom (r = a, 0 = 7). A direct current I flows down the upper filament, 
down the spherical surface, and out the lower filament. Find H in spherical coordinates (a) 
inside and (b) outside the sphere. 


Applying Ampere’s circuital law, we use a circular contour, centered on the z axis, and 
find that within the sphere, no current is enclosed, and so H = 0 when r < a. The same 
contour drawn outside the sphere at any z position will always enclose / amps, flowing 
in the negative z direction, and so 








— I 


2mr sin 


g 20 A/m (r>a) 


. An infinite filament on the z axis carries 207 mA in the a, direction. Three uniform cylindrical 


current sheets are also present: 400 mA /m at p = 1 cm, —250 mA /m at p = 2 cm, and —300 
mA/m at p = 3 cm. Calculate Hg at p = 0.5, 1.5, 2.5, and 3.5 cm: We find Hy at each of the 
required radii by applying Ampere's circuital law to circular paths of those radii; the paths 
are centered on the z axis. So, at pı = 0.5 cm: 


jn -dL = Depo = Ienei = 207 x 107? A 


Thus 
10 x 1078 10x107? 


Tous = 
d pi 0.5 x 10-2 





— 2.0 A/m 


At p = p2 = 1.5 cm, we enclose the first of the current cylinders at p = 1 cm. Ampere’s law 
becomes: 


10 4- 4.00 


2102H43 = 201 --21(10 2)(400) mA => Ago = ees 


= 933 mA/m 


8.12. 


Following this method, at 2.5 cm: 


_ 10+ 4.00 — (2 x 1072)(250) 
2.5 x 10-2 





Hos = 360 mA/m 


and at 3.5 cm, 
10 + 4.00 — 5.00 — (3 x 10~2)(300) 


3.5 x 1072 





Hga = =0 


In Fig. 8.22, let the regions 0 < z « 0.3 m and 0.7 < z < 1.0 m be conducting slabs carrying 
uniform current densities of 10 A/m? in opposite directions as shown. The problem asks you 
to find H at various positions. Before continuing, we need to know how to find H for this type 
of current configuration. The sketch below shows one of the slabs (of thickness D) oriented 
with the current coming out of the page. The problem statement implies that both slabs are of 
infinite length and width. To find the magnetic field inside a slab, we apply Ampere's circuital 
law to the rectangular path of height d and width w, as shown, since by symmetry, H should 
be oriented horizontally. For example, if the sketch below shows the upper slab in Fig. 8.22, 
current will be in the positive y direction. Thus H will be in the positive x direction above 
the slab midpoint, and will be in the negative x direction below the midpoint. 








In taking the line integral in Ampere's law, the two vertical path segments will cancel each 
other. Ampere’s circuital law for the interior loop becomes 


Jd 
PH dL =2Hyy xw Lua = I xwxd = inm ce 


'The field outside the slab is found similarly, but with the enclosed current now bounded by 
the slab thickness, rather than the integration path height: 


D 
2A out xw-—JxwxD > Hou T 


where Hout is directed from right to left below the slab and from left to right above the slab 
(right hand rule). Reverse the current, and the fields, of course, reverse direction. We are now 
in a position to solve the problem. 


a) 


b) 


e) 


. (continued). Find H at: 


z — —0.2m: Here the fields from the top and bottom slabs (carrying opposite currents) 
will cancel, and so H = 0. 


z = 0.2m. This point lies within the lower slab above its midpoint. Thus the field will 
be oriented in the negative x direction. Referring to Fig. 8.22 and to the sketch on the 
previous page, we find that d — 0.1. The total field will be this field plus the contribution 
from the upper slab current: 


_ -10(0.1) 10(0.3) 





H as a, — —2a, A/m 
2 2 
—_SE— aes i YS 
lower slab upper slab 


z = 0.4m: Here the fields from both slabs will add constructively in the negative x 
direction: 


10(0. 
H--2 0 i 3a, A/m 





z = 0.75m: This is in the interior of the upper slab, whose midpoint lies at z = 0.85. 
Therefore d = 0.2. Since 0.75 lies below the midpoint, magnetic field from the upper 
slab will lie in the negative x direction. The field from the lower slab will be negative 
a-directed as well, leading to: 


_ -10(0.2) 10(0.3) 





H 7 ay 7 a, — —2.5a, A/m 
———— C 
upper slab lower slab 


z = 1.2m: This point lies above both slabs, where again fields cancel completely: Thus 
H — 0. 


8.13. A hollow cylindrical shell of radius a is centered on the z axis and carries a uniform surface 


a) 


current density of Kaag. 


Show that H is not a function of $ or z: Consider this situation as illustrated in Fig. 
8.11. There (sec. 8.2) it was stated that the field will be entirely z-directed. We can see 
this by applying Ampere's circuital law to a closed loop path whose orientation we choose 
such that current is enclosed by the path. The only way to enclose current is to set up 
the loop (which we choose to be rectangular) such that it is oriented with two parallel 
opposing segments lying in the z direction; one of these lies inside the cylinder, the other 
outside. The other two parallel segments lie in the p direction. The loop is now cut by the 
current sheet, and if we assume a length of the loop in z of d, then the enclosed current 
will be given by Kd A. There will be no $ variation in the field because where we position 
the loop around the circumference of the cylinder does not affect the result of Ampere's 
law. If we assume an infinite cylinder length, there will be no z dependence in the field, 
since as we lengthen the loop in the z direction, the path length (over which the integral 
is taken) increases, but then so does the enclosed current — by the same factor. Thus H 
would not change with z. There would also be no change if the loop was simply moved 
along the z direction. 


8.13b) Show that Hy and H, are everywhere zero. First, if Hy were to exist, then we should be 
able to find a closed loop path that encloses current, in which all or or portion of the path 
lies in the $ direction. This we cannot do, and so Hg must be zero. Another argument is 
that when applying the Biot-Savart law, there is no current element that would produce 
a $ component. Again, using the Biot-Savart law, we note that radial field components 
will be produced by individual current elements, but such components will cancel from 
two elements that lie at symmetric distances in z on either side of the observation point. 


c) Show that H, = 0 for p > a: Suppose the rectangular loop was drawn such that the 
outside z-directed segment is moved further and further away from the cylinder. We 
would expect H, outside to decrease (as the Biot-Savart law would imply) but the same 
amount of current is always enclosed no matter how far away the outer segment is. We 
therefore must conclude that the field outside is zero. 


c 


Show that H, = K, for p « a: With our rectangular path set up as in part a, we have no 
path integral contributions from the two radial segments, and no contribution from the 
outside z-directed segment. Therefore, Ampere's circuital law would state that 








fna Hd = Iena = Kad > H, =Ka 


where d is the length of the loop in the z direction. 


e) A second shell, p = b, carries a current Kpag. Find H everywhere: For p < a we would 
have both cylinders contributing, or H; (p < a) = Ka + Ky. Between the cylinders, we are 
outside the inner one, so its field will not contribute. Thus H,(a < p < b) = Ky. Outside 
(p > b) the field will be zero. 


8.14. A toroid having a cross section of rectangular shape is defined by the following surfaces: the 
cylinders p = 2 and p = 3 cm, and the planes z = 1 and z = 2.5 cm. The toroid carries a 
surface current density of —50a, A/m on the surface p = 3 cm. Find H at the point P(p, 9, z): 
The construction is similar to that of the toroid of round cross section as done on p.239. Again, 
magnetic field exists only inside the toroid cross section, and is given by 


H= deed (2< p< 3) (1< z < 2.5) 
= a cm, z .9) cm 
Dap f p 





where Jenci is found from the given current density: On the outer radius, the current is 
Louer = —50(27 x 3 x 107°) = 3r A 


This current is directed along negative z, which means that the current on the inner radius 
(p — 2) is directed along positive z. Inner and outer currents have the same magnitude. It is 
the inner current that is enclosed by the circular integration path in ag within the toroid that 
is used in Ampere’s law. So Iene = 4-31 A. We can now proceed with what is requested: 


a) PA4(1.5cm, 0,2cm): The radius, p = 1.5 cm, lies outside the cross section, and so H4 = 0. 


b) Pga(2.1cm, 0,2cm): This point does lie inside the cross section, and the ¢ and z values do 
not matter. We find 





Tono anc 3ag 


Hp = = 
B— 2mp ?^ 2(21 x 10-2) 


= 71.4ag A/m 
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8.14c) Pc (2.7cm, 7/2, 2cm): again, ¢ and z values make no difference, so 


3ag 


Heo mie 
C 2(2.7 x 10-2) 


= 55.6ay A/m 


d) Pp(3.5cm, 7/2, 2cm). This point lies outside the cross section, and so Hp = 0. 


8.15. Assume that there is a region with cylindrical symmetry in which the conductivity is given by 
g = 1.5e 1??? kS/m. An electric field of 30a, V/m is present. 
a) Find J: Use 
J = oE = 45e" a, kA/m? 





b) Find the total current crossing the surface p < po, z = 0, all ¢: 


Re aS ae tee iD ip me SEAS 5) 9-150» [1505 — 1] T dh 
ffrs-f[ fr (ij 





= 12.6 [1 — (1 + 150po)e 1°] A 





c) Make use of Ampere's circuital law to find H: Symmetry suggests that H will be ¢- 
directed only, and so we consider a circular path of integration, centered on and perpen- 
dicular to the z axis. Ampere's law becomes: 27pHg = Ienci, where Ienci is the current 
found in part b, except with po replaced by the variable, p. We obtain 


2.00 
Hy = 2 [1 — (1 + 150p)e 1] A/m 





8.16. A balanced coaxial cable contains three coaxial conductors of negligible resistance. Assume a 
solid inner conductor of radius a, an intermediate conductor of inner radius b;, outer radius bo, 
and an outer conductor having inner and outer radii c; and co, respectively. The intermediate 
conductor carries current / in the positive a, direction and is at potential Vo. The inner and 
outer conductors are both at zero potential, and carry currents //2 (in each) in the negative 
a, direction. Assuming that the current distribution in each conductor is uniform, find: 


a) J in each conductor: These expressions will be the current in each conductor divided by 
the appropriate cross-sectional area. The results are: 





Ia; 
Inner conductor: Ja = — : A/m? (0<p<a) 
27a? 
Ia; 2 
Center conductor: Jy = (3 — B5 A/m^ (b; < p< bo) 
Out duct J Eas A/m? (ci «p« co) 
r con r: Jo—— m i o 
uter conducto ad - d Gx p<c 


8.16b) H everywhere: 


For 0 « p « a, and with current in the negative z direction, Ampere's circuital law applied 
to a circular path of radius p within the given region leads to 


I 
2rpH = -rp Ja = —np?I/(2naà) > Hı = E ay A/m (0 « p « a) 


For a < p < bj, and with the current within in the negative z direction, Ampere’s circuital 


law applied to a circular path of radius p within the given region leads to 


I 
2npH = —If2 => Hə = —7— a4 A/m (a € p « bi) 
Tp 


Inside the center conductor, the net magnetic field will include the contribution from the 
inner conductor current: 


n(p? — b;)I I [2(@ —b;) 
2 = 3 2 p2 
m(b5 — b;) Amp | (b3 — 57) 








2xpH = —I/24 T ag A/m (b; < p< bo) 


Beyond the center conductor, but before the outer conductor, the net enclosed current is 
I — I/2 = I /2, and the magnetic field is 


I 
H, = — bo< p< ci 
iuo ( p « ci) 


Inside the outer conductor (with current again in the negative z direction) the field asso- 
ciated with the outer conductor current will subtract from H; (more so as p increases): 





m (p — ¢?) 
Hs = dap | (aa) Per eee) 


Finally, beyond the outer conductor, the total enclosed current is zero, and so 


Hg = 0 (p > co) 


E everywhere: Since we have perfect conductors, the electric field within each will be zero. 

This leaves the free space regions, within which Laplace’s equation will have the general 

solution form, V (p) = Ciln(p) + C2. Between radii a and b;, the boundary condition, 

V = Qat p = a leads to C2 = —Cı Ina. Thus V (p) = Ciln(p/a). The boundary condition, 

V = Vo at p = b; leads to C? = Vo/1n(b;/a), and so finally, V(p) = Voln(p/a)/ln(b;/a). 
Now ". » 
E, = -VV = - : 

i dp" — plw(ba) 

Between radii bo and cj, the boundary condition, V = 0 at p = cj leads to Co = -Ci ln ci. 


Thus V(p) = Ciln(p/c;). The boundary condition, V = Vo at p = b, leads to C4 = 
Vo/ In(b,/c;), and so finally, V (p) = Vo1n(p/c;)/ In(b5/c;). Now 





a, V/m (a « p « bi) 


D ENS TREE 
-~ pln(bo/ci) ^ ^ pln(ci/bo) 
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ap V/m (bo < p< ci) 


8.17. A current filament on the z axis carries a current of 7 mA in the a, direction, and current 
sheets of 0.5a, A/m and —0.2a, A/m are located at p = 1 cm and p = 0.5 cm, respectively. 
Calculate H at: 

a) p — 0.5 cm: Here, we are either just inside or just outside the first current sheet, so 
both we will calculate H for both cases. Just inside, applying Ampere’s circuital law to 
a circular path centered on the z axis produces: 


7 x 107 


2rpHe = TX 1078 > H(just inside) = 2n(0.5 x 10-2 


ag =2.2 x 107'ay A/m 





Just outside the current sheet at .5 cm, Ampere’s law becomes 


2npH,, — 7 x 107? — 2n(0.5 x 1077)(0.2) 
7.2 x 1074 


> H(just outside) = 2n(0.5 x 10-2) 


ag = 2.3 x 107a, A/m 





b) p — 1.5 cm: Here, all three currents are enclosed, so Ampere’s law becomes 


2n(1.5 x 1072) H4 = 7 x 107? — 6.28 x 107? + 2n(107?)(0.5) 
=> H(p = 1.5) = 3.4 x 107ta A/m 





c) p — 4 cm: Ampere's law as used in part b applies here, except we replace p = 1.5 cm with 
p = 4 cm on the left hand side. The result is H(p = 4) = 1.3 x 10 la, A/m. 

d) What current sheet should be located at p = 4 cm so that H = 0 for all p > 4 cm? We 
require that the total enclosed current be zero, and so the net current in the proposed 
cylinder at 4 cm must be negative the right hand side of the first equation in part b. This 
will be —3.2 x 1077, so that the surface current density at 4 cm must be 





—3.2 x 107? 


= a, = -13x107'a, A 
2n(4 x 10-2)^ eR M YAT 





8.18. A wire of 3-mm radius is made up of an inner material (0 < p < 2 mm) for which o = 107 
S/m, and an outer material (2mm < p < 3mm) for which ø = 4 x 10’ S/m. If the wire carries 
a total current of 100 mA dc, determine H everywhere as a function of p. 


Since the materials have different conductivities, the current densities within them will 
differ. Electric field, however is constant throughout. The current can be expressed as 


I = 5(.002)?J4 + 1((.003)? — (.002)?]J5 = 7 [(.002)?o + ((.003)? — (.002)7]o2] E 


Solve for E to obtain 


0.1 


e n|(4 x 10-9)(107) + (9 x 10-6 — 4 x 10-9)(4 x 107)] 





= 1.33 x 10 * V/m 
We next apply Ampere's circuital law to a circular path of radius p, where p « 2mm: 


E 
ImpHp =A A — npoqjE > Hg = oF 


= 663 A/m 
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8.18. (continued): Next, for the region 2mm « p « 3mm, Ampere's law becomes 


InpHg2 = n|(4 x 10 9)(107) + (p? — 4 x 10 9)(4 x 10)]E 


8.0 x 107? 
SS Hype 10 = 559 A 
p 


Finally, for p > 3mm, the field outside is that for a long wire: 


I 0.1 1.6 x 107? 
Hoa 9 x A/m 
Tp  2mp p 











8.19. Calculate V x [V (V - G)] if G = 2z?yz as — 20y ay + (x? — z?) az: Proceding, we first find 
V. G = Azyz — 20 — 2z. Then V(V : G) = 4yz a; + 4aza, + (4ry —2)a;. Then 


V x [V(V - G)] = (4x — 4x) a; — (4y — 4y) a, + (4z — 4z) az = 0 





8.20. A solid conductor of circular cross-section with a radius of 5 mm has a conductivity that varies 
with radius. The conductor is 20 m long and there is a potential difference of 0.1 V dc between 
its two ends. Within the conductor, H = 10?p?a; A/m. 
a) Find o as a function of p: Start by finding J from H by taking the curl. With H 
Q-directed, and varying with radius only, the curl becomes: 


1 1 
J-VxH- Le (pHs) az = Lu (105?) a, 23 x 10°pa, A/m? 
p dp p dp 


Then E = 0.1/20 = 0.005a, V/m, which we then use with J = cE to find 


J 3x10?p 
o= z= 


ci ime Lc 10° 
E^ oog "D9x10p S/m 


b) What is the resistance between the two ends? The current in the wire is 
E 1 
T= ps -dS = 2r | (3 x 109p) pdp = 6r x 10? (36) = 2r x 10°(0.005)? = 0.079 A 
s 0 


Finally, R = Vo/I = 0.1/0.079 = 1.3 Q 


8.21. Points A, B, C, D, E, and F are each 2 mm from the origin on the coordinate axes indicated 
in Fig. 8.23. The value of H at each point is given. Calculate an approximate value for V x H 
at the origin: We use the approximation: 


$H-dL 


IH — 
cur AG 


where no limit as Aa — 0 is taken (hence the approximation), and where Aa = 4mm?. Each 
curl component is found by integrating H over a square path that is normal to the component 
in question. 
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8.21. (continued) Each of the four segments of the contour passes through one of the given points. 
Along each segment, the field is assumed constant, and so the integral is evaluated by summing 
the products of the field and segment length (4 mm) over the four segments. The x component 
of the curl is thus: 


(Hic — Hyg — H; p Hy,r)(4 x 107?) 
(4 x 10-3)? 
= (15.69 + 13.88 — 14.35 — 13.10)(250) = 530 A/m? 








(V X H); = 





The other components are: 





(H-B + Hs e — Hz, a — Hz,r)(4 x 107°) 





V H = , 
ils (4x 10-3)2 
= (15.82 + 11.11 — 14.21 — 10.88)(250) = 460 A/m? 
and 
(V x H); = (H; a — Hzc — Hy,gHs,p)(4 x 107%) 





(4 x 10-3)2 
= (—13.78 — 10.49 + 12.19 + 11.49)(250) = —148 A/m? 


Finally we assemble the results and write: 





V x H=530a, + 460a, — 148 a, 





8.22. A solid cylinder of radius a and length L, where L >> a, contains volume charge of uniform 
density po C/m?. The cylinder rotates about its axis (the z axis) at angular velocity Q rad/s. 


a) Determine the current density J, as a function of position within the rotating cylinder: 
Use J = pov = pop? ag A/m?. 


b) Determine the magnetic field intensity H inside and outside: It helps initially to obtain 
the field on-axis. To do this, we use the result of Problem 8.6, but give the rotating 
charged disk in that problem a differential thickness, dz. We can then evaluate the on- 
axis field in the rotating cylinder as the superposition of fields from a stack of disks which 
exist between +L/2. Here, we make the problem easier by letting L — oo (since L >> a) 
thereby specializing our evaluation to positions near the half-length. The on-axis field is 
therefore: 


© pof a? + 22? (1- rez) 
(== f 5 -— 
co Q 2 2 2 
zo E | E + E 2 dz 
o 2 |vzZz-d VZ+ 
2 2 2199 
= 2p | me v2 a) + rv + a? = Ine + za? — > 
= poQ lev z2? +a? — d = po [ev z2 +a? — 2| 
0 


Using the large z approximation in the radical, we obtain 




















0 


ZOO 


8.22. (continued). To find the field as a function of radius, we apply Ampere's circuital law to a 
rectangular loop, drawn in two locations described as follows: First, construct the rectangle 
with one side along the z axis, and with the opposite side lying at any radius outside the 
cylinder. In taking the line integral of H around the rectangle, we note that the two segments 
that are perpendicular to the cylinder axis will have their path integrals exactly cancel, since 
the two path segments are oppositely-directed, while from symmetry the field should not be 
different along each segment. This leaves only the path segment that coindides with the axis, 
and that lying parallel to the axis, but outside. Choosing the length of these segments to be 
£, Ampere's circuital law becomes: 


£ a 
F H- dL = H(p = ote np a)l = Lua = fs-as= f f popQ as : as dp dz 
o Jo 


Q 2 
— (PO a 
2 


But we found earlier that H,(p = 0) = poQa?/2. Therefore, we identify the outside field, 
H.(p > a) = 0. Next, change the rectangular path only by displacing the central path 
component off-axis by distance p, but still lying within the cylinder. The enclosed current is 
now somewhat less, and Ampere's law becomes 


£ a 
PH dL = nage Help > a)l = Lua = [s-as= | | pop Qa -ag dp dz 
s 0 Jp 


Q Q 
-( T (a -p) > H(p) =E a- p?) az A/m 


c) Check your result of part b by taking the curl of H. With H z-directed, and varying only 
with p, the curl in cylindrical coordinates becomes 


H; 
VxH- ay = poQpag A/m’ =J 
p 


as expected. 


8.23. Given the field H = 205? ag A/m: 
a) Determine the current density J: This is found through the curl of H, which simplifies 
to a single term, since H varies only with p and has only a ¢ component: 


_ ld(pHs). _ il d 


J=VxH "n— 
p dp p dp 





(200) a, = 60pa, A/m? 


b) Integrate J over the circular surface p = 1, 0 < ġ < 2r, z = 0, to determine the total 
current passing through that surface in the a, direction: The integral is: 


2m 1 
r=] fa-as= f f 60pa; -pdpdoa, = 407 A 
0 Jo 


c) Find the total current once more, this time by a line integral around the circular path 
p=1,0< ġ< 2r, z =0: 


2T 2n 
r= fu a- | 205 a,|,.., (déag = f 20 dọ = 407 A 
0 0 
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8.24. 


8.25. 


Evaluate both sides of Stokes’ theorem for the field G = 10sin0 a, and the surface r = 3, 
0 <8 < 90°, 0 € $ x 90°. Let the surface have the a, direction: Stokes’ theorem reads: 


faa- f [vea 


Considering the given surface, the contour, C, that forms its perimeter consists of three joined 
arcs of radius 3 that sweep out 90? in the xy, xz, and zy planes. Their centers are at the 
origin. Of these three, only the arc in the zy plane (which lies along ag) is in the direction of 
G; the other two (in the —ag and ag directions respectively) are perpendicular to it, and so 
will not contribute to the path integral. The left-hand side therefore consists of only the xy 
plane portion of the closed path, and evaluates as 


7/2 
faa 2 l0sin6|..,, as - ag 3sin0| j dó = 15r 
0 


To evaluate the right-hand side, we first find 


20 cos 0 
sin 0)10 sin 0] a, = de 


d 
Ne NG eee gag T 





'The surface over which we integrate this is the one-eighth spherical shell of radius 3 in the 
first octant, bounded by the three arcs described earlier. The right-hand side becomes 


7/2 7/29 
| [9 na | i 2027 ar - a, (3)?sin 00 dó = 15x 
S 0 0 


It would appear that the theorem works. 





When z, y, and z are positive and less than 5, a certain magnetic field intensity may be 
expressed as H = [z?yz/(y + lla, + 32?2?a, — [zyz?/(y 4- 1)]a;. Find the total current in the 
a, direction that crosses the strip, x = 2, 1 < y € 4, 3 < z € 4, by a method utilizing: 





a) a surface integral: We need to find the current density by taking the curl of the given H. 
Actually, since the strip lies parallel to the yz plane, we need only find the x component 
of the current density, as only this component will contribute to the requested current. 


This is Aa 3B S 
E _ z V. Tz 2 
L-Gxm.- (m mt) = (Garp +) = 





The current through the strip is then 


ee 22? aud a 2z? d 
t= [3-asda=- f f (ap +] y z=- | ( ena) Z 
s 3 Jı NOSE D s Nr 1) 1 


4 


48 1 
= -f (52 + 722) dz = — (s^ 4 362) = —259 
3 \5 5 as 





15 


8.25b.) a closed line integral: We integrate counter-clockwise around the strip boundary (using the 
right-hand convention), where the path normal is positive as. The current is then 


4 4 2 1 3 z? 
i= $H f 326a f as a+ | soya ay» | E S 


8 1 
= 108(3) = po = 3°) de 192(1 _ 4) 2 GG = 43) — _959 








8.26. Let G = l5rag. 
a) Determine $ G - dL for the circular path r = 5, 0 = 25°, 0 € à € 2m: 


2m 
jc dL = | 15(5)a, - ag (5) sin(25°) dø = 27 (375) sin(25°) = 995.8 
0 


b) Evaluate fs(V x G)- dS over the spherical cap r = 5, 0 < 0 < 25°, 0 < à € 2v: When 
evaluating the curl of G using the formula in spherical coordinates, only one of the six 
terms survives: 

1 OG $ sin 0) 


1 
= r = 1 5 pd t r 
VxG um 0 a snt 5rcosĝa 5cotĝa 





Then 


2m 252 
[]wxeas- f f 15 cot 0 a, - a, (5)? sin 0 d dó 
S o Jo 


25? 
— 2g f 15 cos (25) d = 27 (15) (25) sin(25°) = 995.8 
0 


8.27. The magnetic field intensity is given in a certain region of space as 


x 4 2y 2 

H = ~z By p A/m 

a) Find V xH: For this field, the general curl expression in rectangular coordinates simplifies 
to 

OH, 


Oz 


OH, 2(a + 2y) 1 
Ox az 23 i ae AU 








VxH= 





b) Find J: This will be the answer of part a, since V x H = J. 


c) Use J to find the total current passing through the surface z = 4,1 < x < 2,3 < y <5, 
in the a, direction: This will be 


5 p2 

1 
t= f f3\y-acdeay = f / g% dy — 1/8 A 
3 J1 mc 
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8.27d) Show that the same result is obtained using the other side of Stokes’ theorem: We take 
$ H -dL over the square path at z = 4 as defined in part c. This involves two integrals of the 
y component of H over the range 3 « y « 5. Integrals over x, to complete the loop, do not 
exist since there is no x component of H. We have 


2 4-2y ee 1 1 
I=¢H dy 4 dy = =(2 2)=1/8 A 
f la a= [ qo emp Og Quat cue 


8.28. Given H = (3r?/sin60)ag + 54r cos dag A/m in free space: 
a) find the total current in the ag direction through the conical surface 0 = 20°, 0 € ¢ € 2m, 
0 € r € 5, by whatever side of Stokes' theorem you like best. I chose the line integral 
side, where the integration path is the circular path in ¢ around the top edge of the cone, 
at r = 5. The path direction is chosen to be clockwise looking down on the xy plane. 
This, by convention, leads to the normal from the cone surface that points in the positive 
ag direction (right hand rule). We find 





2v 
jn dL = i [(3r?/ sin @)ag + 54r cos 6a,;] „=5,0=20 ` 9 8in(20°) dọ (—ag) 
= —2n(54)(25) cos(20°) sin(20°) = —2.73 x 10° A 
This result means that there is a component of current that enters the cone surface in 
the —ag direction, to which is associated a component of H in the positive ag direction. 


b) Check the result by using the other side of Stokes’ theorem: We first find the current 
density through the curl of the magnetic field, where three of the six terms in the spherical 
coordinate formula survive: 


1 1 1 i 
V EH : (54r cos 0 sin 0)) a ES (54r? cos 0) UA a ag=J 
r Or sin 








r sin 0 00 r Or 


Thus 


9r 
J = 54cot 0a, — 108 cos 0 ag + dáng 2? 


The calculation of the other side of Stokes’ theorem now involves integrating J over the 
surface of the cone, where the outward normal is positive ag, as defined in part a: 


2T 
[vm -dS= i rh [s4cot Pa, — 108 cosas + a ag -ag r sin(20°) dr dó 


20° 
27 
= -f a 108 cos(20°) sin(20° )rdrd@ = —2r (54) (25) cos(20°) sin (20°) 
o Jo 


= —2.73x 10° A 
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8.29. A long straight non-magnetic conductor of 0.2 mm radius carries a uniformly-distributed 
current of 2 A dc. 
a) Find J within the conductor: Assuming the current is +z directed, 


2 


ju 
7(0.2 x 10-3)2 


a, = 1.59 x 10 a; A/m? 





b) Use Ampere's circuital law to find H and B within the conductor: Inside, at radius p, we 
have 


J 
DnpHy- mp J. > H= EET = 7.96 x 10°pag A/m 





Then B = oH = (4s x 1077)(7.96 x 10°) pag = 100a; Wb/m?. 
c) Show that V x H — J within the conductor: Using the result of part b, we find, 


ld (1.59 x 10’p? 
| pdp 2 








1 d 
VxHc- --(pH,)a. Ja. = 1.59 x 10” a, A/m’ =J 
p dp 


d) Find H and B outside the conductor (note typo in book): Outside, the entire current is 
enclosed by a closed path at radius p, and so 


Now B = uoH = uo/(vp) a; Wb/m?. 





e) Show that V x H — J outside the conductor: Here we use H outside the conductor and 
write: 


1 d ld 1 
V x H = -— (pH) az = -s f z) a, =0 (as expected 
p dp 9) pdp V np ) 


8.30. (an inversion of Problem 8.20). A solid nonmagnetic conductor of circular cross-section has 
a radius of 2mm. The conductor is inhomogeneous, with o = 10°(1 + 1095?) S/m. If the 
conductor is 1m in length and has a voltage of 1mV between its ends, find: 

a) H inside: With current along the cylinder length (along a;, and with ó symmetry, H 
will be ¢-directed only. We find E = (Vo/d)a, = 107?a, V/m. Then J = cE = 
103(1+10°p)a, A/m?. Next we apply Ampere's circuital law to a circular path of radius 
p, centered on the z axis and normal to the axis: 


2v p 
fu -dL = 2rpHy = Tf J- dS = f f 10? (1 + 109(0)2)a, - azp'dp'do 
S 0 0 


'Thus oC ER i 
10 10° [p 10 
Hg = — pc 109 (p^)? dp! um É T A^ 

ý P Jo p |2 4 


Finally, H = 500p(1 + 5 x 105)aş A/m (0 < p < 2mm). 





b) the total magnetic flux inside the conductor: With field in the ¢ direction, a plane normal 
to B will be that in the region 0 < p< 2mm, 0 < z < 1 m. The flux will be 


1 2x10? 
= ie B-dS = n f | (500p + 2.5 x 1055?) dpdz = 81x10 7? Wb = 2.5 nWb 
S 0 0 
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8.31. The cylindrical shell defined by 1 cm « p « 1.4 cm consists of a non-magnetic conducting 
material and carries a total current of 50 A in the a, direction. Find the total magnetic flux 
crossing the plane 20,0«z«1l: 


a) 0 « p « 1.2cm: We first need to find J, H, and B: The current density will be: 


50 
J= zm 1 5 5 A 2 
m((1.4 x 1072)? — (1.0 x 10-2)7] a 66 x 10"a /m 





Next we find H, at radius p between 1.0 and 1.4 cm, by applying Ampere's circuital law, 
and noting that the current density is zero at radii less than 1 cm: 


2m p 
QnpHy = Tenct = | / , 166 x 10? p' dp! de 
0 107 


(p? — 1077) 


=> H,-830 x10! A/m (107?m < p< 1.4 x 10? m) 


Then B = woH, or 


(p? 


— 1074 
B= 0.104, —19 7) ag Wb/m? 
p 


Now, 





1.2x10 10-4 
s,- [ [5 -dS = Li. 0.104 P- 7 | daz 
A 


= ooi [2x10 





— 1074 1.2 
1074 In (=) | = 3.92 x 107" Wb = 0.392 uWb 


2 1.0 


b) 1.0cm < p < 1.4cm (note typo in book): This is part a over again, except we change the 
upper limit of the radial integration: 


1.4x 107? 10-4 
b, = Jf» de Li. 0.104 |p- i 
ns p 


[M 





| dp dz 





— 0.104 


10-4 1.4 
5 1074 In (=) | = 1.49 x 10 * Wb = 1.49 „Wb 


c) 1.4cm < p < 20cm: This is entirely outside the current distribution, so we need B there: 
We modify the Ampere's circuital law result of part a to find: 











1.4 x 10-2)? — 10-4 1075 
pang LEE ITI 
p 
We now find 
1 720x107? 44-5 
10 20 
$,-— f f dpdz = 10 ?1n (=) = 2.7 x 107° Wb = 27 Wb 
0 J1.4x10-2 P 1.4 
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8.32. The free space region defined by 1 « z « 4 cm and 2 « p < 3 cm is a toroid of rectangular 
cross-section. Let the surface at p = 3 cm carry a surface current K = 2a, kA/m. 
a) Specify the current densities on the surfaces at p = 2 cm, z = 1cm, and z = 4cm. 
All surfaces must carry equal currents. With this requirement, we find: K(p = 2) = 
—3a, kA/m. Next, the current densities on the z = 1 and z = 4 surfaces must transistion 
between the current density values at p — 2 and p — 3. Knowing the the radial current 
density will vary as 1/p, we find K(z = 1) = (60/p)a, A/m with p in meters. Similarly, 
K(z = 4) = —(60/p)a, A/m. > =. 





b) Find H everywhere: Outside the toroid, H = 0. Inside, we apply Ampere’s circuital law 
in the manner of Problem 8.14: 


2v 


jn - dL = 210H4 = K(p = 2):a; (2 x 107°) dọ 
0 


2 .02 
=> H- s 2 is = —60/pa, A/m (inside) 








c) Calculate the total flux within the toriod: We have B = —(60j19/p)ag Wb/m?. Then 


EET f. a s (—ag) dpdz = (.03)(60) jo In (5) = 0.92 u Wb 


8.33. Use an expansion in rectangular coordinates to show that the curl of the gradient of any scalar 
field G is identically equal to zero. We begin with 





and 








ð (0G ð (0G ð (0G ð (0G 
RON FHCJ x) iu la (o) x) ay 
o (0G ð (0G 
a(S) = (a) a, —0 for any G 


8.34. A filamentary conductor on the z axis carries a current of 16A in the a, direction, a conducting 
shell at p = 6 carries a total current of 12A in the —a, direction, and another shell at p = 10 
carries a total current of 4A in the —a, direction. 

a) Find H for 0 < p < 12: Ampere’s circuital law states that $H : dL = Lena, where the 
line integral and current direction are related in the usual way through the right hand 
rule. Therefore, if J is in the positive z direction, H is in the ag direction. We proceed 
as follows: 











0«p«6: 2n7pH, —16 H = 16/(27p)ag 
6<p<10: 2»pH, 216-12 > H=4/(27p)ag 
p>10: 2-pH, —16—12—4—0 > H=0 
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8.34b) Plot Hg vs. p: 


c) 


Problem 8.34 
1.5 
1.25 
1 
= 075 
0.5 
0.25 
0 
0 2 4 6 8 10 12 
rho 


Find the total flux ® crossing the surface 1 < p < 7,0« z < 1: This will be 





1 f6 1 p7 
1610 4uo 2 uo 
J J Imp pac | i 255 I=; 4in6 + n(7/6)] = 5.9 Wb 


8.35. A current sheet, K = 20a, A/m, is located at p = 2, and a second sheet, K = —10a, A/m is 
located at p = 4. 


a.) 


Let Vm = 0 at P(p = 3,¢ = 0, z = 5) and place a barrier at 6 = 7. Find V,,(p, $, z) for 
—m < ġ < m: Since the current is cylindrically-symmetric, we know that H = I/(27 ) ag, 
where J is the current enclosed, equal in this case to 27(2)K = 807 A. Thus, using the 
result of Section 8.6, we find 





Vm = $= -rp 97-106 A 


which is valid over the region 2 < p < 4, =T < o < 7, and —oo < z < oo. For p > 4, the 
outer current contributes, leading to a total enclosed current of 


Inet = 2n(2)(20) — 21(4)(10) = 0 


With zero enclosed current, Hy = 0, and the magnetic potential is zero as well. 


Let A = 0 at P and find A(p,¢,z) for 2 < p < 4: Again, we know that H = H,(p), 
since the current is cylindrically symmetric. With the current only in the z direction, and 
again using symmmetry, we expect only a z component of A which varies only with p. 
We can then write: 








dA, I 
VxA-—-— ses 
dp 27 p 
Thus 
dA; bol Hol 
E iid Aa 
dp 27/9 = 2m BOG 
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8.35b. (continued). We require that A, = 0 at p = 3. Therefore C = [(uoI)/(2n)] In(3), Then, with 
I — 807, we finally obtain 


po(807) 
2m 





A= E y = tonsa (3) AW 





8.36. Let A = (3y — z)az + 2aza, Wb/m in a certain region of free space. 
a) Show that V - A — 0: 


o o 
V:A = 5 (3y z) 4 aoe 





b) At P(2, —1,3), find A, B, H, and J: First Ap = —6a, + 12a,. Then, using the curl 
formula in cartesian coordinates, 





B = V x A=-2xra,—a,+(2z-3)a, => Bp = —4a, — a, + 3a, Wb/m? 





Now 
Hp = (1/uo)Bp = —3.2 x 109a, — 8.0 x 109a, + 2.4 x 109a, A/m 





Then J = V x H = (1/uo)V x B = 0, as the curl formula in cartesian coordinates shows. 


8.37. Let N = 1000, J = 0.8 A, pg = 2 cm, and a = 0.8 cm for the toroid shown in Fig. 8.12b. Find 
Vm in the interior of the toroid if Va = 0 at p = 2.5 cm, o = 0.37. Keep ¢ within the range 
0 < < 2r: Well-within the toroid, we have 





NI 1 dV, 
= 25529 = —VVm = Eu 
Thus 
NE 
2m 
'Then, 
0- 1000(0.8) (0.37) £C 


2c 
or C = 120. Finally 


Vas [uo 2s A (0<¢<2n) 
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8.38. Assume a direct current J amps flowing in the a, direction in a filament extending between 
—L < z < L on the z axis. 


a) 


Using cylindrical coordinates, find A at any general point P(p,0°, z): Let z' locate a vari- 
able position on the wire, in which case the distance from that position to the observation 


point is R= J/(z — 2’)? + p?. The vector potential is now 


poldL — T poldz! a, 








A= = 
wire An R —p 4m (z — aie + p? 


I evaluated this using integral tables. T'he simplest form in this case is that involving the 
inverse hyperbolic sine. The result is 


A, = Ho sin (= — *) — sinh! (= a 22] 
An p p 














From part a, find B and H: B is found from the curl of A, which, in the present case of 
A having only a z component, and varying only with p and z, simplifies to 
A, I 1 1 
Ba Vek ey | ag 
Op 4rp | SA1F pg/(L-z? 1+p2/(L+2)2 








The magnetic field strength, H, is then just B/uo. 


Let L — oo and show that the expression for H reduces to the known one for an infinite 
filament: From the result of part b, we can observe that letting L — oo causes the terms 
within the brackets to reduce to a simple factor of 2. Therefore, B — pol /(27p) ag, and 
H — I/(27p) ag in this limit, as expected. 


8.39. Planar current sheets of K = 30a, A/m and —30a, A/m are located in free space at x = 0.2 
and x — —0.2 respectively. For the region —0.2 « x « 0.2: 


a) 


b) 


Find H: Since we have parallel current sheets carrying equal and opposite currents, we 
use Eq. (12, H = K x ay, where ay is the unit normal directed into the region between 
currents, and where either one of the two currents are used. Choosing the sheet at x — 0.2, 
we find 

H = 30a; x —a, = —30a, A/m 


Obtain and expression for Vm if Vm = 0 at P(0.1,0.2,0.3): Use 
dV, 
H= —30a, = -V Vm = dy A 
ee dV, 
—"=30 => Vm =30y+C) 
dy 
Then 





0 = 30(0.2) + C; C, =-6 V, —30y—6 A 
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8.39c) Find B: B = poH = —30p0a, Wb/m?. 





d) Obtain an expression for A if A — 0 at P: We expect A to be z-directed (with the 
current), and so from V x A — B, where B is y-directed, we set up 


dA, 
dx 
Then 0 = 30u0(0.1) -- C2 = Co = —3u0. So finally A = uo(30x — 3)a; Wb/m. 


= —30uo => Az = 30uox + Co 








8.40. Show that the line integral of the vector potential A about any closed path is equal to the 
magnetic flux enclosed by the path, or $ A - dL = f B- dS. 


We use the fact that B = V x A, and substitute this into the desired relation to find 
jAa- [vx Aas 
This is just a statement of Stokes’ theorem (already proved), so we are done. 


8.41. Assume that A = 50p2a, Wb/m in a certain region of free space. 
a) Find H and B: Use 


OA, 
B=VxA= E —100pa; Wb/m? 





Then H = B/uo = —100p/uo ag A/m. 





b) Find J: Use 


10 10 
J= V x H = -z-(oH$4)a, = —- 
LÈ (oo) ( 





—100p? 200 
P ) ap = ct ay A/m? 
Ho Ho 


c) Use J to find the total current crossing the surface 0 < p < 1, 0 < $ < 2m, z = 0: The 
current is 


20 1.9 Ex) 
r=] fa-as=[ f ie Renee T EN 
0 o Ho Lo 


d) Use the value of Hy at p = 1 to calculate $ H -dL for p = 1, z = 0: Have 














2T —1 —9 
gu-a=r-/ Us astuce RS duomcN 
0 Ho Ho 


8.42. Show that V»(1/ R12) E —WVA(1/ R32) = R21 / R25. First 


—1/2 














1 
V2 (zz) = V3 [(xa — z1)?” + (y2 — i? + (22 — 47] 
12 
» 1 E: — 21)as + 2(yo y1)8y | 2(z2 21 )az _ —Ri2 _ Roi 
24 [(£2— z1)? + (y2 — y1)? + (22 — 21)?]8/2 Ri RÌ, 


Also note that Vı(1/Rı2) would give the same result, but of opposite sign. 
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8.43. 


8.44. 


Compute the vector magnetic potential within the outer conductor for the coaxial line whose 
vector magnetic potential is shown in Fig. 8.20 if the outer radius of the outer conductor 
is Ta. Select the proper zero reference and sketch the results on the figure: We do this by 
first finding B within the outer conductor and then “uncurling” the result to find A. With 
— z-directed current J in the outer conductor, the current density is 


I I 
az = az 
n(Ta)? — 1(5a)? 24ra? 





Jout = 


Since current J flows in both conductors, but in opposite directions, Ampere’s circuital law 
inside the outer conductor gives: 


NY RAE: I [4989-9 
2npH4 = I — "dodo => Hy = 
PUMA f T Danae” "P $ ? dmo | 24a? | 








Now, with B = poH, we note that V x A will have a ¢ component only, and from the direction 
and symmetry of the current, we expect A to be z-directed, and to vary only with p. Therefore 





and so 








'Then by direct integration, 


-lä I I[p 
A- [ KIAD qp. f RIE ap C - PS E 98mp| +C 





48T p 48ra? — 96r |a? 


As per Fig. 8.20, we establish a zero reference at p = 5a, enabling the evaluation of the 
integration constant: 


_ Hol tos _ 
C = 067 [25 — 981n(5a)] 


pol [f p? 5a 
A, = —— || 5-25 98ln | — || Wb 
N ee) p 
A plot of this continues the plot of Fig. 8.20, in which the curve goes negative at p = 5a, and 
then approaches a minimum of —.09~o0//7 at p = 7a, at which point the slope becomes zero. 


Finally, 





By expanding Eq.(58), Sec. 8.7 in cartesian coordinates, show that (59) is correct. Eq. (58) 
can be rewritten as 


VA=V(V-A)-VXVXA 


We begin with m 
OA, OA, z 
Veces Or -— Oy ' Oz 





Then the x component of V(V - A) is 


o? Az 3 0? A, " 0? A, 
Ox? | OxOy | OXOz 





[V(V - AJ]; = 
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8.44. (continued). Now 


(8A, OA, OA, ðA ðA, OA, 
vx a= (T Te) a (RE - Ene (S m ja. 











and the x component of V x V x A is 


cHBRAS. PAs. @Ar OA 
— OxOy Oy? 0z2 ' OzOy 





[V x V x A]. 





Then, using the underlined results 


OA, OA, O° Az 
[V(V.A) - Vx Vx A]; = 3 De = V’ Ar 





Similar results will be found for the other two components, leading to 


V(V.A)- Vx Vx A 2 V'A,a, + V Aya, + V/A;a, = VA QED 
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CHAPTER 9 


9.1. A point charge, Q = —0.3 uC and m = 3 x 10^ !? kg, is moving through the field E = 30a, V/m. 
Use Eq. (1) and Newton's laws to develop the appropriate differential equations and solve them, 
subject to the initial conditions at t = 0: v = 3 x 10? a, m/s at the origin. At t = 3 ps, find: 

a) the position P(z, y, z) ofthe charge: The force on the charge is given by F — qE, and Newton's 
second law becomes: 
d?z 


—6 
F = ma mag qE = (—0.3 x 107?)(302a;) 








describing motion of the charge in the z direction. The initial velocity in x is constant, and 
so no force is applied in that direction. We integrate once: 


The initial velocity along z, v; (0) is zero, and so C, = 0. Integrating a second time yields the 


z coordinate: E 
z= a” a2 + Co 
2m 


The charge lies at the origin at t = 0, and so C5 = 0. Introducing the given values, we find 
(—0.3 x 1079)(30) > 


= t? = —1.5 x 101°? 
z 2x3x 10-16 5x10 t^m 





At t = 3 us, z = —(1.5 x 1019) (3 x 1079)? = —.135 em. Now, considering the initial constant 
velocity in x, the charge in 3 us attains an x coordinate of x = vt = (3x10°)(3x10~°) = .90 m. 
In summary, at t = 3 us we have P(x, y, z) = (.90,0, —.135). 


b) the velocity, v: After the first integration in part a, we find 
E 
v, = +t = —(3 x 1019)(3 x 1079) = —9 x 104 m/s 
m 


Including the intial x-directed velocity, we finally obtain v = 3 x 10°a, — 9 x 104a, m/s. 





c) the kinetic energy of the charge: Have 


1 
K.E. = zmlel? = + (3 10:79 0L 3 x 105)? = 1.5 x 105 J 


1 
2 
9.2. A point charge, Q = —0.3 uC and m = 3 x 107! kg, is moving through the field B = 30a, mT. 
Make use of Eq. (2) and Newton's laws to develop the appropriate differential equations, and solve 
them, subject to the initial condition at t = 0, v = 3 x 10? m/s at the origin. Solve these equations 


(perhaps with the help of an example given in Section 7.5) to evaluate at t = 3us: a) the position 
P(xz,y,z) of the charge; b) its velocity; c) and its kinetic energy: 


We begin by visualizing the problem. Using F — qv x B, we find that a positive charge moving 
along positive ay, would encounter the z-directed B field and be deflected into the negative y 
direction. 


9.2 (continued) Motion along negative y through the field would cause further deflection into the 
negative x direction. We can construct the differential equations for the forces in x and in y as 


follows: J 
Fay. = mora, = QUyay X Ba, = qBvyaz 
duy 
Pyay = ae Ay = qvu;a, x Ba, = —qDBv,a, 
or r Y 
Us q 
Saye oe 1 
dt m Oy ( ) 
and F E 
Uy q 
—No er e nc 2 
dt m S ( ) 


To solve these equations, we first differentiate (2) with time and substitute (1), obtaining: 





dt? m dt 


m 


dvy qB dv, (2 ) - 
== Uy 


Therefore, v, = Asin(qBt/m) + A’ cos(qBt/m). However, at t = 0, vy = 0, and so A’ = 0, leaving 
vy = Asin(qBt/m). Then, using (2), 


m dv, qBt 
z = —-— =A = 
" qB dt cos ( m ) 


Now at t = 0, v, = vzo = 3 x 10°. Therefore A = —vzro, and so v; = Veo cos(qBt/m), and 
Vy = —vsosin(qBt/m). The positions are then found by integrating v; and v, over time: 


B z0 . (qB 
x(t) = focos (2 *) dt+C= dis D eti (=) +C 


where C = 0, since z(0) = 0. Then 


Bt z Bt 
y(t) = f -v sin (=) dt + D = UD od (=) +D 
m qB m 


We require that y(0) = 0, so D = —(mvzo)/(qB), and finally y(t) = —mv;o/qB [1 — cos (qBt/m)]. 
Summarizing, we have, using q = —3 x 1077 C, m = 3 x 10716 kg, B = 30 x 107? T, and 
vzo = 3 x 105 m/s: 














30 . Bt 2. - 
x(t) = e sin (=) = —107? sin(-3 x 10° *t) m 
z t — 
yt) = -7 [ cos (2 ) 107?[1 — cos(—3 x 107t)] m 
q 


9.2 (continued) The answers are now: 
a) Att —3x 10 9s, x= 8.9 mm, y= 14.5 mm, and z — 0. 
b) At £—3x 10 9 s, v, — —1.3 x 10° m/s, vy = 2.7 x 10? m/s, and so 


v(t = 3ys) = —1.3 x 10°a, + 2.7 x 109a, m/s 





whose magnitude is v = 3 x 10° m/s as would be expected. 
c) Kinetic energy is K.E. = (1/2)mv? = 1.35 uJ at all times. 
9.3. A point charge for which Q = 2 x 10716 C and m = 5 x 10726 kg is moving in the combined fields 
E = 100a; — 200a, + 300a; V/m and B = —3a, + 2a, — a, mT. If the charge velocity at t = 0 is 
v(0) = (2a, — 3a, — 4a;) x 10° m/s: 


a) give the unit vector showing the direction in which the charge is accelerating at t = 0: Use 
F(t = 0) = g[E + (v(0) x B)], where 


v(0) x B = (2a, — 3a, — 4a,)10° x (—3a, + 2a, — a;)107? = 1100a, + 1400a, — 500a; 
So the force in newtons becomes 
F(0) = (2x10-!9)[(100-- 1100)a, + (1400 — 200)a, + (300— 500)a;] = 4 x 10^ “6a, + 6a, — a;] 
The unit vector that gives the acceleration direction is found from the force to be 


| 6a; + ba, — a; 


a 
F v/78 





= 10a; + .70a, — .12a; 





b) find the kinetic energy of the charge at t = 0: 


1 1 
K.E. = z™lv (0)? = 5 (5 sed kee) (G89 x TO" m/s)? = 7.25 x 10-0 J = 7.25 fJ 


9.4. Show that a charged particle in a uniform magnetic field describes a circular orbit with an orbital 
period that is independent of the radius. Find the relationship between the angular velocity and 
magnetic flux density for an electron (the cyclotron frequency). 


A circular orbit can be established if the magnetic force on the particle is balanced by the 
centripital force associated with the circular path. We assume a circular path of radius R, in 
which B = Bo a; is normal to the plane of the path. Then, with particle angular velocity Q, the 
velocity is v = RQ aş. The magnetic force is then Fm = qvx B = qRQ ag x Boa; = qROBoa,. 
This force will be negative (pulling the particle toward the center of the path) if the charge 
is positive and motion is in the —ag direction, or if the charge is negative, and motion is in 
positive ag. In either case, the centripital force must counteract the magnetic force. Assuming 
particle mass m, the force balance equation is qRQOBo = m(O? R, from which Q = qBo/m. The 
revolution period is T = 27/Q 2 27m/(qBo), which is independent of R. For an electron, we 
have q = 1.6 x 107? C, and m = 9.1 x 10?! kg. The cyclotron frequency is therefore 


Q. = L Bo = 1.76 x 10H By. s! 
m 


9.5. A rectangular loop of wire in free space joins points A(1,0, 1) to B(3,0,1) to C(3,0,4) to D(1,0,4) 
to A. The wire carries a current of 6 mA, flowing in the a, direction from B to C. A filamentary 
current of 15 A flows along the entire z axis in the a, direction. 

a) Find F on side BC: 


C 
Fac = | NoopdL x Birom wire at BC 
B 


Thus 


4 
= 1510 B 
Fro = f (6x10 Qr E AS aa Nea 


b) Find F on side AB: The field from the long wire now varies with position along the loop 
segment. We include that dependence and write 





15 45 x 1078 
Po dye — jioln3 a, = 19.8a, nN 


3 
Fup = 6 x 107?) dr a, 
AB n x )dra, x 955 


c) Find F,544; on the loop: This will be the vector sum of the forces on the four sides. Note that 
by symmetry, the forces on sides AB and CD will be equal and opposite, and so will cancel. 
This leaves the sum of forces on sides BC (part a) and DA, where 


4 
15 
Fpa= [| -(6x 1075) dza, x Ir ay = 54a, nN 


The total force is then Fyotai = Fpa + F pc = (54 — 18)a, = 36a, nN 





9.6 The magnetic flux density in a region of free space is given by B = —3xa, + 5ya, — 2za, T. Find 
the total force on the rectangular loop shown in Fig. 9.15 if it lies in the plane z — 0 and is 
bounded by xz = 1, x = 3, y = 2, and y = 5, all dimensions in cm: First, note that in the plane 
z — 0, the z component of the given field is zero, so will not contribute to the force. We use 


F= | IdL x B 
loop 


which in our case becomes, with J = 30 A: 








.03 .05 
F = f 30dra; x (—3xaz + 5y|y—.02 ay) «f 30dya, x (—32|z=.03 a4 + 5yay) 
.01 .02 


.01 .02 
«f 30dra, x (—3xaz + 5y|y=.05 ay) +f 30dya, x (—32|z=.01 Ax + 5yay) 
.03 .05 


9.6. 


9.7. 


9.8. 


(continued) Simplifying, this becomes 


F= 1 30(5)(.02) a, da + f. —30(3)(.03)(—a;) dy 


.01 .02 


.01 .02 
+ f 30(5)(.05) a, dz + 1 —30(3)(.01)(—a;) dy = (.060 + .081 — .150 — .027)a, N 
.03 .05 


= —36 a, mN 


Uniform current sheets are located in free space as follows: 8a; A/m at y = 0, —4a; A/m at y = 1, 
and —4a, A/m at y = —1. Find the vector force per meter length exerted on a current filament 
carrying 7 mA in the ar, direction if the filament is located at: 

a) x = 0, y = 0.5, and a; = a;: We first note that within the region —1 < y < 1, the magnetic 
fields from the two outer sheets (carrying —4a, A/m) cancel, leaving only the field from the 
center sheet. Therefore, H = —4a, A/m (0 < y < 1) and H = 4a, A/m (-1 < y < 0). 
Outside (y > 1 and y « —1) the fields from all three sheets cancel, leaving H = 0 (y > 1, 
y < —1). So at x = 0, y = .5, the force per meter length will be 


F/m = Ia, x B = (7 x 103)a, x —4uoa, = —35.2a, nN/m 





b. y = 0.5, z = 0, and az = az: F/m = Ja, x —4pga,— 0. 


c) z = 0, y = 1.5, az = a;: Since y = 1.5, we are in the region in which B = 0, and so the force 
is zero. 


Filamentary currents of —25a, and 25a, A are located in the x = 0 plane in free space at y = —1 
and y = 1m respectively. A third filamentary current of 107?a, A is located at x = k, y = 0. Find 
the vector force on a 1-m length of the 1-mA filament and plot |F| versus k: The total B field 
arising from the two 25A filaments evaluated at the location of the 1-mA filament is, in cartesian 
components: 














2540 2540 251985 
————(k a) k s) => 9v 
ie Oe ey ae 
line at y=+1 line at y—-—1 
The force on the 1m length of 1-mA line is now 
- 25108. (2.5 x 10-7)(4 x 1077) 107a 10a 
F = 10?(1)a; = = a, N= ——4_ nN 
(as X c ga) (1+ k2) Ay Rye — rg" 
m Problem 9.8 
8 
g 5 
S 
& 4 
2 
9o 2 4 6 8 10 
k (m) 


9.9. 


9.11. 


A current of —100a, A/m flows on the conducting cylinder p = 5 mm and +500a, A/m is present 
on the conducting cylinder p = 1 mm. Find the magnitude of the total force acting to split the 
outer cylinder apart along its length: The differential force acting on the outer cylinder arising 
from the field of the inner cylinder is dF = Kouter x B, where B is the field from the inner cylinder, 
evaluated at the outer cylinder location: 


2m(1)(500) uo 
Thus dF = —100a, x 10019a5 = 10*uoa, N/m?. We wish to find the force acting to split the outer 
cylinder, which means we need to evaluate the net force in one cartesian direction on one half of 
the cylinder. We choose the “upper” half (0 < ¢ < 7), and integrate the y component of dF over 
this range, and over a unit length in the z direction: 





1 T T 
B | n 105192, : ay(5 x 10 3) do dz = i 5019 sin $ dd = 10019 = 4r x 107° N/m 


Note that we did not include the "self force" arising from the outer cylinder's B field on itself. 
Since the outer cylinder is a two-dimensional current sheet, its field exists only just outside the 
cylinder, and so no force exists. If this cylinder possessed a finite thickness, then we would need 
to include its self-force, since there would be an interior field and a volume current density that 
would spatially overlap. 


. A planar transmission line consists of two conducting planes of width b separated d m in air, 


carrying equal and opposite currents of I A. If b >> d, find the force of repulsion per meter of 
length between the two conductors. 


Take the current in the top plate in the positive z direction, and so the bottom plate current 
is directed along negative z. Furthermore, the bottom plate is at y — 0, and the top plate is 
at y — d. The magnetic field stength at the bottom plate arising from the current in the top 
plate is H = K/2a, A/m, where the top plate surface current density is K = I/ba, A/m. 
Now the force per unit length on the bottom plate is 


1 fb 
F=f f KxBuds 
0 Jo 


where Ky is the surface current density on the bottom plate, and By is the magnetic flux 
density arising from the top plate current, evaluated at the bottom plate location. We obtain 





1 pb 2 
I I I 

r= | -5a x ads =- ay N/m 
pow b 2b 2b 


a) Use Eq. (14), Sec. 9.3, to show that the force of attraction per unit length between two 
filamentary conductors in free space with currents Ja, at x = 0, y = d/2, and Iga, at x = 0, 
y = —d/2, is uoIiI5/(2md): The force on Ig is given by 


Ilo arız X dbi 
Fə = ug—— —————— dL 
2 = Ho dm rapi R2, x 2 


9.11a. (continued). Let zı indicate the z coordinate along J4, and z2 indicate the z coordinate along I5. 


We then have R45 = \/(z2 — z1)? + d? and 











(22 = 21 )az = da, 
aRi2 = 
(z2 — 4)? + d? 
Also, dLi = dz1a4; and dLs = dzga, The “inside” integral becomes: 
f agio X dL, " f [(z2 = 21 )az = da, x dza; = dl —ddzi ay 
Ro [(z2 — z1)? + d?]t5 © J- [(z2 — 21)? ure 


The force expression now becomes 


Fə = as g T —d dzı az xus Ah f iz m 
Er Vian nee eoe o PR (22 — 21)? + d2]-5 


Note that the “outside” integral is taken over a unit length of current Jo. Ex obtain, 


I lod HI 
F = uo (2 ) f deg = Ba, N/m 











as expected. 


b) Show how a simpler method can be used to check your result: We use dF2 = IpdL2 x By, 
where the field from current 1 at the location of current 2 is 





Holi 
Biz = ——a,T 
12 ond x 
so over a unit length of I2, we obtain 
gi. Ilo 
F = Iga, = N 
2 2a on q2 H0 d ay N/ 


This second method is really just the first over again, since we recognize the inside integral of 
the first method as the Biot-Savart law, used to find the field from current 1 at the current 2 
location. 


9.12. A conducting current strip carrying K = 12a, A/m lies in the x = 0 plane between y = 0.5 and 
y — 1.5 m. There is also a current filament of J = 5 A in the a, direction on the z axis. Find the 
force exerted on the: 

a) filament by the current strip: We first need to find the field from the current strip at the 
filament location. Consider the strip as made up of many adjacent strips of width dy, each 
carrying current día; = Kdy. The field along the z axis from each differential strip will 
be dB = [((Kdyuo)/(2ny)]a;. The total B field from the strip evaluated along the z axis is 


therefore is 

sa 2 A 6 1.5 

B= | i E a, = 2.64 x 10792, Wb/m? 
05  2my T 0.5 


1 1 
F = | IdL x B= f 5dza, x 2.64 x 107° a, dz = 13.2a, uN/m 
0 0 ——> ——À — 


g 


strip by the filament: In this case we integrate K x B over a unit length in z of the strip area, 
where B is the field from the filament evaluated on the strip surface: 





I —30 
F= K x B da = [ Ve: fase aOR gy SPE are 15 as aN 
Area 0.5 27y T 


9.13. A current of 6A flows from M(2,0,5) to N(5,0,5) in a straight solid conductor in free space. An 
infinite current filament lies along the z axis and carries 50A in the a, direction. Compute the 
vector torque on the wire segment using: 

a) an origin at (0,0,5): The B field from the long wire at the short wire is B = (uoI;ay)/(2zx) T. 
Then the force acting on a differential length of the wire segment is 





polz o = Holwl, 


dF = I„dL x B= I„dz az 
à TARA rz l 27x 


dra,N 
Now the differential torque about (0,0,5) will be 


Holwz Holy, 





dT = Rr x dF = xa, x “Gag ene = D dx ay 
The net torque is now found by integrating the differential torque over the length of the wire 
segment: 
5 
IP 3uo(6)(50 = 
B hub. pco DU 1 th lo a, "Nus 
2 T 27 





b) an origin at (0,0,0): Here, the only modification is in Rr, which is now Rr = xa; + 5a, So 


now 
Imp Iwl 
dT = Rr x dF = [xa, + 5a,] x BU ue ee x POR dz a, 
2m 2T 
Everything from here is the same as in part a, so again, T = —1.8x 10 ^a, N-m. 





c) an origin at (3,0,0): In this case, Ry = (x — 3)a, + 5a;, and the differential torque is 


dT = [(z — 3)a,z + 5a] x BOSE a,= Ho (x dx ay 
27x 27x 





Thus 








5 
LL(x-3 2 5 ^ 
T-[ Bolo. (n ) dono OCIO *{s-sm(3)| ay = —1.5 x 10a, N-m 
2 20x 2 


9.14. The rectangular loop of Prob. 6 is now subjected to the B field produced by two current sheets, 
K; = 400a, A/m at z = 2, and Ky = 300a, A/m at y = 0 in free space. Find the vector torque 
on the loop, referred to an origin: 

a) at (0,0,0): The fields from both current sheets, at the loop location, will be negative x-directed. 
'They will add together to give, in the loop plane: 





K K 
B = — Hw ( a + 3 a, = —po(200 + 150) a, = —35019 a; Wb/m? 


With this field, forces will be acting only on the wire segments that are parallel to the y axis. 
The force on the segment nearer to the y axis will be 


F; = IL x B = —30(3 x 10 ?)a, x —35019a;, = —3154o az N 


9.14a (continued) The force acting on the segment farther from the y axis will be 
F = IL x B = 30(3 x 107?)a, x —350uoa, = 31549 a; N 


The torque about the origin is now T = R; x F,-- R2 x Fo, where R; is the vector directed from the 
origin to the midpoint of the nearer y-directed segment, and R is the vector joining the origin to 
the midpoint of the farther y-directed segment. So Rj (cm) = a;--3.5a, and R5(cm) = 3a, 4-3.5a,. 
'Therefore 


To,0,0 = [(ax + 3.5ay) x 1077] x —3154o a; + [(3a; + 3.5ay) x 1077] x 31540 az 
= —6.30uoa, = —7.92 x 10 9a, N—m 





b) at the center of the loop: Use T = IS x B where S = (2 x 3) x 107* a; m?. So 


T = 30(6 x 10 “a,) x (—350u0 ax) = —7.92 x 10 9a, N—m 





9.15. A solid conducting filament extends from z = —b to x = b along the line y = 2, z = 0. This 
filament carries a current of 3 A in the a, direction. An infinite filament on the z axis carries 5 
A in the a, direction. Obtain an expression for the torque exerted on the finite conductor about 
an origin located at (0,2,0): The differential force on the wire segment arising from the field from 
the infinite wire is 
5uo 1540 cos ¢ dx 15uoz da 


dF = 3 dz az x ag — ay = a, 
amp ? 2m /? + 4 2n(x? + 4) 


So now the differential torque about the (0,2,0) origin is 














15uoz dx 15uox? dx 
dT = Rr x dF = ra, x a, = 
£ Te 2n(z?--4) ^ Q(x? +4) ay 
The torque is then 
1 1 b 
T= z jja ay = Spo ay |z 2tan ! (Z) 
2n(z? + 4) 2m 2/1» 


= (6 x 10~°) |o 2n (2) a, N-m 





9.16. Assume that an electron is describing a circular orbit of radius a about a positively-charged nucleus. 
a) By doc up an appropriate current and area, show that the equivalent orbital dipole Tomek 
is ea?w/2, where w is the electron’s angular velocity: The current magnitude will be 7 = T 
where e is the electron charge and T is the orbital period. The latter is T = 27/w, and so 
I = ew/(27). Now the dipole moment magnitude will be m = IA, where A is the loop area. 
Thus 


1 
m= — ra = 7e w ra 


b) Show that the torque produced by a magnetic field parallel to the plane of the orbit is ea?wB/2: 
With B assumed constant over the loop area, we would have T = m x B. With B parallel to 
the loop plane, m and B are orthogonal, and so T = mB. So, using part a, T = ea?wB/2. 


9.16. (continued) 
c) by equating the Coulomb and centrifugal forces, show that w is (4reo9mea?/e?) 
is the electron mass: The force balance is written as 


-1/2. where me 


e2 


Aregmea? rate 
| // 


=muwa => w= ( 
e2 


47€oa? 


d) Find values for the angular velocity, torque, and the orbital magnetic moment for a hydrogen 
atom, where a is about 6 x 107 !! m; let B = 0.5 T: First 


B (1.60 x 10-19)? Ha 
Y= [4n(8.85 x 10-12)(9.1 x 10-31)(6 x 10-11)3 





= 3.42 x 106 rad/s 





1 
T= 5 (3-42 x 1019)(1.60 x 10719)(0.5)(6 x 107")? = 4.93 x 107^ N-m 





Finally, 





T 
m = = = 9.86 x 107^ A -m* 


9.17. The hydrogen atom described in Problem 16 is now subjected to a magnetic field having the same 
direction as that of the atom. Show that the forces caused by B result in a decrease of the angular 
velocity by eB/(2m.) and a decrease in the orbital moment by e?a?B/(4m.,). What are these 
decreases for the hydrogen atom in parts per million for an external magnetic flux density of 0.5 
T? We first write down all forces on the electron, in which we equate its coulomb force toward the 
nucleus to the sum of the centrifugal force and the force associated with the applied B field. With 
the field applied in the same direction as that of the atom, this would yield a Lorentz force that is 
radially outward — in the same direction as the centrifugal force. 


2 





Fe = Feent + FB > = mewa + ewaB 
—— 











47€9a? 
QvB 
With B — 0, we solve for w to find: 
e2 
w=w 
9 4TEeomea? 
Then with B present, we find 
2 e? ewB 2 ewB 
E =w 
4T€ome.a? Me V me 
Therefore 
ewB 1 ew D 
Ww = WwW — =w — 
a weMe H 2wàme 


But w = wo, and so 





9.17. (continued) As for the magnetic moment, we have 











1 1 B 1e?a?B 
m= IS = gna = wea” = xe (o Z) = -wea 1 = E // 
Finally, for a = 6 x 10^! m, B = 0.5 T, we have 
Ac eB 1, eB 1 1.60 x 1071? x 0.5 —6 
w 2Mew  2Me wo 2 x 9.1 x 107-3! x 3.4 x 10168 —— — — 
where wọ = 3.4 x 1018 sec^! is found from Problem 16. Finally, 
A ?q? B 2 B 
VL Era =" =13x 1078 
m 4me wea? 2mewo  — — —— 


9.18. Calculate the vector torque on the square loop shown in Fig. 9.16 about an origin at A in the field 
B, given: 


a) 


b) 


A(0,0,0) and B — 100a, mT: The field is uniform and so does not produce any translation 
of the loop. Therefore, we may use T = JS x B about any origin, where J = 0.6 A and 
S = 16a, m?. We find T = 0.6(16)a, x 0.100a, = —0.96a, N—m. 





A(0,0,0) and B = 200a, + 100a, mT: Using the same reasoning as in part a, we find 


T = 0.6(16)a; x (0.200a, + 0.100a,) = —0.96a, + 1.92a, N—m 





A(1, 2,3) and B = 200a, + 100a, — 300a, mT: We observe two things here: 1) The field is 
again uniform and so again the torque is independent of the origin chosen, and 2) The field 
differs from that of part b only by the addition of a z component. With S in the z direction, 
this new component of B will produce no torque, so the answer is the same as part b, or 
T = —0.96a, + 1.92a, N—m. 





A(1,2,3) and B = 200a; + 100a, — 300a; mT for x > 2 and B = 0 elsewhere: Now, force is 
acting only on the y-directed segment at r = +2, so we need to be careful, since translation 
will occur. So we must use the given origin. The differential torque acting on the differential 
wire segment at location (2,y) is dT = R(y) x dF, where 

dF = IdL x B = 0.6dya, x [0.2a; + 0.la, — 0.3a;] = [—0.18a, — 0.12a,] dy 
and R(y) = (2,y,0) — (1,2,3) = a; + (y — 2)ay — 3a;. We thus find 


dT = R(y) x dF = [a; + (y — 2)a, — 3a;] x [—0.18a, — 0.12a,] dy 
= [-0.12(y — 2)a, + 0.66a, + 0.18(y — 2)a.] dy 


'The net torque is now 





2 
T= f [-0.12(y — 2)a, + 0.66a, + 0.18(y — 2)a;] dy = 0.96a, + 2.64a, — 1.44a, N-m 
-2 
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9.19. Given a material for which x4, = 3.1 and within which B = 0.4ya, T, find: 
a) H: We use B = po(1 + X¥m)H, or 





UL ERR 
(143.1) c 
b) w= (14-3.1)ug = 5.15 x 10 5 H/m. 
c) ur = (1 T) = 4.1. 
d) M = x4, H = (3.1)(77.6yay) = 241ya; kA/m 


e) J = V x H = (dH,)/(dy) a, = 77.6 ay kA/m?. 


) 
) 
) 
) 
f) Jy = Vx M = (dM,)/(dy) a, = 241a, kA/m?. 

) 


g) Jr = V x B/uo = 318a, kA/m?. 


9.20. Find H in a material where: 
a) ur = 4.2, there are 2.7 x 107? atoms/m?, and each atom has a dipole moment of 2.6 x 10 ?? a, 
A - m°. Since all dipoles are identical, we may write M = Nm = (2.7 x 107?)(2.6 x 10 7"a,) = 

0.70a, A/m. Then 
M _ 070a, 
[ip = 1 ^ 42—1 





H = = 0.22 a, A/m 





b) M = 270a; A/m and u = 2 uH/m: Have p, = u/uo = (2 x 1079)/(4« x 1077) = 1.59. Then 
H = 270a, /(1.59 — 1) = 456a; A/m. 
C) Xm = 0.7 and B = 2a, T: Use 
B 2a, 


H = = = 936a, kA 
narea Gee 0g) fem 





d) Find M in a material where bound surface current densities of 12a, A/m and —9a, A/m 
exist at p = 0.3 m and p = 0.4 m, respectively: We use $ M - dL = Ij, where, since currents 
are in the z direction and are symmetric about the z axis, we chose the path integrals to be 
circular loops centered on and normal to z. From the symmetry, M will be ¢-directed and 
will vary only with radius. Note first that for p < 0.3 m, no bound current will be enclosed 
by a path integral, so we conclude that M = 0 for p < 0.3m. At radii between the currents 
the path integral will enclose only the inner current so, 


3.6 
fm : dL = 27pMg = 21(0.3)12 => M = — a, A/m (0.3 < p < 0.4m) 
p 





Finally, for p > 0.4 m, the total enclosed bound current is Tb tot = 27(0.3)(12) —27(0.4)(9) = 0, 
so therefore M = 0 (p > 0.4m). 


9.21. Find the magnitude of the magnetization in a material for which: 
a) the magnetic flux density is 0.02 Wb/m? and the magnetic susceptibility is 0.003 (note that 
this latter quantity is missing in the original problem statement): From B = po(H + M) and 
from M = XmH, we write 


B(1 EE B 0.02 
Ho ( X ) m0 Gases 2565/8 





12 


9.21b) the magnetic field intensity is 1200 A/m and the relative permeability is 1.005: From B = wo(H+ 
M) = uou, H, we write 


M = (ur — 1)H = (.005)(1200) = 6.0 A/m 


c) there are 7.2 x 107° atoms per cubic meter, each having a dipole moment of 4 x 10730 A . m? 
in the same direction, and the magnetic susceptibility is 0.0003: With all dipoles identical the 
dipole moment density becomes 


M =nm = (7.2 x 1078)(4 x 107°°) = 0.288 A/m 


9.22. Under some conditions, it is possible to approximate the effects of ferromagnetic materials by 
assuming linearity in the relationship of B and H. Let j4. = 1000 for a certain material of which 
a cylindrical wire of radius 1mm is made. If I = 1 A and the current distribution is uniform, find 
a) B: We apply Ampere's circuital law to a circular path of radius p around the wire axis, and 
where p « a: 


Ip 
> B = 
21a? 21a? ? 2r x 10-6 ae 








fF 1000191 103)4m x 1077 (1 
2)pH =LI > H= ea 1000poTo (10°)4m x 10 "(1)p 
TA 


= 200pay Wb/m? 


b) H: Using part a, H = B/uruo = p/ (27) x 108a; A/m. 














c) M: 
2 —2 
M = B/m- H= w P X ig ag = 1.59 x 1050a4 A/m 
TU 

d) J: 

1 H 

J=VxH= ace = 3.18 x 10°a, A/m 

p dp 
e) Ja within the wire: 

1 d(pMg) 


a, = 3.18 x 10? a; A/m? 








9.23. Calculate values for Hy, By, and M, at p = c for a coaxial cable with a = 2.5 mm and b = 6 mm 
if it carries current J = 12 A in the center conductor, and u = 3 wH/m for 2.5 < p < 3.5 mm, 
= 5 uH/m for 3.5 < p < 4.5 mm, and u = 10 wH/m for 4.5 < p < 6 mm. Compute for: 

a) c= 3 mm: Have 
I 12 
2mp  2n(3 x 10-3) 





Then By = uH, = (3 x 10 9)(637) = 1.91 x 107? Wb/m?. 
Finally, My = (1/uo) Bg — H4 = 884 A/m. 
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9.23b. c = 4 mm: Have 


c) 


I 12 














m= ur max) La 
Then By = uH, = (5 x 10 9)(478) = 2.39 x 1073 Wb/m?. 
Finally, My = (1/uo) Bo — Hg = 1.42 x 10? A/m. 
c— 5 mm: Have 
H; = M Me = 382 A/m 


2mp  2n(5 x 10-3) 


Then By = uH, = (10 x 10 9)(382) = 3.82 x 10? Wb/m?. 
Finally, Mg = (1/uo) Bg — Hg = 2.66 x 10? A/m. 








9.24. A coaxial transmission line has a = 5 mm and b = 20 mm. Let its center lie on the z axis and let a 
dc current I flow in the a, direction in the center conductor. The volume between the conductors 
contains a magnetic material for which u, = 2.5, as well as air. Find H, B, and M everywhere 
between conductors if Hy = 600/7 A/m at p = 10 mm, ¢ = 7/2, and the magnetic material is 
located where: 


a) 


a< p< 3a; First, we know that Hy = I/27p, from which we construct: 


I 600 
= => JT=12A 
21(1072) T 





Since the interface between the two media lies in the ag direction, we use the boundary 
condition of continuity of tangential H and write 


12 6 


In the magnetic material, we find 


(2.5)(4m x 1077)(12) 
2np 





B(5 < p < 15) = uH = ag = (6/p)ag uT 


Then, in the free space region, B(15 < p < 20) = uoH = (2.4/p)ag pT. 


0<¢ġ<7; Again, we are given H = 600/ra A/m at p = 10 and at ¢ = 7/2. Now, since 
the interface between media lies in the a, direction, and noting that magnetic field will be 
normal to this (ag directed), we use the boundary condition of continuity of B normal to an 
interface, and write B(0 < ¢ < 1) = Bı = B(z < ¢ < 21) = B2, or 2.5u9H4 = uoHa. Now, 
using Ampere’s circuital law, we write 


jn : db = 7p, + tpg —3.51pHi1— I 


Using the given value for Hı at p = 10 mm, I = 3.5(600/z)(x x 10?) = 21 A. Therefore, 
Hı = 21/(3.5np) = 6/(np), or H(0 < à < m) = 6/(rp) a; A/m. Then Hə = 2.5H,, or 
H(a < à < 21) = 15/(1p) a; A/m. Now B(0 < $ < 2r) = 2.5uo(6/(np))as = 6/pag pT. 
Now, in general, M = (u, — 1)H, and so M(0 < ¢ < T) = (2.5— 1)6/(rp)as = 9/(1p) ag A/m 
and M(z < ¢ < 27) — 0. 
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9.25. A conducting filament at z = 0 carries 12 A in the a, direction. Let up = 1 for p < 1 cm, Ur = 6 
for 1 < p < 2 cm, and ur = 1 for p > 2 cm. Find 
a) H everywhere: This result will depend on the current and not the materials, and is: 





b) B everywhere: We use B = uruoH to find: 
B(p < 1cm) = (1)uo(1.91/p) = (2.4 x 10 9/p)as T 


B(1 < p < 2cm) = (6)uo(1.91/p) = (1.4 x 107° /p)ag T 
B(p > 2cm) = (1)uo(1.91/p) = (2.4 x 10 9/p)a, T where p is in meters. 











9.26. Two current sheets, Koa, A/m at z = 0, and —Koa, A/m at z = d are separated by two slabs of 
magnetic material, rı for 0 < z < a, and uro for a < z < d. If ur2 = 341,4, find the ratio, a/d, 
such that ten percent of the total magnetic flux is in the region 0 < z <a. 


The magnetic flux densities in the two regions are By = uritoKo as Wb/m? and Bə = 
Lr2UoKo a, Wb/m?. The total flux per unit length of line is then 
Pm = a(1)By + (d — a)(1) Bo = aptripioKo + (d — @) rao Ko = HoKoprila + 3(d — a)] 


9, Po 
The ratio of the two fluxes is then found, and set equal to 0.1: 


$4 a 
= =01 
o. 3(d — a) 





0.23 





2 
d 


9.27. Let urı = 2 in region 1, defined by 27+3y—4z > 1, while w,-2 = 5 in region 2 where 27+ 3y—4z < 1. 
In region 1, H; = 50a; — 30a, + 20a; A/m. Find: 
a) Hy; (normal component of H, at the boundary): We first need a unit vector normal to the 
surface, found through 


V (2x + 3y — 4 2a, t 3a, — 4a; 
onu imt. PNE ORDEI EI M UNDER CNET 


— |V (2x + 3y — 4z)| v 29 

Since this vector is found through the gradient, it will point in the direction of increasing 
values of 2x + 3y — 4z, and so will be directed into region 1. Thus we write ay = ay. The 
normal component of Hı will now be: 








an 


Hy; = (H;:ayzi)jày21 
= [(50a, — 30a, + 20a.) - (.37a; + .56a, — .74a;)] (.37a4 + .56a, — .74a;) 
= —4.83a, — 1.24a, + 9.66a, A/m 





b) Hr; (tangential component of H; at the boundary): 


Hr = Hi - Hyi 
= (50a, — 30a, + 20a,) — (—4.83a, — 7.24a, + 9.66a,) 
= 54.83a, — 22.76ay + 10.34a, A/m 
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9.27c. Hz» (tangential component of Hə at the boundary): Since tangential components of H are con- 
tinuous across a boundary between two media of different permeabilities, we have 


Hr = Hr) = 54.83a, — 22.76a, + 10.34a, A/m 





d) Hy» (normal component of Hə at the boundary): Since normal components of B are contin- 
uous across a boundary between media of different permeabilities, we write jjj H v1 = uH wa 
or 


: 2 
Hy = pH = £(-483a, — 724a, + 9.66a,) = —1.93a, — 2.90a, + 3-86a; A/m 
R 





e) 64, the angle between H; and ayo): This will be 


50a; — 30a, + 20a; 
(502 + 30? + 202)1/2 





cos 0, = ayo = : (.37a4 + .56a, — .74a,) = —0.21 


Hı 
[H| 
Therefore 04 = cos! (—.21) = 102°. 


f) 05, the angle between Ho and aya: First, 


Hə = Hz; + Hy; = (54.83a, — 22.76a, + 10.34a,) + (—1.93a, — 2.90a, + 3.86az) 
= 52.90a, — 25.66a, + 14.20a, A/m 


Now 


H 52.90a, — 25.66a, + 14.20a, 
HI iyd = 3 ~ m. Sete (Lern ha, cc n] eso 
2 i 





cos 05 = 


Therefore 05 = cos 1(—.09) = 95°. 


9.28. For values of B below the knee on the magnetization curve for silicon steel, approximate the curve 
by a straight line with u = 5 mH/m. The core shown in Fig. 9.17 has areas of 1.6 cm? and lengths 
of 10 cm in each outer leg, and an area of 2.5 cm? and a length of 3 cm in the central leg. A coil 
of 1200 turns carrying 12 mA is placed around the central leg. Find B in the: 

a) center leg: We use mmf = ®R, where, in the central leg, 


i 3 x 10-2 
R= = 2 =2.4x 10° H 
Aim (6x 10-3)(2.5 x 10-4) 





In each outer leg, the reluctance is 


Eou 10 x 107? 
Ro = 2+ = = 


= = = 1.25 x 10% H 
BAÁou (5 x 10-3)(1.6 x 10-4) P 





'The magnetic circuit is formed by the center leg in series with the parallel combination of the 
two outer legs. The total reluctance seen at the coil location is Rr = R.+(1/2)R, = 8.65 x 104 
H. We now have 

mmf 14.4 


— - —4 
n ege P ee  Wb 


p= 
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9.28a. (continued) The flux density in the center leg is now 


® 166x107 


B= = 
A 2.5 x 1074 


= 0.666 T 








b) center leg, if a 0.3-mm air gap is present in the center leg: The air gap reluctance adds to the 
total reluctance already calculated, where 


0.3 x 1078 


= 9.55 x 10ë H 
(4r x 10-7)(2.5 x 10-4) ? 


Rair = 





Now the total reluctance is Rnet = Rr + Rair = 8.56 x 104 + 9.55 x 10° = 1.04 x 106. The 
flux in the center leg is now 


14.4 
o E LL EES 1. 1 "n 
ice ye 
and : 
1.38 x 107 
lca dE te em 
25x10-4  ———- 


9.29. In Problem 9.28, the linear approximation suggested in the statement of the problem leads to a flux 
density of 0.666 T in the center leg. Using this value of B and the magnetization curve for silicon 
steel, what current is required in the 1200-turn coil? With B = 0.666 T, we read Hin = 120 A - t/m 
in Fig. 9.11. The flux in the center leg is ? = 0.666(2.5 x 1074) = 1.66 x 107^ Wb. This divides 
equally in the two outer legs, so that the flux density in each outer leg is 


1\ 1.66 x 1074 
Bout = = 0.52 e 
í (3) oxi os ee 





Using Fig. 9.11 with this result, we find Hout = 90 A-t/m We now use 
jn : dL = NI 


to find 


1 (120)(3 x 1072) + (90)(10 x 107?) 
I = —(HinLin + HoutLout) = — 10. A 
N. + HoutLout) 1200 llam 





9.30. A toroidal core has a circular cross section of 4 cm? area. The mean radius of the toroid is 6 cm. 
'The core is composed of two semi-circular segments, one of silicon steel and the other of a linear 
material with u, = 200. There is a 4mm air gap at each of the two joints, and the core is wrapped 
by a 4000-turn coil carrying a dc current I4. 


a) Find J; if the flux density in the core is 1.2 T: I will use the reluctance method here. Reluc- 
tances of the steel and linear materials are respectively, 


n(6 x 107?) 


= 1.57 x 10% H7! 
(3.0 x 10-3)(4 x 1074) ea 


R, = 
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9.30a. (continued) 
n(6 x 107?) 
(200) (4v x 10-7)(4 x 1074) 


where us is found from Fig. 9.11, using B = 1.2, from which H = 400, and so B/H = 3.0 mH/m. 
'The reluctance of each gap is now 


Ri = = 1.88 x 10 H7! 





NE 0.4 x 10? 
9 (4m x 10-7)(4 x 10-4) 





= 7.96 x 10° H^! 


We now construct 
NI, = ©R=1.2(4 x10 5) [R, + Ry + 2R;] = 1.74 x 10? 


Thus I, = (1.74 x 103) /4000 = 435 mA. 


b) Find the flux density in the core if J; = 0.3 A: We are not sure what to use for the permittivity 
of steel in this case, so we use the iterative approach. Since the current is down from the value 
obtained in part a, we can try B = 1.0 T and see what happens. From Fig. 9.11, we find 
H = 200 A/m. Then, in the linear material, 


1.0 


H; = 
!— 200(4 x 10-7) 


— 3.98 x 10? A/m 





and in each gap, 


1.0 
Hom P06 qo A 
= 4m x 1077 SUD AUR 


Now Ampere’s circuital law around the toroid becomes 
NT, = 1(.06)(200 + 3.98 x 10?) + 2(7.96 x 10°)(4 x 1074) = 1.42 x 10° A—t 


Then J, = (1.42 x 10?)/4000 = .356 A. This is still larger than the given value of .3A, so we 
can extrapolate down to find a better value for B: 





= 0.86 T 





356 — .300 
B —1.0 — (1.2 — 1.0) | m =] 


Using this value in the procedure above to evaluate Ampere’s circuital law leads to a value of 
I of 0.306 A. The result of 0.86 T for B is probably good enough for this problem, considering 
the limited resolution of Fig. 9.11. 
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9.31. A toroid is constructed of a magnetic material having a cross-sectional area of 2.5 cm? and an 
effective length of 8 cm. There is also a short air gap 0.25 mm length and an effective area of 2.8 
cm?. An mmf of 200 A - t is applied to the magnetic circuit. Calculate the total flux in the toroid 


if: 
a) 


the magnetic material is assumed to have infinite permeability: In this case the core reluctance, 
Re = 1/(uA), is zero, leaving only the gap reluctance. This is 


d 0.25 x 10-3 
R,= = =7.1 x 10* H 
9 uoAs, (ar x 10-7)(2.5 x 10-4) à 





Now 
mmf 200 


o = = 
Ry 71x10 





= 2.8 x 1074 Wb 


the magnetic material is assumed to be linear with uy = 1000: Now the core reluctance is no 
longer zero, but 


8 x 107? 
Ras = 2.6 x 105 H 
(1000) (4m x 10-7) (2.5 x 10-4) * 





'The flux is then F 260 
mm 
= = = 2.1 x 1074 Wb 
R.+Rk, 94x10 ————— 





the magnetic material is silicon steel: In this case we use the magnetization curve, Fig. 9.11, 
and employ an iterative process to arrive at the final answer. We can begin with the value of 
® found in part a, assuming infinite permeability: P = 2.8 x 10-4 Wb. The flux density 


in the core is then BÍ? = (2.8 x 10745)/(2.5 x 1074) = 1.1 Wb/m?. From Fig. 9.11, this 


corresponds to magnetic field strength AW = 270 A/m. We check this by applying Ampere’s 
circuital law to the magnetic circuit: 


jn -dL = HOO L, + H(9d 


where Hf! Le = (270)(8 x 10-2) = 22, and where Hf) d = OR, = (2.8 x 10~4)(7.1 x 105) = 
199. But we require that 


fH dL =200 A-t 
whereas the actual result in this first calculation is 199 + 22 = 221, which is too high. So, for 


a second trial, we reduce B to B®? =1 Wb/m?. This yields H& = 200 A/m from Fig. 9.11, 
and thus °?) = 2.5 x 1074 Wb. Now 


jn dL = HAL, + 9? R; = 200(8 x 107?) + (2.5 x 1074)(7.1 x 10°) = 194 


This is less than 200, meaning that the actual flux is slightly higher than 2.5 x 1074 Wb. 
I will leave the answer at that, considering the lack of fine resolution in Fig. 9.11. 
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9.32. Determine the total energy stored in a spherical region 1cm in radius, centered at the origin in free 
space, in the uniform field: 
a) Hı = —600a, A/m: First we find the energy density: 


1 1 1 
Um = 5B1 Hı = 5 oH = gn x 1077)(600)? = 0.226 J/m? 
The energy within the sphere is then 
d ros 4 —6 
Wmi = Wmi 374 — 0.226 37 x 10 = 0.947 uJ 
b) Hə = 600a, + 1200a, A/m: In this case the energy density is 


1 5 
Wm2 = zo [(600)* + (1200)*] = 5 10(600)” 
or five times the energy density that was found in part a. Therefore, the stored energy in this 
field is five times the amount in part a, or Wm2 = 4.74 uJ. 


c) H = —600a, + 1200a,. This field differs from Hə only by the negative x component, which 
is a non-issue since the component is squared when finding the energy density. Therefore, the 
stored energy will be the same as that in part b, or Wm3 = 4.74 uJ. 


d) H4, = Hə + Hs, or 2400a, A/m: The energy density is now Wma = (1/2)u90(2400)? = 
(1/2)0(16)(600)? J/m?, which is sixteen times the energy density in part a. The stored 
energy is therefore sixteen times that result, or Wma = 16(0.947) = 15.2 uJ. 


e) 1000a, A/m+0.001a, T: The energy density is Wms = (1/2) uo[1000 + .001/po]? = 2.03 J/m?. 
Then Wms = 2.03[(4/3)m x 10-9] = 8.49 uJ. 


9.33. A toroidal core has a square cross section, 2.5 cm < p < 3.5 cm, —0.5 cm < z < 0.5 cm. The 
upper half of the toroid, 0 « z « 0.5 cm, is constructed of a linear material for which p, = 10, 
while the lower half, —0.5 cm < z < 0, has ur = 20. An mmf of 150 A - t establishes a flux in the 
aj direction. For z > 0, find: 

a) H(p): Ampere's circuital law gives: 
150 


2npH, = NI = 150 Hy 5s 23.9/p A/m 
aD. Mm 








b) Bo(p): We use Bg = uruoHg = (10)(4m x 1077)(23.9/p) = 3.0 x 107*/p Wb/m?. 
c) ®,50: This will be 


.005 .035 1 4 : 
i -| f» E [ [A SUR dete = COO) G0 10 5) (3) 
025 . 


= 5.0 x 1077 Wb 





d) Repeat for z « 0: First, the magnetic field strength will be the same as in part a, since the 
calculation is material-independent. Thus Hy = 23.9/p A/m. Next, By is modified only by the 
new permeability, which is twice the value used in part a: Thus Bg = 6.0 x 107*/p Wb/m?. 
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9.33d. (continued) Finally, since B, is twice that of part a, the flux will be increased by the same factor, 
since the area of integration for z < 0 is the same. Thus 9,29 = 1.0 x 1079 Wb. 


e) Find 4,44: This will be the sum of the values found for z < 0 and z > 0, or tota = 
1.5 x 1079 Wb. 


9.34. Determine the energy stored per unit length in the internal magnetic field of an infinitely-long 
straight wire of radius a, carrying uniform current I. 


We begin with H = Ip/(21a?) ag, and find the integral of the energy density over the unit 


length in z: 
2 Sft tgp E pol? 
We = f: got w=f | ik iel pdp dp dz = cr 


9.35. The cones 0 = 21? and 0 = 159? are conducting surfaces and carry total currents of 40 A, as shown 
in Fig. 9.18. The currents return on a spherical conducting surface of 0.25 m radius. 

a) Find H in the region 0 < r < 0.25, 21? < 6 < 159°, 0 < à < 27: We can apply Ampere's 
circuital law and take advantage of symmetry. We expect to see H in the a, direction and it 
would be constant at a given distance from the z axis. We thus perform the line integral of 
H over a circle, centered on the z axis, and parallel to the xy plane: 








2v 
fH dL Hyag rsin dag do = Tena, = 40 A 
0 


Assuming that H, is constant over the integration path, we take it outside the integral and 


solve: 2n a 
Hp H= 
¢ 2rr sin 0 F zr sin m Em 








b) How much energy is stored in this region? This will be 


2T 159? .25 159? 
2 1 
Wa= [5 jm - f L [ Se r? sin 8 dr dé do = —- | Dd 
21 12r? sin? 0 T Joyo sind 


|. 100p0 tan(159/2) 
B | tan(21/2) 








| = 1.35 x 1074 J 
T 


9.36. The dimensions of the outer conductor of a coaxial cable are b and c, where c > b. Assuming u = Ho, 
find the magnetic energy stored per unit length in the region b < p < c for a uniformly-distributed 
total current J flowing in opposite directions in the inner and outer conductors. 


We first need to find the magnetic field inside the outer conductor volume. Ampere's circuital 
law is applied to a circular path of radius p, where b « p « c. This encloses the entire center 
conductor current (assumed in the positive z direction), plus that part of the —z-directed 
outer conductor current that lies inside p. We obtain: 


TEE e-—p 
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9.36. 


(continued) So that 





I eae 


x m ay A/m (b « p « c) 


The energy within the outer conductor is now 


1 j 1 2m c po? c? 5 
m = -uo H? dv = 2c" 4 dp d, d 
wo [ett [| [enim pg ot ota 


_ pol? ERE 
= Bye new- a - t /c jeg ven) J 





. Find the inductance of the cone-sphere configuration described in Problem 9.35 and Fig. 9.18. 


The inductance is that offered at the origin between the vertices of the cone: From Problem 9.35, 
the magnetic flux density is By = 20u0/(arsin@). We integrate this over the crossectional area 
defined by 0 « r « 0.25 and 21? « 0 « 159°, to find the total flux: 


159? 0.25 

2 159/2 

m I OE qr dg = SHO py AE > _ So (5 37) _ 6-74 x 10-9 Wb 
ao Jo  mrsin0 T tan(21/2) T 








Now L = ®/I = 6.74 x 1079/40 = 0.17 pH. 
Second method: Use the energy computation of Problem 9.35, and write 





2Wg  2(1.35 x 1074) 


EB = 
p (40)2 





= 0.17 uH 


. A toroidal core has a rectangular cross section defined by the surfaces p = 2 cm, p = 3 cm, z = 4 


cm, and z = 4.5 cm. The core material has a relative permeability of 80. If the core is wound with 
a coil containing 8000 turns of wire, find its inductance: First we apply Ampere’s circuital law to 
a circular loop of radius p in the interior of the toroid, and in the ag direction. 


NI 
fH dL =2npHy = NI > H= zy 
T 


The flux in the toroid is then the integral over the cross section of B: 


.045 .03 
„HoNI oN /03 
o= | fB ax- f I da DE odes E AA 
o4 Joz  2Tp 2m .02 


The flux linkage is then given by N 6, and the inductance is 





—T 2 
ne Hm a CUIDA 10 7)(8000* | (5) = 2.08 H 
T 
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9.39. Conducting planes in air at z = 0 and z = d carry surface currents of +Koa, A/m. 


a) 


= 


e 
wa 


Find the energy stored in the magnetic field per unit length (0 < x < 1) in a width w(0 < 
y < w): First, assuming current flows in the +a, direction in the sheet at z = d, and in —a, 
in the sheet at z = 0, we find that both currents together yield H = Koa, for 0 < z < d and 
zero elsewhere. The stored energy within the specified volume will be: 


1 d w 1 1 1 
Wr = " — uo H?dv x f ip = 9 K6 dx dy dz = =wdpo Kê J/m 
v 2 o Jo Jo 2 2 





Calculate the inductance per unit length of this transmission line from Wy = (1/2) LI?, where 
I is the total current in a width w in either conductor: We have I = wKo, and so 


= p soo = u2Kz 5 Moko = = Hoe Hym 


Calculate the total flux passing through the rectangle 0 < x < 1, 0 < z < d, in the plane 
y = 0, and from this result again find the inductance per unit length: 


d pl d pl 
= Í f Lo Ha, : a, dx dz = J LoKodz dy = uod Ko 
0 Jo o Jo 


$ podKo pod 
L = = = H 
I t Ko wW pm 


Then 





9.40. A coaxial cable has conductor dimensions of 1 and 5 mm. The region between conductors is air 
for 0 < ó « 7/2 and r < ¢ < 37/2, and a non-conducting material having ur = 8 for 7/2 < ġ < T 
and 37/2 < @ < 27. Find the inductance per meter length: The interfaces between media all occur 
along radial lines, normal to the direction of B and H in the coax line. B is therefore continuous 
(and constant at constant radius) around a circular loop centered on the z axis. Ampere's circuital 
law can thus be written in this form: 





B B B B B 
fma- G) E 622 92 2 G) -eni 
Ho \2 Urho \2 Ho \2 Urho \2 Ir HO 


and so 


PE Hr Hol 
= ——— ag 
mp(1 + Hr) 


The flux in the line per meter length in z is now 


.005 
py" T I 
v= ff iH ndun ea ea er, 
ox TEC + pr) m(1+ ur) 


And the inductance per unit length is: 


® i 4m x 1077 
pe sc a 


Pom n(5) = 572 nH/m 
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9.41. A rectangular coil is composed of 150 turns of a filamentary conductor. Find the mutual inductance 
in free space between this coil and an infinite straight filament on the z axis if the four corners of 
the coil are located at 

a) (0,1,0), (0,3,0), (0,3,1), and (0,1,1): In this case the coil lies in the yz plane. If we assume that 
the filament current is in the +a, direction, then the B field from the filament penetrates the 
coil in the —a, direction (normal to the loop plane). The flux through the loop will thus be 








b) (1,1,0), (1,3,0), (1,3,1), and (1,1,1): Now the coil lies in the x = 1 plane, and the field from 
the filament penetrates in a direction that is not normal to the plane of the coil. We write the 
B field from the filament at the coil location as 


LoT as 


2n4/y? +1 


B- 


The flux through the coil is now 


I I 
v= [ t HOS -(—a,) dy dz = a a E A dy dz 
1 2n? +1 2n /y? +1 


Holy Hol, , 9 j —7 
dz = — l 1 = (1.6 x 10 I 
-| [tme 2- in(y? +| = (1.6 x 1077) 





The mutual inductance is then 


N® 
M = —- = (150)(16 x 1077) = 24 uH 


9.42. Find the mutual inductance between two filaments forming circular rings of radii a and Aa, where 
Aa «« a. The field should be determined by approximate methods. The rings are coplanar and 
concentric. 


We use the result of Problem 8.4, which asks for the magnetic field at the origin, arising from 
a circular current loop of radius a. That solution is reproduced below: Using the Biot-Savart 








law, we have [dL = Iadrag, R =a, and ag = —a,. The field at the center of the circle is 
then 
Heire = ja Talpas x (799) — ru Idóa, = £ a, A/m 
0 4ra o 4ra =e 


We now approximate that field as constant over a circular area of radius Aa, and write the 
flux linkage (for the single turn) as 


poIn(Aa)? M Öm — uon(Aa)? 
2a I 2a 








Èm = n(Aa)? Bouter = 
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9.43. a) Use energy relationships to show that the internal inductance of a nonmagnetic cylindrical wire 
of radius a carrying a uniformly-distributed current I is uo/(8x) H/m. We first find the magnetic 
field inside the conductor, then calculate the energy stored there. From Ampere's circuital law: 





np? 
2npH, = maze => H= A/m 


21a? 


d pol? 
w=]; poti3av= f | [= 372 £ Sopas 167 


Now, with Wy = (1/2)LI?, we find Lint = uo/(87) as expected. 








m 





b) Find the internal inductance if the portion of the conductor for which p < c < a is removed: The 
hollowed-out conductor still carries current I, so Ampere's circuital law now reads: 


n(p? — c?) uH I ae 


2roHg = —————— Spee |e 
TD "(a? — c2) ? ^ 2xzp|a?2—-c 


| A/m 
and the energy is now 
2m ?( 2 2 a 4 
no = = Hol f 3 2 C 
Wy = dpd Heee —2 — 
: d ie ay PUP AOE = sj, |^ ot] to 
Lol? 
Ho 


= 3p m c) - a? — e) 4 em (2)| J/m 








The internal inductance is then 





_ 2Wu _ bo af — 4a?c? + 3c* + Ac* In(a/c) Hu 
I? 8r (a2 — 22 
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CHAPTER 10 


10.1. In Fig. 10.4, let B = 0.2cos120at T, and assume that the conductor joining the two ends 
of the resistor is perfect. It may be assumed that the magnetic field produced by I(t) is 
negligible. Find: 

a) Vap(t): Since B is constant over the loop area, the flux is ® = 7(0.15)?B = 1.41 x 
107?cos120zt Wb. Now, emf = Via(t) = —d®/dt = (1207)(1.41 x 1072) sin 1207t. 
Then Valt) = — Vba (t) = —5.33 sin 120zt V. 





b) I(t) = Voa(t)/R = 5.33 sin(120zt) /250 = 21.3 sin(120at) mA 





10.2. In Fig. 10.1, replace the voltmeter with a resistance, R. 
a) Find the current J that flows as a result of the motion of the sliding bar: The current is 


found through 


Taking the normal to the path integral as a;, the path direction will be counter-clockwise 
when viewed from above (in the —a, direction). The minus sign in the equation indicates 
that the current will therefore flow clockwise, since the magnetic flux is increasing with 
time. The flux of B is ®,, = Bdvt, and so 


Miso NEUE 
Rd R 





(clockwise) 


b) The bar current results in a force exerted on the bar as it moves. Determine this force: 


d d 2,2 
B 
F= f1dbxB= [ tava, x Ba. = | RS decet 
ó doo R 








c) Determine the mechanical power required to maintain a constant velocity v and show 


that this power is equal to the power absorbed by R. The mechanical power is 





(Bdv)? 
Bac Fis W 
HE. 
The electrical power is 
B 2 
parro PU gu 





10.3. Given H = 300a, cos(3 x 105t — y) A/m in free space, find the emf developed in the general 


ag direction about the closed path having corners at 


a) (0,0,0), (1,0,0), (1,1,0), and (0,1,0): The magnetic flux will be: 


1 1 
b= ji f 300149 cos(3 x 10°t — y) dz dy = 3004o sin(3 x 10°t — y) lå 
0 0 


= 300,19 [sin(3 x 10°¢ — 1) — sin(3 x 10°¢)] Wb 
Then 


d® 
emf = E E —300(3 x 105) (4x x 1077) [cos(3 x 108¢ — 1) — cos(3 x 10°t)] 


= —1.13 x 10? [cos(3 x 10%t — 1) — cos(3 x 10°¢)] V 





b) corners at (0,0,0), (27,0,0), (27,27,0), (0,27,0): In this case, the flux is 
$ = 2r x 3001 sin(3 x 105t — y)[27 = 0 


The emf is therefore 0. 


10.4. Conductor surfaces are located at p = 1cm and p = 2cm in free space. The volume 1cm < 


p < 2cm contains the fields Hy = (2/p) cos(6 x 10°at — 272) A/m and E, = (2407/p) cos(6 x 
105zt — 272) V/m. 


a) Show that these two fields satisfy Eq. (6), Sec. 10.1: Have 


OE 27 (240 4807? 
vx B= ĈE ag = 200907) (s x 10°rt — 272) ay = T 
z 





sin(6 x 10°at — 272)a, 





'Then 
OB 2uo(6 x 108 
z = mex E ER e 
p 


S7 x 10-7\(6 x 108 4807? 
(87 x (6 x )r sin(6 x 105z1 — 212) = us sin(6 x 10571 — 272z) ag 
p 








b) Evaluate both integrals in Eq. (4) for the planar surface defined by ¢ = 0, 1cm < p < 2cm, 
0 « z « 0.1m, and its perimeter, and show that the same results are obtained: we take 
the normal to the surface as positive ag, so the the loop surrounding the surface (by the 
right hand rule) is in the negative a, direction at z — 0, and is in the positive a, direction 


at z — 0.1. Taking the left hand side first, we find 


01 
240 
fE - dL = f 2 cos(6 x 10571) a, - aj dp 
p 


.02 





02 
40 
+ f Se cos(6 x 10*zt — 27(0.1)) ap - ap dp 
01 P 


1 2 
= 2407 cos(6 x 10*zt) In (5) + 2407 cos(6 x 10571 — 0.27) In (1) 


= 240(In 2) [cos(6 x 108rt — 0.2m) — cos(6 x 10?1)] 


10.4b (continued). Now for the right hand side. First, 


0.1 p.02 7 
8 107 
fe dS = / (n Era —— — — cos(6 x 10°rt — 272) ag - ag dp dz 
01 


= f: (8r x 1077) In2 cos(6 x 105zt — 212) dz 
0 


= —4 x 107* In2 [sin(6 x 105 — 0.27) — sin(6 x 10?1)] 


Then 


—— | B-dS = 240n(In2) [cos(6 x 10°at — 0.27) — cos(6 x 10°xt)] (check) 


10.5. The location of the sliding bar in Fig. 10.5 is given by x = 5t + 2¢°, and the separation of the 
two rails is 20 cm. Let B = 0.8x2a, T. Find the voltmeter reading at: 
a) t= 0.4 s: The flux through the loop will be 


0.2 x 
0.16 0.16 
o= | f 0.8(z^)? da’ dy = 3 r? = 3 (5t + 209)? Wb 
o Jo 





emf — » = E at H23)? (5+6?) = —(0.16)[5(.4) +2(.4)°] [5 - 6(.4)?] = —4.32 V 





b) z — 0.6 m: Have 0.6 = 5t + 2, from which we find t = 0.1193. Thus 


emf = —(0.16)[5(.1193) + 2(.1193)3]?[5 + 6(.1193)?] = —.293 V 


10.6. A perfectly conducting filament containing a small 500-Q resistor is formed into a square, as 
illustrated in Fig. 10.6. Find I(t) if 
a) B = 0.3cos(120zt — 30?) a; T: First the flux through the loop is evaluated, where the 


unit normal to the loop is a;. We find 
ð= f B - dS = (0.3)(0.5)? cos(1207rt — 30°) Wb 
loop 


Then the current will be 


f 1d  (1207)(0.3)(0.2 
It) => i E i OS 5) ain(120mt — 30°) = 57 sin(120mt — 30°) mA 











b) B = 0.4cos[n(ct — y)] a; uT where c = 3 x 108 m/s: Since the field varies with y, the flux 


is now 
ig 0.2. : 
$-— B - dS = (0.5)(0.4) cos(ry — met) dy = Be [sin(zct — 7/2) — sin(mct)] «Wb 
loop 0 


The current is then 


emf 1d$ —0.2c¢ 
iG) a ee _ 
(0 R R dt 500 
—0.2(3 x 108 
= 220x) [sin(rct) — cos(rct)] pA = 120 [cos(rct) — sin(rct)] mA 





[cos(zct — 7/2) — cos(rct)] pA 





10.7. The rails in Fig. 10.7 each have a resistance of 2.2 Q/m. The bar moves to the right at a 
constant speed of 9 m/s in a uniform magnetic field of 0.8 T. Find I(t), 0 < t < 1 s, if the bar 
is at x = 2 m at t = 0 and 

a) a 0.3 Q resistor is present across the left end with the right end open-circuited: The flux 


in the left-hand closed loop is 
®, = B x area = (0.8)(0.2)(2 + 9t) 


Then, emf; = —dó;/dt = —(0.16)(9) = —1.44 V. With the bar in motion, the loop 
resistance is increasing with time, and is given by R(t) = 0.3-- 2[2.2(2 -- 9t)]. The current 


is now 


emf, —1.44 
I(t) = = 
(t) Ht) 9.14 39.6t 





Note that the sign of the current indicates that it is flowing in the direction opposite that 


shown in the figure. 


b) Repeat part a, but with a resistor of 0.3 Q across each end: In this case, there will be 
a contribution to the current from the right loop, which is now closed. The flux in the 


right loop, whose area decreases with time, is 
®, = (0.8)(0.2)[(16 — 2) — 9t] 
and emf, = —do,/dt = (0.16)(9) = 1.44 V. The resistance of the right loop is R,(t) = 


0.3 + 2[2.2(14 — 9t)], and so the contribution to the current from the right loop will be 


—1.44 


LOS 
W = Gr — 30.64 


10.7b (continued). The minus sign has been inserted because again the current must flow in the 


10.8. 


10.9. 


opposite direction as that indicated in the figure, with the flux decreasing with time. The 


total current is found by adding the part a result, or 


1 1 
61.9 — 39.6t a 9.1 + 39.6¢ 





Ir(t) = —144 





Fig. 10.1 is modified to show that the rail separation is larger when y is larger. Specifically, let 
the separation d = 0.2 + 0.02y. Given a uniform velocity v, = 8 m/s and a uniform magnetic 
flux density B, = 1.1 T, find Vis as a function of time if the bar is located at y = 0 at t = 0: 


'The flux through the loop as a function of y can be written as 
y f.24.02v' y 
ğ = fs -dS = i " 1.1 dz dy! = i 1.1(.2 + .02y’) dy’ = 0.22y(1 + .05y) 
o Jo 0 
Now, with y = vt = 8t, the above becomes ® = 1.76t(1 + .40t). Finally, 


dé 
Viz = —G = —1.76(1 + 800 V 





A square filamentary loop of wire is 25 cm on a side and has a resistance of 125 per meter 
length. The loop lies in the z = 0 plane with its corners at (0,0,0), (0.25,0,0), (0.25, 0.25, 0), 
and (0,0.25,0) at t = 0. The loop is moving with velocity v, = 50 m/s in the field B; = 
8cos(1.5 x 1052 — 0.5z) uT. Develop a function of time which expresses the ohmic power being 
delivered to the loop: First, since the field does not vary with y, the loop motion in the y 
direction does not produce any time-varying flux, and so this motion is immaterial. We can 


evaluate the flux at the original loop position to obtain: 


.25 .25 
(t) = | f 8 x 10 cos(1.5 x 10°t — 0.52) dx dy 
0 0 
= —(4 x 1079) [sin(1.5 x 10°¢ — 0.132) — sin(1.5 x 10°¢)] Wb 


Now, emf = V(t) = —d®/dt = 6.0 x 10? [cos(1.5 x 105t — 0.132) — cos(1.5 x 10°¢)], The total 
loop resistance is R = 125(0.25 + 0.25 + 0.25 + 0.25) = 125 Q. Then the ohmic power is 


V?(t 
P(t) = 1 Me 2.9 x 10? [cos(1.5 x 10°t — 0.13) — cos(1.5 x 10°t)] Watts 








10.10a. Show that the ratio of the amplitudes of the conduction current density and the displacement 
current density is o/we for the applied field E = Em coswt. Assume u = flo. First, D = 
cE = cE, coswt. Then the displacement current density is OD/Ot = —weEm sinwt. Second, 


Je = oE = a Eq coswt. Using these results we find |J.|/|Ja| = o/we. 


b. What is the amplitude ratio if the applied field is E = E,,e~*/7, where 7 is real? As before, 
find D = «E = <b ye" and so Jj = OD/OL = —(e/r)E e "7. Also, Je = ohne". 
Finally, |J.|/|Ja| = o7/e. 


10.11. Let the internal dimension of a coaxial capacitor be a = 1.2 cm, b = 4 cm, and l = 40 cm. 
The homogeneous material inside the capacitor has the parameters e = 1071! F/m, u = 107? 
H/m, and ø = 10^? S/m. If the electric field intensity is E = (10°/p) cos(10?t)a, V/m, find: 
a) J: Use 
J = oE = | — | cos(10°t)a, A/m 
p 





b) the total conduction current, Ie, through the capacitor: Have 


P TE - dS = 2nplJ = 20nl cos(10°t) = 87 cos(10°t) A 


c) the total displacement current, Ja, through the capacitor: First find 


| 0D 2d os UO CU TO CIU S) eaten rer an 
Ja= «me 5; CE) = 2 sin(10?t)a, — - HUM t) A/m 





Now 


Iq = 2nplJa = —2nlsin(10°t) = —0.87 sin(10?t) A 





d) the ratio of the amplitude of I4 to that of Te, the quality factor of the capacitor: This will 


be 
Hal 0.8 
= —=0.1 
4. | 8 





10.12. Show that the displacement current flowing between the two conducting cylinders in a lossless 
coaxial capacitor is exactly the same as the conduction current flowing in the external circuit 
if the applied voltage between conductors is Vo cos wt volts. 


From Chapter 7, we know that for a given applied voltage between the cylinders, the 


electric field is 


|. Vo cos et 
-~ pln(b/a) 


'Then the displacement current density is 


€Vo cos wt 2 
D = ———— 
a, V/m => PIENE a, C/m 


OD  —weVosinwt E 
Ot . pln(b/a) ^ 





Over a length £, the displacement current will be 





I J OD OD 2rblweVosinwt dV 
d= = = 


ur d RM CC NT ae 


where we recall that the capacitance is given by C = 2re£l/ ln(b/a). 


10.13. Consider the region defined by |z|, |y|, and |z| < 1. Let e. = 5, ur = 4, and ec = 0. If 
Ja = 20cos(1.5 x 108¢ — bx)a, uA /m?; 
a) find D and E: Since Ja = 0D/Ot, we write 


20 x 10-6 
D= | Jadt+C = ———— 
f quem 1.5 x 108 


= 1.33 x 107 P sin(1.5 x 10°t — bx)a, C/m? 


sin(1.5 x 10° — bx)a, 





where the integration constant is set to zero (assuming no dc fields are present). Then 


D 1.33 x 1078 
TaS 1075 sin(1.5 x 10°t — br)ay 


= 3.0 x 10^? sin(1.5 x 10°¢ — bx)a, V/m 








b) use the point form of Faraday's law and an integration with respect to time to find B and 


H: In this case, 
9E, -3 8 
VxE= On oe = —b(3.0 x 107?) cos(1.5 x 10°¢ — br)a, = ——— 
z 


Solve for B by integrating over time: 


b(3.0 x 107°) 


B= 
1.5 x 108 


sin(1.5 x 108¢ — bx)a, = (2.0)b x 10 !! sin(1.5 x 105t — br)a, T 





10.13b (continued). Now 
B (2. 1071 
H=- = ‘ o ~ L sin(1.5 x 108¢ — br)a, 
n T 


= (4.0 x 10 S9)bsin(1.5 x 105t — br)a, A/m 








c) use V x H = Ja + J to find Ja: Since o = 0, there is no conduction current, so in this 


case 
oH, 


VxH-- 
= Ox 





ay = 4.0 x 10790? cos(1.5 x 108¢ — bx)a, A/m? = Ja 





d) What is the numerical value of b? We set the given expression for Jq equal to the result 


of part c to obtain: 


20 x 107 = 4.0 x 107°O? = b=V5.0m7! 


10.14. A voltage source, Vo sinwt, is connected between two concentric conducting spheres, r = a 
and r = b, b > a, where the region between them is a material for which € = €,€9, u = Ho, and 
c = 0. Find the total displacement current through the dielectric and compare it with the 
source current as determined from the capacitance (Sec. 5.10) and circuit analysis methods: 


First, solving Laplace’s equation, we find the voltage between spheres (see Eq. 20, Chapter 








7): 
(1/r) es: a 
V(t) = Vo sin wt 
(1/a) — (1/b) 
'Then 
Vo sin wt €,.€o Vo Sin wt 
E = — = — mn ar D = — 8 
VE AI m r31/a — 1/0)" 
Now 
deo OD _ €,€9wVo cos wt 
4 "Ot r2(1/a— 1/6)” 
The displacement current is then 
4m€,.€guw Vo cos wt dV 
I; = 4rr? Ja = = 
ie eae a dt 


where, from Eq. 47, Chapter 5, 
4T €,.€0 


(1/a — 1/b) 


The results are consistent. 


10.15. Let u 2 3x 107? H/m, e = 1.2x 1071? F/m, and o = 0 everywhere. If H = 2cos(101?t — 8x)a; 
A/m, use Maxwell's equations to obtain expressions for B, D, E, and £: First, B = uH = 
6 x 107? cos(101?t — Bxr)a, T. Next we use 





OH ; OD 
VxH= — By By = 28 sin(10'°t — Bray = yo 
from which 
D- fæ sin(1019t — Bx) dt + C = s cos(1019t — 83)a, C/m? 





where the integration constant is set to zero, since no dc fields are presumed to exist. Next, 








D 20 10 10 
i 2x10- 000) cos(10 t — Baja, 678 cos(10 Bx)ay V/m 
Now 
OE. OB 
VxE= As = 1.676? sin(10'?t — 8x)a, = zs 
So 


B=- I 1.676? sin(10'?t — 8z)a;dt = (1.67 x 1019)? cos(10"°t — 8z)a; 


We require this result to be consistent with the expression for B originally found. So 





(1.67 x 1071°)8? 26x10? = jf = 600 rad/m 


10.16. Derive the continuity equation from Maxwell’s equations: First, take the divergence of both 


sides of Ampere’s circuital law: 


V.VxH-V.J4 2v.D- v.j4 9e 
es Ot Ot 


0 


=0 








where we have used V - D = p,, another Maxwell equation. 


10.17. The electric field intensity in the region 0 < x < 5,0 < y < 7/12, 0 < z < 0.06 m in free 
space is given by E = C'sin(12y) sin(az) cos(2 x 101^?) a, V/m. Beginning with the V x E 
relationship, use Maxwell's equations to find a numerical value for a, if it is known that a is 


greater than zero: In this case we find 


OE, os OE, 
Oz " Oy 


= C [asin(12y) cos(az)a, — 12 cos(12y) sin(az)a;] cos(2 x 10191) = 


VxE= 








az 


E 
ot 


10.17 (continued). Then 


1 
0 
C ‘ : : 10 
= “Tala x 100 [asin(12y) cos(az)ay — 12 cos(12y) sin(az)a,] sin(2 x 10 ^t) A/m 
Ho 


where the integration constant, C1 = 0, since there are no initial conditions. Using this result, 


we now find 











ðH, ƏH; C(144+a°) . . ; 10 dD 
V x H = | oy — BE | y= ~ uo(2 x 1020) sin(12y) sin(az) sin(2 x 10 t) ar = OL 
Now 
D 1 C(144+a7) , 10 
E= E = i x H dt + Cə = Tol x 10192 sin(12y) sin(az) cos(2 x 10 ^t) az 


where C$ — 0. This field must be the same as the original field as stated, and so we require 


that 
C(14 a?) — 
Hoco(2 x 1010)2 


Using Lo€o = (3 x 108)~?, we find 








10.18. The parallel plate transmission line shown in Fig. 10.8 has dimensions b — 4 cm and d — 8 
mm, while the medium between plates is characterized by ur = 1, e, = 20, and e = 0. Neglect 
fields outside the dielectric. Given the field H = 5cos(10?t — 8z)a, A/m, use Maxwell’s 
equations to help find: 

a) B, if 8 » 0: Take 








H, OE 
VxH- E = —50 sin(10?t — 8z)a, = 20e9 — 
Oz Ot 
So 
—58 " 9 B 9 
= 10°t — 8z)a, dt = ——~—— cos(10?t — Bz)az 
E 20e; sin(10*t — 8z)a; dt (Ax 1096; cos(10 8z)a 
'Then 
OF, a : 9 oH 
yos go M Gye Press Cu c 
So that 
H- » — P sin(10?t — Gz)a, dt = Lo ui cos(10°t — Bz) 
(4 x 10?)19€o (4 x 1018) p0€o 


= 5cos(10°t — Bz)ay 


10.18a (continued) where the last equality is required to maintain consistency. Therefore 


B? 


EE = = 14.9 m^! 
(4x 1015); pl 


b) the displacement current density at z = 0: Since ø = 0, we have 


V x H = J4 = —5fsin(10?t — 8z) = —74.5sin(10°t — 14.9z)a, 


= —74.5sin(10°t)a, A/m at z = 0 





c) the total displacement current crossing the surface x = 0.5d, 0 < y < b, and 0 < z < 0.1 


m in the a, direction. We evaluate the flux integral of Jq over the given cross section: 





0.1 
Ia = -n f sin(10°t — 14.92) a; - az dz = 0.20 [cos(10?t — 1.49) — cos(10°t)] A 
0 


10.19. In the first section of this chapter, Faraday's law was used to show that the field E — 


—ikBo petag results from the changing magnetic field B = Boeta, 


a) 


Show that these fields do not satisfy Maxwell's other curl equation: Note that B as stated 
is constant with position, and so will have zero curl. The electric field, however, varies 
with time, and so V x H = ap would have a zero left-hand side and a non-zero right-hand 


side. The equation is thus not valid with these fields. 


If we let Bo = 1 T and k = 10° s~!, we are establishing a fairly large magnetic flux 
density in 1 us. Use the V x H equation to show that the rate at which B, should (but 
does not) change with p is only about 5 x 1079 T/m in free space at t = 0: Assuming 


that B varies with p, we write 








x Op ag tg dp € €0 aL 9 €0 ope 
Thus 
dBo 1 Lo! Gl 
2 — uo€ok? p Bo = ( o- = 5.6 x 10-55 


dp 2 2(3 x 108) 


which is near the stated value if p is on the order of 1m. 


10.20. Point C'(—0.1, —0.2, 0.3) lies on the surface of a perfect conductor. The electric field intensity 
at C is (500a, — 300a, + 600a;) cos 10"? V/m, and the medium surrounding the conductor is 
characterized by ur = 5, e, = 10, anda = 0. 

a) Find a unit vector normal to the conductor surface at C, if the origin lies within the 
conductor: At t = 0, the field must be directed out of the surface, and will be normal to 
it, since we have a perfect conductor. Therefore 


| *E(t — 0)  5a,-—3a,- 6a; 
[E(t = 0)| V25 +9 + 36 








n = 0.60a; — 0.36a, + 0.72a; 





b) Find the surface charge density at C: Use 
ps = D: n| surface = 10€o [500a, — 300a, + 600a. cos(107t) - [.60a, — .36a, + .72a,] 
= 10e [300 + 108 + 432] cos(107t) = 7.4 x 1078 cos(107t) C/m? 


= 74c0s(10"t) nC/m? 





10.21. a) Show that under static field conditions, Eq. (55) reduces to Ampere’s circuital law. First 


use the definition of the vector Laplacian: 
V?A—--VxVx A-V(V-. A) = -uJ 


which is Eq. (55) with the time derivative set to zero. We also note that V - A — 0 in steady 
state (from Eq. (54)). Now, since B = V x A, (55) becomes 


-VxB--yJj > VxH=J 


b) Show that Eq. (51) becomes Faraday’s law when taking the curl: Doing this gives 
ð 
MS MN aN RA 


The curl of the gradient is identially zero, and V x A= B. We are left with 


V x E = —0B/0t 


10.22. In a sourceless medium, in which J — 0 and p, — 0, assume a rectangular coordinate system in 
which E and H are functions only of z and t. The medium has permittivity e and permeability 
u. (a) If E = Ezar and H = H,a,, begin with Maxwell's equations and determine the second 
order partial differential equation that E, must satisfy. 


First use 
ðB 0E, __ OH, 
at ag T P 








VxE= a 


y 


in which case, the curl has dictated the direction that H must lie in. Similarly, use the 


other Maxwell curl equation to find 


— aD OH, ôE, 
veS > Taz as = E-a 





Now, differentiate the first equation with respect to z, and the second equation with 


respect to t: 
8? E, OH, 


E OH, OR, 
az tae 


0z:0t | — OB 








and 


Combining these two, we find 
OE, OPE, 
02  "' gg 








b) Show that E, = Eo cos(wt — 8z) is a solution of that equation for a particular value of 8: 


Substituting, we find 


9? E, 
Oz? 








OPE, 
= — 8? Eg cos(wt — Bz) and pe = —w* uc Eo cos(wt — Bz 
Ot? 


These two will be equal provided the constant multipliers of cos(wt — Gz) are equal. 


c) Find f as a function of given parameters. Equating the two constants in part b, we find 


B = wy pE. 


10.23. In region 1, z < 0, € = 2 x 1071! F/m, uj = 2x 1076 H/m, and cı = 4 x 107? S/m; in 
region 2, z > 0, e? = €1/2, jg = 214, and og = 21/4. It is known that E; = (30a, + 20a, + 
10a;) cos(10?t) V/m at P1(0,0,0- ). 


a) Find Ey;, En, Dyni, and Da: These will be 


Ex; = 10cos(10?t)a; V/m En = (30a; + 20a,) cos(10?t) V/m 








Dy; = ce Ey; = (2 x 107'')(10) cos(10%t)a, C/m? = 200cos(10?2)a, pC/m? 





10.23a (continued). 


Da = «E; = (2 x 107)(30a, + 20a,) cos(10°t) = (600a, + 400a,) cos(10?t) pC/m? 





b) Find Jy; and Jy; at Py: 


Jni = 01En1 = (4 x 107°) (10 cos(10%t) a, = 40 cos(10°t)a, mA/m? 





Ja = 1 En = (4 x 107)(30a, + 20a,) cos(10?t) = (120a, + 80a,) cos(10°t) mA/m? 





c) Find Ey, Diz, and Jig at P,: By continuity of tangential E, 


E = E; = (30a, + 20a,) cos(10?t) V/m 





Then 


Dig = €2Ey2 = (107'")(30a, + 20a,) cos(10?t) = (300a, + 200a,) cos(10?t) pC/m? 





Ji = 02E,2 = (10?) (30a, + 20a,) cos(10?t) = (30a, + 20a,) cos(10?t) mA/m? 





d) (Harder) Use the continuity equation to help show that Jy1 — Jy» = ODN2/O0t — ODN, /Ot 
and then determine Ey2, D ys, and Jy»: We assume the existence of a surface charge layer 
at the boundary having density p, C/m?. If we draw a cylindrical “pillbox” whose top and 
bottom surfaces (each of area Aa) are on either side of the interface, we may use the continuity 
condition to write 

| Ops 


— Aa = A 
(Jno Jn1) a at a 





where p, = Dy» — Dy. Therefore, 
ð 
Ini — JN2-— a (Pre — Dy1) 
t 
In terms of the normal electric field components, this becomes 
ð 
oi Eni — 02ENn2 = g En — €,En1) 


Now let Enz = Acos(10?t) + B sin(10°t), while from before, Ey; = 10 cos(10?t). 


10.23d (continued) 
'These, along with the permittivities and conductivities, are substituted to obtain 
(4 x 10~*)(10) cos(10°t) — 10 ?[A cos(10?t) + B sin(10?t)] 


— E [107 [A cos(10?t) + B sin(10?t)] - (2x 10- (10) cos(10?1)] 


= —(10 2? Asin(10?t) + 10? B cos(10?t) + (2 x 1071) sin(10?t) 


We now equate coefficients of the sin and cos terms to obtain two equations: 
4 x 107? — 107°A = 107?B 


—107B = —107? A + 2 x 107! 


These are solved together to find A = 20.2 and B = 2.0. Thus 


Ey; = [20.2 cos(10?t) + 2.0sin(10?t)] a, = 20.3 cos(10°t + 5.6°)a, V/m 





Then 
D n2 = €2En2 = 203 cos(10°t + 5.6°)a, pC/m? 





and 


Jn2 = 02E y2 = 20.3cos(10?t + 5.6°)a, mA/m? 





10.24. In a medium in which p, = 0, but in which the permittivity is a function of position, determine 
the conditions on the permittivity variation such that 


a) V-E=0: We first note that V - D = 0 if p, = 0, where D = cE. Now 
V.D - V. EE Ve- eV-E-0 
or 
V.E 4 E. =p 
€ 


We see that V. E = 0 if Ve = 0. 


b) V- E = 0: From the development in part a, V - E will be approximately zero if Ve/e is 
negligible. 


10.25. In a region where ur = €r = 1 and o = 0, the retarded potentials are given by V = z(z — ct) 
V and A = 2|(z/c) — tla, Wb/m, where c = 1/4/no€o. 


a) Show that V - A = —pe(OV/Ot): 





First, 
0A; 
V.A-— om e = 24/1100 
Second, 
OV T 
€: CLS 





Ot / Hoe 
so we observe that V-A = —j19€9(OV/0t) in free space, implying that the given statement 


would hold true in general media. 


b) Find B, H, E, and D: 














Use 
OA; z 
B=VxA=-—*a,=(t-“)a,T 
Then 
B 1 z 
H= = t A 
Ho Ho ( 3 num 
Now, 
OA 
E--VV or (z — ct)a; — za; + za; = (ct — z)a, V/m 
'Then 


D = e9E = eo(ct — z)a, C/m? 





c) Show that these results satisfy Maxwell's equations if J and p, are zero: 
i. V-D=V-e9(ct — z)a, = 0 
ii V.B-V-(t—z/c)a, =0 
iii. 


OH. 1 
V x H =- a, = —a, = aP 





which we require to equal 0D /0t: 


10.25c (continued). 








iv. 
OE, 
VxE= 5; ty 78 
which we require to equal —OB/Ót: 
OB A 
ot 1 


So all four Maxwell equations are satisfied. 


10.26. Let the current J = 80t A be present in the a, direction on the z axis in free space within the 
interval —0.1 « z « 0.1 m. 


a) Find A; at P(0,2,0): The integral for the retarded vector potential will in this case assume 


[49 80(t — R/c) 
A = e — iR 2 dz 


the form 


where R = Vz? + 4 and c = 3 x 108 m/s. We obtain 


d —6 
1 d 8 x 10 x: 
dz| = 8 x 10 9tIn(z + V z2 + 4 — -z 
rr: az- f [e | = 3x 108 `|- 
— 8x10 8In 1+ v4.01 
—.l4 v4.01 


_ 80 
A, m: 











vm 0.53 x 10714 = 8.0 x 1077t — 0.53 x 10714 


So finally, A = [8.0 x 1077t — 5.3 x 1075] a; Wb/m. 





b) Sketch A, versus t over the time interval —0.1 < t < 0.1 us: The sketch is linearly increasing 
with time, beginning with A, = —8.53 x 10714 Wb/m at t = —0.1 us, crossing the time axis 
and going positive at t = 6.6 ns, and reaching a maximum value of 7.46 x 10714 Wb/m at 


t — 0.1 us. 


CHAPTER 12 


12.1. Show that E,, = Ac/*o**? is a solution to the vector Helmholtz equation, Sec. 12.1, Eq. (30), 
for ko = w4/noeo and any ¢ and A: We take 


d? : : 
<a Ac? — (kg) Agere = kg Ens 


12.2. A 100-MHz uniform plane wave propagates in a lossless medium for which e, = 5 and p, = 1. 
Find: 
a) Up: Up = e] 6 = 3 x 10 /V5 = 1.34 x 108 m/s. 
b) 8: B = w/vp = Cr x 108)/(1.34 x 108) = 4.69 m~t. 
c) à: A= 27/6 = 1.34 m. 
d) E,: Assume real amplitude Eo, forward z travel, and x polarization, and write 
E, = Eo exp(—j8z)az = Eo exp(—j4.69z) a, V/m. 





e) H,: First, the intrinsic impedance of the medium is n = no/Vé = 377/V5 = 169 Q. 
Then H, = (Eo/1) exp(—j8z) ay = (£0 /169) exp(—j4.69z) ay A/m. 


f) < S >= (1/2)Re (E, x Hz] = (E2/337) a, W/m? 








12.3. An H field in free space is given as H(x, t) = 10cos(105t — Bx)a, A/m. Find 
a) 8: Since we have a uniform plane wave, 3 = w/c, where we identify w = 10? sec ^ !. Thus 
B = 108/(3 x 108) = 0.33 rad/m. 
b) A: We know à = 27/0 = 18.9 m. 


c) £(z,t) at P(0.1,0.2,0.3) at t = 1 ns: Use E(x, t) = -n H (x,t) = — (377) (10) cos(105t — 
Bx) = —3.77 x 10? cos(108t — Bx). The vector direction of E will be —a;, since we require 
that S = E x H, where S is z-directed. At the given point, the relevant coordinate is 
x — 0.1. Using this, along with t = 107? sec, we finally obtain 


E(z,t) = —3.77 x 10? cos[(105) (107?) — (0.33)(0.1)]a; = —3.77 x 10? cos(6.7 x 10 ?)a, 
= —3.76 x 109a, V/m 





12.4. Given £(z,t) = Ege? sin(wt — 8z)as, and n = |n|e/?, find: 
a) E,: Using the Euler identity for the sine, we can write the given field in the form: 


j(wt-B2) _ e eot Bz) T 
Elz, t) = Loe E 5 : fy = cce eura t c.c. 
J 





We therefore identify the phasor form as E,(z) = —jEoe-??e?* a, V/m. 





b) H,: With positive z travel, and with E, along positive z, H, will lie along positive y. 
Therefore H, = —j Eo/|n| e^ ^*e779*e73? a, A/m. 


e) <S>: 





2 


E; 
< S >= (1/2)Re(E, x HZ} = Jrj e 7°? cos da, W/m? 





12.5. A 150-MHz uniform plane wave in free space is described by H, = (4+ j10) (2a, + ja,)e 7?* 
A/m. 


a) Find numerical values for w, A, and (3: First, w = 27x150x109 = 3m x 108 sec ^1. Second, 
for a uniform plane wave in free space, \ = 2rc/w = c/f = (3 x 105)/(1.5 x 108) = 2m. 
Third, 8 = 27/A = 1 rad/m. 


b) Find H(z,t) at t= 1.5 ns, z = 20 cm: Use 
H(z,t) = Re(H,e/^*) = Re{(4 + j10)(2a, + jay)(cos(wt — Bz) + j sin(wt — Bz)} 
= [8 cos(wt — Gz) — 20sin(wt — Gz)] a; — [10 cos(wt — Bz) + 4sin(wt — 82)] ay 
. Now at the given position and time, wt — Gz = (3m x 105)(1.5 x 107°) — m (0.20) = 7/4. 
And cos(7/4) = sin(1/4) = 1/4/2. So finally, 


1 
H(z = 20cm, t = 1.5ns) = ——z (12a, + 14a,) = —8.5a, — 9.9a, A/m 


/2 





c) What is |E|maz? Have |E|maz = 70|H|maz, where 





|H | max = VHs: Hz = [4(4 + j10)(4 — j10) + (7) (—§)(4 + 710) (4 — j10)]? = 24.1 A/m 
Then |E|maz = 377(24.1) = 9.08 kV /m. 


12.6. A linearly-polarized plane wave in free space has electric field given by 
E(z,t) = (25a, — 30a;) cos(wt — 50y) V/m. Find: 
a) w: In free space, B = ko = w/c w = 50c = 50 x 3 x 108 = 1.5 x 1019 rad/s. 
b) E, = (25a, — 30a,) exp(—j50y) V/m. 
c) H,: We use the fact that each to component of Es, there will be an orthogonal H, 
component, oriented such that the cross product of E, with H, gives the propagation 
direction. We obtain 














1 : 
H, = —— (25a, + 30a,) e715% 
no 


1 1 
d) <S >= 5 Re{E, x Hz] = a, Re (5a; — 30a;) x (—25a, — 30a,)} 
no 


= xm [(25)? + (30?] a, = 2.0a, W/m? 





12.7. The phasor magnetic field intensity for a 400-MHz uniform plane wave propagating in a 
certain lossless material is (2a, — j5a,)e~/?°* A/m. Knowing that the maximum amplitude 
of E is 1500 V/m, find 8, n, A, Up, Er, Ur, and H(z, y, z, t): First, from the phasor expression, 
we identify 3 = 25 m^! from the argument of the exponential function. Next, we evaluate 
Ho = |H| = VH - H* = V2? +5? = 29. Then 7 = Eo/ Ho = 1500/4/29 = 278.5 Q. Then 
A= 20/8 = 20/25 = .25 m = 25 cm. Next, 





w 2r x 400 x 10° 
B 25 





Up = = 1.01 x 108 m/s 
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12.7. (continued) Now we note that 
n-22785-2377,| 5 - "T0546 
Er Er 


vp = 1.01 x 10° = 


And 





=> Ure, = 8.79 
Lr€r 


We solve the above two equations simultaneously to find e, = 4.01 and u, = 2.19. Finally, 
Hí(z, y, 2,t) = Re { (2a, — j5a,)e ??9* ei" | 
= 2cos(2m x 400 x 109t — 25x)a, + 5sin(2m x 400 x 10°t — 25z)a, 
= 2cos(8m x 10°t — 25x)a, + 5sin(8m x 10°t — 25z)a, A/m 





12.8. Let the fields, £(z,t) = 1800cos(10’at — 8z)a, V/m and H(z,t) = 3.8cos(10'mt — 8z)a, 
A/m, represent a uniform plane wave propagating at a velocity of 1.4 x 108 m/s in a perfect 
dielectric. Find: 

a) B = w/v = (1071)/(1.4 x 108) = 0.224m7?. 
b) à= 27/8 = 2r /.224 = 28.0 m. 
c) 7 = |E|/|H| = 1800/3.8 = 474Q. 

) 


d) ur: Have two equations in the two unknowns, ur and e: 7 = Noy Hr/€r and B = 
W,/Ur€r/c. Eliminate e, to find 





© 


[Bep]?  [(224)8 x 108)(474)]? — 
E m | aom) | —» 


e) ej = ur (no/m)? = (2.69) (377/474)? = 1.70. 


12.9. A certain lossless material has uy = 4 and e, = 9. A 10-MHz uniform plane wave is propagating 
in the a, direction with Ezo = 400 V/m and Eyo = Ezo = 0 at P(0.6,0.6,0.6) at t = 60 ns. 


a) Find B, A, vp, and 7: For a uniform plane wave, 


Qn x 107 


a (4)(9) = 0.47 rad/m 


B = w/e Ec = HrEr = 
Then A = (27)/8 = (21)/(0.41) = 5 m. Next, 


w Qn x 107 
Up B 4r x 1071 5 x 107 m/s 


3 4 
n= JE - mf -sry = 2510 
€ Er 9 
3 





Finally, 


b) Find E(t) (at P): We are given the amplitude at t — 60 ns and at y — 0.6 m. Let the 
maximum amplitude be Emaz, so that in general, E, = Emax cos(wt — By). At the given 
position and time, 


E, = 400 = Emaz cos[(2m x 10")(60 x 107°) — (4r x 1071)(0.6)] = Emax cos(0.967) 
= —0.99Emaz 


So Emax = (400)/(—0.99) = —403 V/m. Thus at P, E(t) = —403 cos(2r x 107t) V/m. 





c) Find H(t): First, we note that if E at a given instant points in the negative x direction, 
while the wave propagates in the forward y direction, then H at that same position and 
time must point in the positive z direction. Since we have a lossless homogeneous medium, 
1] is real, and we are allowed to write H(t) = E(t)/n, where n is treated as negative and 
real. Thus 


E,(t) | —403 


= cos(2 x 1077t) = 1.61 cos(2m x 1077t) A/m 
n —-—25l 











12.10. In a medium characterized by intrinsic impedance n = |7]|e/?, a linearly-polarized plane wave 
propagates, with magnetic field given as H, = (Hoya, + Hozaz) e 9*e-JÓv Find: 


a) E,: Requiring orthogonal components of E, for each component of H,, we find 
E, = Inl [Hoz ay — Hoy az] e 2T e j8* ej? 


b) £(z,t) = Re {Eset} = |n| [Hoz ay — Hoy az] e ** cos(wt — Bx + 4). 
c) H(x,t) = Re(H,e/*'*) = [Hoy ay + Hoz az] e ?^* cos(wt — Bx). 


1 1 
d) <S >= 5 Re{E, x H;) = zl [Hoy + H$,] e~7°* cos $a W/m? 


12.11. A 2-GHz uniform plane wave has an amplitude of Ey o = 1.4 kV/m at (0,0,0,t = 0) and is 
propagating in the a, direction in a medium where e” = 1.6 x 1071! F/m, e = 3.0 x 10H 
F/m, and u = 2.5 uH/m. Find: 


a) Ey at P(0,0, 1.8cm) at 0.2 ns: To begin, we have the ratio, €"/e& = 1.6/3.0 = 0.533. So 








2.5 x 10-5)(3.0 x 10-11 1/2 
= Qn x2x 10°),/ wee ue E [vi | (533)? — 1| = 28.1 Np/m 
Then 
1/2 


j 2 
fes ES. ie (2) +1} =112rad/m 
Thus in general, 
Ey(z,t) = 1.4e 79-1 cos(4m x 10?t — 1122) kV/m 
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2.11a. (continued) Evaluating this at t — 0.2 ns and z — 1.8 cm, find 


E,(1.8cm,0.2ns) = 0.74 kV/m 


b) Hz at P at 0.2 ns: We use the phasor relation, Hys = —Ey,/r) where 











1 2.5 x 10-6 1 
q-4/ 5 = -o = 263 + j65.7 = 271 14° Q 
€ J/1 — j(e"/e) 3.0 x 107^ 4/1 — 7(.533) 
So now 
H= Eys — (4x LU ovp ese = —5.16e 2515-122 4-314? A Jm 
n 271ej14? 
'Then 


H,,(z,t) = —5.16e 79^ cos(4m x 107 °t — 112z — 14?) 
This, when evaluated at t = 0.2 ns and z = 1.8 cm, yields 


H,(1.8 cm, 0.2ns) = —3.0 A/m 


12.12. The plane wave E, = 300e-F** a, V/m is propagating in a material for which u = 2.25 wH/m, 
€ = 9 pF/m, and e” = 7.8 pF/m. If w = 64 Mrad/s, find: 
a) a: We use the general formula, Eq. (35): 











— (64 x 5/838 Z mE e) [vi - (867)? — 1 T _ 0.116 Np/m 


b) 8: Using (36), we write 
1/2 
ne! e" 2 
B=w 1+ (5) +1 = .311 rad/m 
E Eee fict 
c) vp = w/8 = (64 x 109)/(811) = 2.06 x 108 m/s. 
d) A = 21/8 = 2n/(.311) = 20.2 m. 
e) n: Using (39): 
| [Hu 1 _ [2.25 x 10-6 1 

7 Ve 4/1 — jle" fe) 9x1071? ,/1 — j(.867) 

f) H,: With E, in the positive y direction (at a given time) and propagating in the positive 


x direction, we would have a positive z component of H,, at the same time. We write 
(with jk = a+ jp): 


= 407 + j152 = 434.5e726 Q, 








E, 300 
Hor et ! 
n" T 434.5e738* 


— 0.69e 1162, j.3llze 3363 A/m 


IRE a = (.69e-9*e-7J076-3.3604. 
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2.12g) 


12.13. 


E(3,2,4, 10ns): The real instantaneous form of E will be 
E(z, y, z,t) = Re (E,e/^*) = 300e~°* cos(wt — Bx)a, 


Therefore 


E(3, 2,4, 10ns) = 300e 190? cos((64 x 109)(1075) — .311(3)]a, = 203 V/m 


Let jk = 0.2 + j1.5 m^! and ņ = 450 + j60 © for a uniform plane wave propagating in the a, 


direction. If w = 300 Mrad/s, find u, €', and €": We begin with 











u 1 : 
= = 450 + j60 
77 Ne Ane) f 
and 
jk = jo ue V1 — j(e"/e€) = 0.2 + j1.5 
Then 1 
" H , . 5 
= = (450 + j60)(450 — 760) = 2.06 x 10 
m = oF r ETT ( j60)( j60) 
and 


(jk)(Gk)* = w ue 4/1 + (e"/e)2? = (0.2 + j1.5)(0.2 — j1.5) = 2.29 
Taking the ratio of (2) to (1), 


(Gjk)(jk)* 2f X2 H4 Q2 2.29 —5 
a uw" (e) ( t(eée) ) 3.06 x 108 x 
Then with w = 3 x 108, 
1.11 x 107? 1.23 x 10 7 





(€) = G3 1092 0: (676) U eA 


Now, we use Eqs. (35) and (36). Squaring these and taking their ratio gives 


o?  Jl-c(e/2)? (032) 





8 IFC Q3» 





We solve this to find €" /c' = 0.271. Substituting this result into (3) gives € = 1.07 x 10- 
F/m. Since e"/& = 0.271, we then find e” = 2.90 x 1071? F/m. Finally, using these results in 


either (1) or (2) we find u = 2.28 x 10 9 H/m. Summary: u = 2.28 x 10 9 H/m, 





e = 1.07 x 1071! F/m, and €! = 2.90 x 1071? F/m. 








12.14. A certain nonmagnetic material has the material constants e. = 2 and &"/& = 4 x 1074 at 
w — 1.5 Grad/s. Find the distance a uniform plane wave can propagate through the material 
before: 

a) it is attenuated by 1 Np: First, e” = (4 x 10*)(2)(8.854 x 1071?) = 7.1 x 107° F/m. 
Then, since €"/& << 1, we use the approximate form for o, given by Eq. (51) (written 
in terms of e"): 


4 1.5 x 109)(7.1 x 10715 
a UE p (15x 0*)(T.1 x 10 ) 377 _ 142 x 10-3 Np/m 


2 e 2 V2 


The required distance is now zı = (1.42 x 1073)~! = 706 m 





b) the power level is reduced by one-half: The governing relation is e7?®%1/2 = 1/2, or 
21/2 = In2/2a = ln 2/2(1.42 x 1073) = 244 m. 


c) the phase shifts 360°: This distance is defined as one wavelength, where À = 27/6 
= (2nc)/ (v4 €.) = [2(3 x 105)]/[(1.5 x 109)4/2] = 0.89 m. 


12.15. A 10 GHz radar signal may be represented as a uniform plane wave in a sufficiently small 
region. Calculate the wavelength in centimeters and the attenuation in nepers per meter if 
the wave is propagating in a non-magnetic material for which 

a) €. = 1 and €! = 0: In a non-magnetic material, we would have: 








5 1/2 
_ | Ho€0€;- ee 
a=W 5 14 x 1 
and 
5 1/2 
/ LA 
Bau 1+ (=) #1 
Er 
With the given values of €, and e”, it is clear that 86 = wj/uoeo = w/c, and so 


A = 27/B = 2nc/w = 3 x 1019/1019 = 3 cm. It is also clear that a = 0. 
b) €. = 1.04 and e” = 9.00x 1074: In this case €//&. << 1, and so B = w4/el./c = 2.13 cm. 
Thus A = 27/8 = 2.95 cm. Then 


we” fu  we;/Hoto w e; . 2m x10!9 (9.00 x 1077) 
2Ve — 2 jd ee 2x3x105 104 
= 9.24 x 10? Np/m 








a= 





2.15c) 


12.16. 


12.17. 


el = 2.5 and €! = 7.2: Using the above formulas, we obtain 


1/2 
25 x 1019 4/2. u^ 
B= ars 2 i (s ) F1 = 4.71 cm7! 
(3 x 1010) V2 2.5 


and so A = 27/8 = 1.33 cm. Then 





1/2 


Qn x 101/25 (97d 
uae i ) 1| =335 Np/m 
(3x 105) 2 25 SEV ANDA 





The power factor of a capacitor is defined as the cosine of the impedance phase angle, and 
its Q is wCR, where R is the parallel resistance. Assume an idealized parallel plate capacitor 
having a dielecric characterized by c, €', and up. Find both the power factor and Q in terms 
of the loss tangent: First, the impedance will be: 


= R (sic) 1-jReC _ ,1-jQ 


R4 (e) ~ T+ (RwC)? TFQ 





Now R = d/(cA) and C = «A/d, and so Q = we'/o = 1/I.t. Then the power factor is 
P.F = cos[tan-! (-Q)] = 1/4/1 + Q?. 


Let 7 = 250+ j30 Q and jk = 0.2 + j2m-^! for a uniform plane wave propagating in the a, 
direction in a dielectric having some finite conductivity. If | E;| = 400 V/m at z = 0, find: 
a) < S > at z = 0 and z = 60 cm: Assume z-polarization for the electric field. Then 


1 1 . 400 f 
<S>= jRe {E, x H*} — 5 Re [4006795675 x Te tela, | 
1 2,—2oz 1 4,—2(0.2)z 1 
= z (400) e Re 4 — p az = 8.0 x 10°e “Re 4 —— — pa, 
n 


250 — j30 
= 315e 720-27 a, W/m? 


Evaluating at z = 0, obtain < S > (z = 0) = 315a, W/m’, 
and at z = 60 cm, P; av(z = 0.6) = 315e720-2)0-63_ = 248a, W/m?. 

b) the average ohmic power dissipation in watts per cubic meter at z — 60 cm: At this point 
a flaw becomes evident in the problem statement, since solving this part in two different 
ways gives results that are not the same. I will demonstrate: In the first method, we use 


Poynting’s theorem in point form (first equation at the top of p. 366), which we modify 
for the case of time-average fields to read: 


-V. < S >=< J-E > 


where the right hand side is the average power dissipation per volume. Note that the 
additional right-hand-side terms in Poynting’s theorem that describe changes in energy 
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stored in the fields will both be zero in steady state. We apply our equation to the result 
of part a: 


d 
«J.E2--V.«82-—4315 e 20-27 — (0.4)(315)e- 709-27 = 126e7%4 W/m? 
Z 


At z = 60 cm, this becomes < J - E >= 99.1 W/m?. In the second method, we solve for 
the conductivity and evaluate < J.-E >= o < E? >. We use 


jk = jwr/ pel A — j(e"/e) 





and 





EM I 
d rem 


ik n 
IE ge j-i (G) = jue n 
T) t 


Identifying o = we", we find 


jk 0.2 + j2 E 
= Re 4 — > = Re 4 ————- 9» = 1.74 x 10° S 
j ea} {ae} 2 d 


We take the ratio, 


Now we find the dissipated power per volume: 
1 
pe E? >= 1.74 x 107° (5) (400e~°-27)" 


At z = 60 cm, this evaluates as 109 W/m?. One can show that consistency between the 
two methods requires that 
1 
Re{ = b= x 
n* 2a 


This relation does not hold using the numbers as given in the problem statement and the 
value of o found above. Note that in Problem 12.13, where all values are worked out, the 
relation does hold and consistent results are obtained using both methods. 


12.18. Given, a 100MHz uniform plane wave in a medium known to be a good dielectric. The phasor 
electric field is E, = 4e-05*7e-J20*a. V/m. Not stated in the problem is the permeabil- 
ity, which we take to be uo. Also, the specified distance in part f should be 10m, not 1km. 
Determine: 


a) €: As a first step, it is useful to see just how much of a good dielectric we have. We use 
the good dielectric approximations, Eqs. (60a) and (60b), with o = we". Using these, we 
take the ratio, 8/o, to find 


8 20 _ wpe [i + (1/8)(e"/e?"] _ (S) 1 C) 


a 05 we" 2) Jule 


This becomes the quadratic equation: 








12.18a (continued) The solution to the quadratic is (€”/e’) = 0.05, which means that we can neglect 
the second term in Eq. (60b), so that 8 = w/e’ = (w/c) Ve. With the given frequency of 
100 MHz, and with u = po, we find /e. = 20(3/2m) = 9.55, so that € = 91.3, and finally 
e = eleo = 8.1 x 1071 F/m. 


b) e”: Using Eq. (60a), the set up is 


we" fu 2(0.5) Je 1078 = 
zb Ex ese Oe = v91.3 = 4.0 x 1071! F 
x 2 Ve E 7226 x108V u — 20377) a un 














c) n: Using Eq. (62b), we find 


>. fu doe 377 
=,//|14 = 1 + j.025) = (39.5 + 70.99) oh 
n | i5(5)| Tora | j.025) = (39.5 + j0.99) ohms 


d) H,: This will be a y-directed field, and will be 
ES 4 
¥ — (39.5 + j0.99) 








H, = 





e 0-57 oJ 202 ac 0.101e 9:54 673202 9 —30.025 ay A/m 





e) < S >: Using the given field and the result of part d, obtain 


(0.101)(4) 
2 


1 
< S >= 3Re(E, x Hj] = e^ 700-5)? cos(0.025) a, = 0.202e 77 a, W/m? 





f) the power in watts that is incident on a rectangular surface measuring 20m x 30m at 
z = 10m (not 1km): At 10m, the power density is < S >= 0.202e7'° = 9.2 x 1076 W/m?. 
The incident power on the given area is then P = 9.2 x 1076 x (20)(30) = 5.5 mW. 


12.19. Perfectly-conducting cylinders with radii of 8 mm and 20 mm are coaxial. The region between 
the cylinders is filled with a perfect dielectric for which e = 107°? /4r F/m and ur = 1. If E in 
this region is (500/p) cos(wt — 4z)a, V/m, find: 

a) w, with the help of Maxwell’s equations in cylindrical coordinates: We use the two curl 
equations, beginning with V x E = —0B/0dt, where in this case, 
OE, 2000 OB, 











VxE= 5:97 sin(wt — 4z)ag = — 5, 86 
En 2000 2000 
B = | sin(wt — 4z)dt = cos(wt — Az) T 
p wp 
Tae B 2000 
H = t cos(wt — 4z) A/m 





Ho (4r x 1077)wp 
We next use V x H = 0D/0t, where in this case 
9H, 1 0(pH,) 
ap 
Oz p Op 
where the second term on the right hand side becomes zero when substituting our Hg. 


VxH= 





az 














So 
OH» 8000 aD, 
Vx H= 5; Ae Gap sin(wt — 4z)a, = Fae 
And 
8000 8000 
i / (4n x 1077)up e) (47 x 10-7)w2p a 
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12.19a. (continued) Finally, using the given e, 


D, 8000 
E, = "m (10-15),25 cos(wt — 4z) V/m 





'This must be the same as the given field, so we require 


8000 500 
(10-1520 — p 





=> w-—4x 108 rad/s 


b) Hí(p, z,t): From part a, we have 


2000 


H(p,z,t) = — ——— ——— 
OR ES IUS yu 


4.0 
cos(wt — 4z)ag = — cos(4 x 105t — 4z)ay A/m 
p 





c) S(p, ó, z): This will be 


500 4.0 
S(p, ¢,z) = Ex H = — cos(4 x 105t — 4z)a, x — cos(4 x 108¢ — 4z)ag 
p p 


2.0 x 1078 
———— E 


5 s?(4 x 105t — 4z)a, W/m? 
p 





d) the average power passing through every cross-section 8 < p « 20 mm, 0 « ó « 2m. 
Using the result of part c, we find < S >= (1.0 x 10%)/p?a, W/m?. The power through 


the given cross-section is now 


20 .020 
1. 1 2 
p= f F a us pdpdó = 2 x 10° m (2) = cria 
008 





12.20. If E, = (60/r) sin 0 e 7?" ag V/m, and H, = (1/4rr) sin 8 e71?" ag A/m in free space, find the 
average power passing outward through the surface r = 10°, 0 < 0 < 7/3, and 0 < ¢ < 2m. 


15 sin? 0 


1 
S >= —Re{E, x H*} = 
ee 2 PEKE] 2nr? 


a, W/m? 


Then, the requested power will be 


» is 7/3 
o= f i; 15 sin? 0 a, - a, r? sin 6d0do = i5 f sin? 0 d 
0 


2g? 


1 7/3 25 
E18 (-5 cos O(sin? 0 + 2) : 








Note that the radial distance at the surface, r = 10° m, makes no difference, since the power 


density dimishes as 1/r?. 
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12.21. The cylindrical shell, 1 cm į p į 1.2 cm, is composed of a conducting material for which o = 10° 
S/m. The external and internal regions are non-conducting. Let Hy = 2000 A/m at p = 1.2 
cm. 


a) Find H everywhere: Use Ampere’s circuital law, which states: 
jn - dL = 2mp(2000) = 2n(1.2 x 1072)(2000) = 48x A = Lenci 


Then in this case 


I 48 
= az = 
Area (1.44 — 1.00) x 107 ga 








= 1.09 x 109a, A/m’ 


With this result we again use Ampere’s circuital law to find H everywhere within the 
shell as a function of p (in meters): 


27 
54.5 
H(p) = T aA 1.09 x 10° pdpd¢ = —-(10*5? — 1) A/m (.01 < p < .012) 
TP 01 p 





Outside the shell, we would have 


487 
Hg2(p) = Fr 24/p A/m (p .012) 





Inside the shell (p < .01 m), Hy = 0 since there is no enclosed current. 


b) Find E everywhere: We use 


J 1.09 x 108 
E= a 108 a, =1.09a, V/m 





which is valid, presumeably, outside as well as inside the shell. 


c) Find S everywhere: Use 


54.5 
P =E x H = 1.09a, x ——(10*p” — 1) ag 
p 


594 
T ——(10*p? —1)a, W/m? (.01 < p < .012 m) 





Outside the shell, 


24 26 
S=1.09a, x — aş = —-— a, W/m? (p> .012m) 
p p 
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12.22. The inner and outer dimensions of a copper coaxial transmission line are 2 and 7 mm, respec- 
tively. Both conductors have thicknesses much greater than 6. The dielectric is lossless and 
the operating frequency is 400 MHz. Calculate the resistance per meter length of the: 

a) inner conductor: First 


1 1 
"e Vmfuc  /m(4x 108)(4m x 10-7)(5.8 x 107) 














= 3.3 x 107 t= 3.3um 


Now, using (70) with a unit length, we find 


1 1 
2racó  2r(2 x 10-3)(5.8 x 107)(3.3 x 1076) 








Rin = = 0.42 ohms/m 


b) outer conductor: Again, (70) applies but with a different conductor radius. Thus 


2 
Rout = S Ha ad er 


n 7 (0.42) = 0.12 ohms/m 


c) transmission line: Since the two resistances found above are in series, the line resistance 
is their sum, or R = Rin + Rout = 0.54 ohms/m. 


12.23. A hollow tubular conductor is constructed from a type of brass having a conductivity of 
1.2 x 10" S/m. The inner and outer radii are 9 mm and 10 mm respectively. Calculate the 
resistance per meter length at a frequency of 

a) de: In this case the current density is uniform over the entire tube cross-section. We 


write: y i 
Ride) = 717 (13 x 10 2013 — 0095] zc MED 








b) 20 MHz: Now the skin effect will limit the effective cross-section. At 20 MHz, the skin 
depth is 


6(20MHz) = [af uoo] t? = [n(20 x 109) (4x x 1077)(1.2 x 107)]|-1/? = 3.25 x 107? m 


'This is much less than the outer radius of the tube. Therefore we can approximate the 
resistance using the formula: 


L 1 1 
cA 2rbô (1.2 x 107)(27(.01))(3.25 x 10-5) 











R(20MHz) = 4.1 x 107? Q/m 





c) 2 GHz: Using the same formula as in part b, we find the skin depth at 2 GHz to be ô = 
3.25 x 107 m. The resistance (using the other formula) is R(2GHz) = 4.1 x 107! Q/m. 
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12.24a. Most microwave ovens operate at 2.45 GHz. Assume that o = 1.2 x 109 S/m and pu, = 500 
for the stainless steel interior, and find the depth of penetration: 


1 1 
— vVmfuo — (245 x 109) (4x x 10-7)(1.2 x 10%) 














= 9.28 x 10 m = 9.28um 


b) Let E, = 50/0? V/m at the surface of the conductor, and plot a curve of the amplitude 
of E, vs. the angle of E, as the field propagates into the stainless steel: Since the 
conductivity is high, we use (62) to write a= B= yr fue = 1/8. So, assuming that the 
direction into the conductor is z, the depth-dependent field is written as 


E,(z) = 50e-*e-J9* = 50e77/9e-32/? = 50 exp(—2/9.28) exp(—j z/9.28) 
—— SS 


amplitude angle 


where z is in microns. Therefore, the plot of amplitude versus angle is simply a plot of 
e * versus x, where x = z/9.28; the starting amplitude is 50 and the 1/e amplitude (at 
z = 9.28 um) is 18.4. 


12.25. A good conductor is planar in form and carries a uniform plane wave that has a wavelength 
of 0.3 mm and a velocity of 3 x 10? m/s. Assuming the conductor is non-magnetic, determine 
the frequency and the conductivity: First, we use 


v 3x10 
aa aa 
Next, for a good conductor, 
À 1 Am Am 





=> 0 





= = 1.1 x 10° S/m 


Vs Jaf uo ~ Afu (9 x 10-8)(109) (4m x 10-7) 


12.26. The dimensions of a certain coaxial transmission line are a = 0.8mm and b = 4mm. The outer 
conductor thickness is 0.6mm, and all conductors have ø = 1.6 x 10" S/m. 
a) Find R, the resistance per unit length, at an operating frequency of 2.4 GHz: First 


1 1 


TUE Vn (2.4 x 108) (4x x 10-7)(1.6 x 107) 





= 2.57 x 10 m = 2.57um 





Then, using (70) with a unit length, we find 


1 1 


Rin = m 
2macó  2n(0.8 x 10-3)(1.6 x 107) (2.57 x 10-5) 





— 4.84 ohms/m 


The outer conductor resistance is then found from the inner through 


0.8 
5 Rin = 4 48) — 0.97 ohms/m 


The net resistance per length is then the sum, R = Rin + Rout = 5.81 ohms/m. 
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12.26b. Use information from Secs. 6.4 and 9.10 to find C and L, the capacitance and inductance per 
unit length, respectively. The coax is air-filled. From those sections, we find (in free space) 
2meg  2n(8.854 x 10-1?) 
In(b/a) - In(4/.8) 
4v x 1077 
b RE ct NN 
in(b/a) = = ~— 


c) Find a and B if a i = J jo C(R + jo L): Taking real and imaginary parts of the given 


expression, we find 


C= = 3.46 x 10! F/m 








In(4/.8) = 3.22 x 10" H/m 











1/2 
Ta 2 
a=Ref ORE july} = 907 (5) -1 
and 
5 1/2 
LC R 
6 =Im{ jeC(R + D) = 77 14 (4) -1 


These can be found by writing out a = Re { jwC(R + jeL)] = (1/2), jo C(R + j«L4] 
c.c., where c.c denotes the complex conjugate. The result is squared, terms collected, and 


the square root taken. Now, using the values of R, C, and L found in parts a and b, we 
find a = 3.0 x 107? Np/m and f = 50.3 rad/m. 





12.27. The planar surface at z = 0 is a brass-Teflon interface. Use data available in Appendix C to 
evaluate the following ratios for a uniform plane wave having w = 4 x 101? rad/s: 

a) QTef/Qbrass: From the appendix we find &"/e = .0003 for Teflon, making the material a 

good dielectric. Also, for Teflon, €. = 2.1. For brass, we find ø = 1.5 x 10’ S/m, making 

brass a good conductor at the stated frequency. For a good dielectric (Teflon) we use the 


approximations: 
co fu e 1 x dg e. e 
a= = wA ue = = | — ] —r/e 
2Ve e 2 H 2 Xe Joe. sn 


web (mots 


For brass (good conductor) we have 








a = ems HE) (4 x 1019) (4x x 10-7)(1.5 x 107) = 6.14 x 10° m^! 














Now 
ane _ V2" /&) (e/o Je _ (1/2)(.0008)(4 x 10/3 x 19) 93... o-s 
OC brass u V T f UO brass i 6.14 " 10? 
b) 
Aet = (27 / Pref) E Obese = Cy T f HO brass = (3 x 10°) (6.14 X 10°) —3.2x 103 


Abrass i (297 Braga) i Bret UA €. Tet (4 x 1019)/2.1 
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12.27. (continued) 


c) 
UTef - (w/ Bret) = brads 


Ubrass (w/Bbrass) 2 Pret 





= 3.2 x 10° as before 


12.28. A uniform plane wave in free space has electric field given by E, = 10e~/"a, + 15e 2*3, 
V/m. 


a) Describe the wave polarization: Since the two components have a fixed phase difference 
(in this case zero) with respect to time and position, the wave has linear polarization, 
with the field vector in the yz plane at angle ó = tan 1 (10/15) = 33.7? to the y axis. 





b) Find H,: With propagation in forward x, we would have 


—10 _, 15 
H, = ——e "a, + — 


mao A/m = —26.5e J?" a, + 39.8e 79a, mA/m 





c) determine the average power density in the wave in W/m?: Use 


1 [ (10)? (15)? 
3| 377 ae + “gyr ®e | = 043a W/m? or Pavg = 0.43 W/m? 





1 
Pavg = jHe {E; x Hý} = 


12.29. Consider a left-circularly polarized wave in free space that propagates in the forward z direc- 
tion. The electric field is given by the appropriate form of Eq. (100). 
a) Determine the magnetic field phasor, Hs: 
We begin, using (100), with E, = Eo(a, + jay)e 777. We find the two components of 
H, separately, using the two components of E,. Specifically, the x component of E, is 
associated with a y component of H,, and the y component of E, is associated with a 
negative r component of H,. The result is 


no 


H, (ay — jaz) e I8z 





b) Determine an expression for the average power density in the wave in W/m? by direct 
application of Eq. (77): We have 


1 1 "E 
Pg 5 Re«(E, x H:) = j Re (E. + jay)e 9% x PS a pa) 
0 
2 
= 2a, W/m? (assuming Ey is real) 
no 
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12.30. The electric field of a uniform plane wave in free space is given by E, = 10(a; + ja,)e 790v, 
Determine: 


a) 


b) 


f: From the given field, we identify 6 = 50 = w/c (in free space), so that f = w/2r = 
50c/27 = 2.39 GHz. 

H;: Each of the two components of E, must pair with a magnetic field vector, such that 
the cross product of electric with magnetic field gives a vector in the positive y direction. 
'The overall magnitude is the electric field magnitude divided by the free space intrinsic 
impedance. Thus 


10 | 
c NE — 4 —350y 
s 377 (az jaz) € 
1 1 
«S >= 5Re(E, x Hi} = kM [laca E S an ty = 027a, W/m? 


Describe the polarization of the wave: This can be seen by writing the electric field in 
real instantaneous form, and then evaluating the result at y = 0: 


E(0, t) = 10 [cos(wt) a; — sin(wt) az] 


At t = 0, the field is entirely along z, and then acquires an increasing negative x com- 
ponent as t increases. The field therefore rotates clockwise in the y = 0 plane when 
looking back toward the plane from positive y. Since the wave propagates in the positive 
y direction and has equal x and z amplitudes, we identify the polarization as left circular. 


12.31. A linearly-polarized uniform plane wave, propagating in the forward z direction, is input to a 
lossless anisotropic material, in which the dielectric constant encountered by waves polarized 
along y (ery) differs from that seen by waves polarized along x (€,z). Suppose e; = 2.15, 
€ry = 2.10, and the wave electric field at input is polarized at 45° to the positive x and y axes. 
Assume free space wavelength A. 


a) 


Determine the shortest length of the material such that the wave as it emerges from the 
output end is circularly polarized: With the input field at 45°, the x and y components are 
of equal magnitude, and circular polarization will result if the phase difference between 
the components is 7/2. Our requirement over length L is thus 6,L — 8,L = 1/2, or 


T TC 
T= = 


2(B. — By) — 2w( fev — Very) 


With the given values, we find, 





58.3 x 
jo 1996 2r MER 
2w 4 


Will the output wave be right- or left-circularly-polarized? With the dielectric constant 
greater for z-polarized waves, the x component will lag the y component in time at the out- 
put. The field can thus be written as E = Eo(a, — jas), which is left circular polarization. 
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12.32. Suppose that the length of the medium of Problem 12.31 is made to be twice that as determined 
in the problem. Describe the polarization of the output wave in this case: With the length 
doubled, a phase shift of 7 radians develops between the two components. At the input, we 
can write the field as E,(0) = Eo(a; + ay). After propagating through length L, we would 
have, 

E,(L) = Egle 2" a, + e Buha | — Ege Ps, [az + eI By— Baba | 


where (By — 8,)L = —T (since B; > By), and so E,(L) = Ege 38s. [az — ay]. With the reversal 
of the y component, the wave polarization is rotated by 90°, but is still linear polarization. 

12.33. Given a wave for which E, = 15e^7?*a, + 18e J97eJ6a, V/m, propagating in a medium 
characterized by complex intrinsic impedance, n. 


a) Find H,: With the wave propagating in the forward z direction, we find: 


1 
H, = — [-18e/?a, + 15ay] e 7?* A/m 
n 





b) Determine the average power density in W/m?: We find 


1 1 15)? 18)? 1 
Binge dete pen ML cse tcm 
, g 9 S 2 n* n* n* 








12.34. Given the general elliptically-polarized wave as per Eq. (93): 
E, = [E;oa; + Eyoe/?a,]e 9” 


a) Show, using methods similar to those of Example 12.7, that a linearly polarized wave 
results when superimposing the given field and a phase-shifted field of the form: 


E, = [E084 + Eyoe )?a,]e 707039 
where ô is a constant: Adding the two fields gives 


Es; tot 2 [Exo (1 EE e?) ar + Eyo (et? + e 4% i?) a, | e I82 


E, 0/5/2 Cas js gp a, + Eje)? (ere Jy g] ay | e7397 
2 cos(ô/2) 2 cos($—6/2) 


This simplifies to Estot = 2[E;ocos(0/2)a, + Eyo cos(¢ — 6/2)a,] e/?/2e-38*. which is 
linearly polarized. 


b) Find 6 in terms of ¢ such that the resultant wave is polarized along x: By inspecting the 
part a result, we achieve a zero y component when 26 — 6 = « (or odd multiples of 7). 
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CHAPTER 13 


13.1. 


13.2. 


13.3. 


A uniform plane wave in air, Ej; = Ejj9cos(10!?t — Bz) V/m, is normally-incident on a 
copper surface at z — 0. What percentage of the incident power density is transmitted into 
the copper? We need to find the reflection coefficient. The intrinsic impedance of copper (a 
good conductor) is 


ia coppa = pd a GC = (1 + j) (0104) 














Note that the accuracy here is questionable, since we know the conductivity to only two 
significant figures. We nevertheless proceed: Using no = 376.7288 ohms, we write 
| Ne= No _ .0104 — 376.7288 + 7.0104 — 
— mec mo — 0104 + 376.7288 + j.0104 





.9999 + 7.0001 





Now |T|? = .9999, and so the transmitted power fraction is 1 — ||? = .0001, or about 0.01% 
is transmitted. 


The plane z = 0 defines the boundary between two dielectrics. For z < 0, e = 5, €/, = 0, 
and u1 = uo. For z > 0, els = 3, €^; = 0, and po = uo. Let EÑ = 200 cos(wt — 152) V/m and 
find 


a) w: We have B = w/e, = w/e.4/c = 15. So w = 15c/A/e., = 15 x (3 x 108)/V5 = 
2.0 CIUS 


b) < Sf >: First we need m = Vuo/e, = m/e = 377/V5 = 169 ohms. Next 
we apply Eq. (76), Chapter 12, to evaluate the Poynting vector (with no loss and 
consequently with no phase difference between electric and magnetic fields). We find 
< St >= (1/2)| F1]? /m az = (1/2)(200)?/169 a; = 119a; W/m?. 


c) < 8, >: First, we need to evaluate the reflection coefficient: 
pos 710/ vV €, — No/ V € » Ve — V 6a = v5 — v3 = 0.13 
m+m mo/w/€s o/N/€a Verte. — V9 V3 
Then < S1 >= -|T? < Sf >= -(0.13)?(119) a, = —2.0a; W/m?. 











d) « Sj »: This will be the remaining power, propagating in the forward z direction, or 
< Sj »— 117a; W/m?. 


A uniform plane wave in region 1 is normally-incident on the planar boundary separating 
regions 1 and 2. If e/ = €; = 0, while e} = y3, and €. = u32, find the ratio €4/€., if 20% of 
the energy in the incident wave is reflected at the boundary. There are two possible answers. 
First, since ||? = .20, and since both permittivities and permeabilities are real, T = +0.447. 
we then set up 








Tb dde Uae ee nov (Hr2/€,2) = mo (Mri [ 64) 
mo cU no (ura/ 6,5) + tlo/ (rr 64) 
V2] $5) — v (Hri ] uo.) Hri — uro 
V (tr2/ pea) + (usi / u) Hri n 




















) 
) 


13.3. (continued) Therefore 








mo 140.447 Á ix 
E = (0.382,2.62) > 2 = (5 2) = (0.056, 17.9) 
Lr 1+ 0.447 ea Uri Au 





13.4. A 10-MHz uniform plane wave having an initial average power density of 5W /m? is normally- 
incident from free space onto the surface of a lossy material in which «4 /e, = 0.05, eo = 5, 
and u2 = Uo. Calculate the distance into the lossy medium at which the transmitted wave 
power density is down by 10dB from the initial 5W /m?: 


First, since e4/e, = 0.05 << 1, we recognize region 2 as a good dielectric. Its intrinsic 
impedance is therefore approximated well by Eq. (62b), Chapter 12: 








1d] 37 
M e rei 2 = ug [ + 40.025 


The reflection coefficient encountered by the incident wave from region 1 is therefore 


— 377/4/5)|1 + j.025] — 3 1 — V5) + 7.02 
judice ENS OO E 55355 018 
"2c — (377/V/5)[1 + 3.025] +377 (14+ V5) + 7.025 








The fraction of the incident power that is reflected is then |['|? = 0.147, and thus the 
fraction of the power that is transmitted into region 2 is 1 — |T|? = 0.853. Still using the 
good dielectric approximation, the attenuation coefficient in region 2 is found from Eq. 
(60a), Chapter 12: 


4 377 
a= 222. [P9 — (2m x 107)(0.05 x 5 x 8.854 x 10712) ŻE = 2.34 x 107? Np/m 
2 5 2/5 


Now, the power that propagates into region 2 is expressed in terms of the incident power 
through 


< So > (z) = 5(1— |T])e72 = 5(.853)e 2234x102 — 9.5 W/m? 
in which the last equality indicates a factor of ten reduction from the incident power, as 
occurs for a 10 dB loss. Solve for z to obtain 


In(8.53) 


a. TR 
77 22.34 x 10-2) >u 





13.5. The region z < 0 is characterized by €. = up = 1 and €! = 0. The total E field here is given 
as the sum of the two uniform plane waves, E, = 150e 7!?* a, + (50/20?)e?!97 a, V/m. 
a) What is the operating frequency? In free space,  — kg = 10 = w/c = w/3 x 105. Thus, 
w = 3 x 10°? s71, or f = w/27 = 4.7 x 108 Hz 








b) Specify the intrinsic impedance of the region z > 0 that would provide the appropriate 
reflected wave: Use 


E, — 50e% 1 a - 
= = =e 20314 011-2 1 


T= 
Eine 150 3 n + no 





13.5 (continued) Now 


14T 1 +0.31 + j0.11 
=p ( — ) =377 = 691+ 5177 Q 
ae ( ) (5 Um As) NUES e 





c) At what value of z (—10cm < z < 0) is the total electric field intensity a maximum 
amplitude? We found the phase of the reflection coefficient to be o = 20? = .349rad, and 
we use 


—ó —.349 
mar = = = * 1 = =f 
Z = 28 = py 0.017m = 7cm 





13.6. Region 1, z < 0, and region 2, z > 0, are described by the following parameters: e, = 100 
pF/m, mı = 25 „H/m, ef = 0, e = 200 pF /m; u2 = 50 uH/m, and-e2/e, = 0.5. If 
Ej = 5e7®? cos(4 x 10?t — 81z)a, V/m, find: 
a) ay: As €! = 0, there is no loss mechanism that is modeled (see Eq. (44), Chapter 12), 
and so o4 = 0. 


b) £4: Since region 1 is lossless, the phase constant for the uniform plane wave will be 





Bı = wy/ me} = (4 x 109) /(25 x 10-9)(100 x 10-12) = 200 rad/m 


c) < ST >: To find the power density, we need the intrinsic impedance of region 1, given by 


m 25 x 10-6 
m= a ~ V i00x 10-2 oe 


Then the incident power density will be 








1 
dg ue pii n ul cb amu 
2m 600 ETUR 


d) < Si >: To find the reflected power, we need the intrinsic impedance of region 2. This 
is found using Eq. (48), Chapter 12: 


1 _ | 50x 10-9 1 
1— j(Z) V 200 x10712? /1— 705 








1 = = 460 + 7109 ohms 


Then the reflection coefficient at the 1-2 boundary is 


p. mam _ 460 + 109—500 _ 
~ a+ 460+ 4109+500 — 








0.028 + j0.117 


The reflected power fraction is then |T|? = 1.44 x 107?. 
Therefore < S; >= — < Sf > ||? = -0.36a, mW/m?. 





13.6e) < Sj >: We first need the attenuation coefficient in region 2. This is given by Eq. (44) in 


13.7. 


Chapter 12, which in our case becomes 


1/2 
ves s 2 


1 =6 2 1 —12 1/2 
= (4 x 10%) |E ` en £ ? [12-035 — 1]? = 97.2 Np/m 





Now 


< Sf >=< Sf > (1 — |F?) e727 = 25(0.986)e 207-27 a, = 24767 1947 a, mW /m? 





Note the approximately 1 cm penetration depth. 


The semi-infinite regions z < 0 and z > 1 m are free space. For 0 < z < 1 m, e, = 4, ur = 1, 
and e” = 0. A uniform plane wave with w = 4 x 10? rad/s is travelling in the a, direction 
toward the interface at z — 0. 
a) Find the standing wave ratio in each of the three regions: First we find the phase constant 
in the middle region, 





= eve = eN 2.67 rad/m 


Bo c 3x108 


Then, with the middle layer thickness of 1 m, God = 2.67rad. Also, the intrinsic 
impedance of the middle layer is n2 = no/4/€ = no/2. We now find the input impedance: 








= 231 + j141 


€ no cos( Bod) + jnz p | 377 Es + jsin(2.67) 


* | n2 cos(Bad) + jno sin(G2d)| ^ 2 |cos(2.67) + j2sin(2.67) 





Now, at the first interface, 


Toy = fin =o _ 231 + j141 377 _ 
"^ tin ee. ON XIÓlq377 





.176 + 7.273 = .325/123? 


The standing wave ratio measured in region 1 is thus 


1+ [T 1+ 0.32 
FUEL. EUST ge 
1— |Fi2|} 0:328 





$1 


In region 2 the standing wave ratio is found by considering the reflection coefficient for 
waves incident from region 2 on the second interface: 


no —no/2_ 1-1/2 1 








jp m = = 
7 not no/2 14+1/2 3 
Then iers 
S2 = / =2 
1-333 


Finally, s3 = 1, since no reflected waves exist in region 3. 
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13.7b. 


13.8. 


13.9. 


Find the location of the maximum |E| for z < 0 that is nearest to z = 0. We note that the 
phase of Ty. is 6 = 123° = 2.15 rad. Thus 


| 0-6 2.15 — 
Tee 39 COS) 





lm 





A wave starts at point a, propagates 100m through a lossy dielectric for which a = 0.5 Np/m, 
reflects at normal incidence at a boundary at which I = 0.3 + j0.4, and then returns to point 
a. Calculate the ratio of the final power to the incident power after this round trip: Final 
power, Py, and incident power, P;, are related through 


P 
ae teen 8 T = |0.3 + j0.4[2e 40-9100 — 3.5 x 197 88(1) 
Try measuring that. 
Region 1, z < 0, and region 2, z > 0, are both perfect dielectrics (u = jo, €" = 0). A 
uniform plane wave traveling in the a, direction has a radian frequency of 3 x 10!? rad/s. Its 
wavelengths in the two regions are A; = 5 cm and Az = 3 cm. What percentage of the energy 


incident on the boundary is 
a) reflected; We first note that 


2 2 
27c 2nc 
€4 = (=) and €» = (=) 


Therefore €&4/€.4 = (A2/A1)?. Then with u = pọ in both regions, we find 





p= _ "o 1/6, — tio 1/6, 2 Veale = = (A2/A1) - 1 
m+m moyVl/és-mwyl/e,  veBd,-1  (à2/à1) +1 
Jed. pee d 


ee 3+5 4 











The fraction of the incident energy that is reflected is then |T|? = 1/16 = 6.25 x 1072. 


b) transmitted? We use part a and find the transmitted fraction to be 
1 — |T|? = 15/16 = 0.938. 


c) What is the standing wave ratio in region 1? Use 





1-4Jr 1+1/4 5 
(JE) EE 3 == 


13.10. In Fig. 13.1, let region 2 be free space, while urı = 1, €/, = 0, and €, is unknown. Find c4 if 
a) the amplitude of Ej is one-half that of Ej: Since region 2 is free space, the reflection 
coefficient is 


p Erl _ mom —mo—te/ve _ v6 a) 1 pha 


— = E = Er 
[ET| "om to/eri vei+1 2 : 











b) < S, > is one-half of < ST >: This time 


2 























Jen =i 1 
[rp = X dy = 34 
Ven t1 2 
c) |Ey|min is one-half |E;|,,4,: Use 
Eb: Js 1 Eres 
IEilnaz 1| =s= + | | 2 Ir DL — MEL > eae 
[Ez |i [= IT] 3 Er] e 1 


13.11. A 150 MHz uniform plane wave in normally-incident from air onto a material whose intrinsic 
impedance is unknown. Measurements yield a standing wave ratio of 3 and the appearance of 
an electric field minimum at 0.3 wavelengths in front of the interface. Determine the impedance 
of the unknown material: First, the field minimum is used to find the phase of the reflection 
coefficient, where 

1 
Zmin = -zg + T) = —03A > $-—02m 
where 8 = 27/X has been used. Next, 

E 





ir] =< = 5 = 
s+1 341 2 

So we now have 
T — 0,5e/027 — "Tu — "lo 
Nu zr To 


We solve for n, to find 
Nu = No(1.70 + 71.33) = 641 + 7501 Q 


13.12. A 50MHz uniform plane wave is normally incident from air onto the surface of a calm ocean. 
For seawater, c = 4 S/m, and e, = 78. 
a) Determine the fractions of the incident power that are reflected and transmitted: First 
we find the loss tangent: 


c 4 


we’ 2n(50 x 10®)(78)(8.854 x 10-12) 





This value is sufficiently greater than 1 to enable seawater to be considered a good con- 
ductor at 50MHz. Then, using the approximation (Eq. 65, Chapter 11), the intrinsic 
impedance is n, = \/amfu/o(1+ j), and the reflection coefficient becomes 





r= vnfu/a (+i) — no 
"fu/a (1+ 3) t io 
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13.12 (continued) where J/z fu/o = \/7(50 x 109)(4x x 10-7)/4 = 7.0. The fraction of the power 
reflected is 








P. in? = [vafa — nol? +rfulo _ [7.0-3777 +49.0 _ 94, 
Fi [Vfu/e ug]? --»fu/jo [7.0 +3772 --490 ~~ 


The transmitted fraction is then 


Fi 2 
— =1-|r|* = 1 — 0.93 = 0.07 
= =1- [T 


1 


b) Qualitatively, how will these answers change (if at all) as the frequency is increased? 
Within the limits of our good conductor approximation (loss tangent greater than about 
ten), the reflected power fraction, using the formula derived in part a, is found to decrease 
with increasing frequency. The transmitted power fraction thus increases. 


13.13. A right-circularly-polarized plane wave is normally incident from air onto a semi-infinite slab 
of plexiglas (ej. = 3.45, e! = 0). Calculate the fractions of the incident power that are reflected 
and transmitted. Also, describe the polarizations of the reflected and transmitted waves. First, 
the impedance of the plexiglas will be n = ņno/v 3.45 = 203 Q. Then 


2203 3T. 


= ————2 = —0.30 
203 + 377 


The reflected power fraction is thus |]? = 0.09. The total electric field in the plane of 
the interface must rotate in the same direction as the incident field, in order to continu- 
ally satisfy the boundary condition of tangential electric field continuity across the interface. 
Therefore, the reflected wave will have to be left circularly polarized in order to make this 





happen. The transmitted power fraction is now 1 — |T|? = 0.91. The transmitted field will be 
right circularly polarized (as the incident field) for the same reasons. 





13.14. A left-circularly-polarized plane wave is normally-incident onto the surface of a perfect con- 


ductor. 
a) Construct the superposition of the incident and reflected waves in phasor form: Assume 
positive z travel for the incident electric field. Then, with reflection coefficient, T 2 —1, 


the incident and reflected fields will add to give the total field: 


E;,; = E; + E, = Eo(a; + jay)e ??* — Eg(as + gage 


= Eo (e 96 — eB) as +j (e 96 — eB) zl = 2E, sin( 6z) [ay — jaz] 
1 





—2jsin(Bz) —2j sin(Bz) 


b) Determine the real instantaneous form of the result of part a: 


E(z,t) = Re [Ere] = 2E, sin(Gz) [cos(wt)a, + sin(wt)a;] 





c) Describe the wave that is formed: This is a standing wave exhibiting circular polarization 
in time. At each location along the z axis, the field vector rotates clockwise in the zy 
plane, and has amplitude (constant with time) given by 2 Eo sin(@z). 


T 


13.15. Consider these regions in which e” = 0: region 1, z < 0, uj = 4uH/m and e, = 10 pF/m; 
region 2, 0 < z < 6 cm, u2 = 2uH / m, €, = 25 pF/m; region 3, z > 6 cm, u3 = pı and e = ej. 
a) What is the lowest frequency at which a uniform plane wave incident from region 1 onto 
the boundary at z = 0 will have no reflection? This frequency gives the condition Sod = m, 
where d = 6 cm, and 85 = wą/ u26 Therefore 


T 1 


(.06) /uze ds 0.12,/(2 x 10-5)(25 x 10-12) 





Bod-—m > w= = 1.2 GHz 





b) If f =50 MHz, what will the standing wave ratio be in region 1? At the given frequency, 
B2 = (2nx5x107)4/(2 x 10-9)(25 x 10-12) = 2.22 rad/m. Thus fod = 2.22(.06) = 0.133. 
The intrinsic impedance of regions 1 and 3 is m = 73 = \/(4 x 1079)/(10-11) = 6329. 
The input impedance at the first interface is now 








632 cos(.133) + 7283 sin(.133) 


ULT mE 
Á 283 cos(.133) + j632 sin(.133) 





= 589 — 7138 = 6057 — .23 


The reflection coefficient is now 


_ Min =m _ 589—j138—632 _ 1, i. 
Nin + 589 — j138 + 632 





The standing wave ratio is now 


2Od-[p| 14.12 © 
|" 1-|r| 1-12 — 





1.27 


13.16. A uniform plane wave in air is normally-incident onto a lossless dielectric plate of thickness 
A/8, and of intrinsic impedance 7 = 260 Q. Determine the standing wave ratio in front of the 
plate. Also find the fraction of the incident power that is transmitted to the other side of the 
plate: With the a thickness of \/8, we have Bd = 7/4, and so cos(fd) = sin(@d) = 1/2. The 
input impedance thus becomes 


377 + j260 
260 + 5377 





nin = 260 | | = 243 — j92 Q 


The reflection coefficient is then 


(243 — j92) - 377 _ 
(243 — 792) +377 — 





0.19 — 70.18 = 0.262 — 2.4rad 


Therefore 
1+ .26 
SSS 


E — 2 = — 2 = 
pg = AZ and 0-|DP-1- (26) = 0.93 





13.17. Repeat Problem 13.16 for the cases in which the frequency is 
a) doubled: If this is true, then d = \/4, and thus nin = (260)?/377 = 179. The reflection 
coefficient becomes 





= EA 
E n 2 EL 


= ~ _ = — 2.13 
179 + 377 1 — .36 


Then 1 — |F|? = 1 — (.36)? = 0.87. 


b) quadrupled: Now, d = 4/2, and so we have a half-wave section surrounded by air. Trans- 
mission will be total, and so s = 1 and 1 — |T|? = 1. 


13.18. A uniform plane wave is normally-incident onto a slab of glass (n — 1.45) whose back surface 
is in contact with a perfect conductor. Determine the reflective phase shift at the front surface 
of the glass if the glass thickness is: (a) A/2; (b) A/4; (c) A/8. 
With region 3 being a perfect conductor, 73 = 0, and Eq. (36) gives the input impedance 
to the structure as Nin = jnz tan Bl. The reflection coefficient is then 


_ Nin = No _ Jn2 tan BE — to _ ng tan? Bl — nê + j2none tan 8€ _ 
Nin +o jm tan B+ no ng tan? BL + n 





where the last equality occurs by multiplying the numerator and denominator of the 
middle term by the complex conjugate of its denominator. The reflective phase is now 


mrs a 2n2No tan BL _1 T (2.90) tan 8£ 
E Lf ot) — 1 Z 1 
go = tan (=) tan D s tuna 8t — m tan tan 86 — 2.10 BE — 2.10 


where 72 = 7o/1.45 has been used. We can now evaluate the phase shift for the three 
given cases. First, when £ = A/2, Bl = 7, and thus ¢(A/2) = 0. Next, when @ = A/4, 
Br = T/2, and 

$(A/4) — tan"! [2.90] = 71° 


as l — A/4. Finally, when £ = 4/8, G0 = 7/4, and 


2.90 


#(A/8) = tan! Sa = —69.2° (or 291°) 


13.19. You are given four slabs of lossless dielectric, all with the same intrinsic impedance, 7, known 
to be different from that of free space. The thickness of each slab is A/4, where A is the 
wavelength as measured in the slab material. The slabs are to be positioned parallel to one 
another, and the combination lies in the path of a uniform plane wave, normally-incident. The 
slabs are to be arranged such that the air spaces between them are either zero, one-quarter 
wavelength, or one-half wavelength in thickness. Specify an arrangement of slabs and air 
spaces such that 


a) 


Z 


the wave is totally transmitted through the stack: In this case, we look for a combination 
of half-wave sections. Let the inter-slab distances be di, do, and d3 (from left to right). 
Two possibilities are i.) dı = d2 = d3 = 0, thus creating a single section of thickness A, 
or ii.) dı = da = 0, d2 = A/2, thus yielding two half-wave sections separated by a half- 
wavelength. 








the stack presents the highest reflectivity to the incident wave: The best choice here 
is to make dı = dz = d3 = A/4. Thus every thickness is one-quarter wavelength. The 
impedances transform as follows: First, the input impedance at the front surface of the last 
slab (slab 4) is Nin,1 = n? /no. We transform this back to the back surface of slab 3, moving 
through a distance of A/4 in free space: ting = ro /Nin, = N /n?. We next transform this 
impedance to the front surface of slab 3, producing nin,3 = N? /Nin,2 = n/n. We continue 
in this manner until reaching the front surface of slab 1, where we find nin? = r?/nj. 
Assuming 7 < no, the ratio n” /9? ! becomes smaller as n increases (as the number of 
slabs increases). The reflection coefficient for waves incident on the front slab thus gets 
close to unity, and approaches 1 as the number of slabs approaches infinity. 





13.20. The 50MHz plane wave of Problem 13.12 is incident onto the ocean surface at an angle to the 
normal of 60?. Determine the fractions of the incident power that are reflected and transmitted 


for 


a) 


s polarization: To review Problem 12, we first we find the loss tangent: 


c 4 


we’ 2n(50 x 106)(78)(8.854 x 10-12) 





This value is sufficiently greater than 1 to enable seawater to be considered a good con- 
ductor at 50MHz. Then, using the approximation (Eq. 65, Chapter 11), and with u = po, 
the intrinsic impedance is ns = yt fu/o(14- j) = 7.0(1+ j). Next we need the angle of 
refraction, which means that we need to know the refractive index of seawater at 50MHz. 
For a uniform plane wave in a good conductor, the phase constant is 


Nsea " . A [48 
= = = yrf => Nsea = G4 |- = 26.8 
8 É HO n C 


Then, using Snell's law, the angle of refraction is found: 





sin 62 = 2 sin 9, = 26.8sin(60°) => 62 =1.9° 
nı 


This angle is small enough so that cos 05 = 1. Therefore, for s polarization, 


. Ns2—Nsı  7.0(1+ j) — 377/ cos 60? ` 
Ir, = = : = —0.98 + 70.018 = 0.982179 
Ns2+s1  7.0(1 + j) +377/ cos 60° I 
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3.20a (continued) The fraction of the power reflected is now |D,|? = 0.96. The fraction transmitted 
is then 0.04. 


b) p polarization: Again, with the refracted angle close to zero, the relection coefficient for 
p polarization is 
T Np2 — pi — 7.0(1+ j) — 377 cos 60? 


+ E = —0.93 + 70.069 = 0.937176? 
P^ mac pi — 7.0(1 + j) + 377 cos 60° J 











The fraction of the power reflected is now |L';|? = 0.86. The fraction transmitted is then 
0.14. 


13.21. A right-circularly polarized plane wave in air is incident at Brewster’s angle onto a semi-infinite 
slab of plexiglas (€. = 3.45, €! = 0, u = uo). 

a) Determine the fractions of the incident power that are reflected and transmitted: In 
plexiglas, Brewster’s angle is 0g = 0; = tan '(é.5/é.,) = tan 1(V3.45) = 61.7°. Then 
the angle of refraction is 05 = 90° — 05 (see Example 13.9), or 02 = 28.3°. With incidence 
at Brewster’s angle, all p-polarized power will be transmitted — only s-polarized power 
will be reflected. This is found through 


- 72s — Mis = 61479 — 2.110 = 


0.549 
N2st+ms -6147 + 2.1170 








where 71, = m sec 0; = no sec(61.7°) = 2.111, 
and mo, = N2 sec 05 = (No /V3.45) sec(28.3°) = 0.6147. Now, the reflected power fraction 
is |T|? = (—.549)? = .302. Since the wave is circularly-polarized, the s-polarized compo- 
nent represents one-half the total incident wave power, and so the fraction of the total 
power that is reflected is .302/2 = 0.15, or 15%. The fraction of the incident power that 
is transmitted is then the remainder, or 85%. 


Z 


Describe the polarizations of the reflected and transmitted waves: Since all the p-polarized 
component is transmitted, the reflected wave will be entirely s-polarized (linear). The 
transmitted wave, while having all the incident p-polarized power, will have a reduced 
s-component, and so this wave will be right-elliptically polarized. 


13.22. A dielectric waveguide is shown in Fig. 13.16 with refractive indices as labeled. Incident light 
enters the guide at angle ¢ from the front surface normal as shown. Once inside, the light 
totally reflects at the upper n4 — ne interface, where n4 > ng. All subsequent reflections from 
the upper an lower boundaries will be total as well, and so the light is confined to the guide. 
Express, in terms of nı and ng, the maximum value of $ such that total confinement will 
occur, with no = 1. The quantity sin $ is known as the numerical aperture of the guide. 


From the illustration we see that $1 maximizes when 0, is at its minimum value. This minimum 
will be the critical angle for the nı — nə interface, where sin ĝe = sin0j = n2/n 1. Let the 
refracted angle to the right of the vertical interface (not shown) be $5, where nosing, = 
nı Sin $5. Then we see that $5 +6, = 90°, and so sin 01 = cos dg. Now, the numerical aperture 
becomes 


: ni . ! 
sin d1max = z sin ga = nı cos 6, = nA 1 — sin? 6, = ni V1 — (no/m1)? = n? — n2 
0 


2 


Finally, dimaz = sin! ( n? — nj) is the numerical aperture angle. 
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13.23. 


13.24. 


13.25. 


Suppose that $4 in Fig. 13.16 is Brewster’s angle, and that 04 is the critical angle. Find no in 
terms of nı and ng: With the incoming ray at Brewster’s angle, the refracted angle of this ray 
(measured from the inside normal to the front surface) will be 90? — $4. Therefore, $1 = 61, 
and thus sin $1 = sin 01. Thus 


"n ne 2 


= sin@; = — no = (ni/ng)a/ n? —n 
ne tH ni a 








sin Qı = 





Alternatively, we could have used the result of Problem 13.22, in which it was found that 
sin $1 = (1/no) y/n? — n$, which we then set equal to sin 01 = na/n4 to get the same result. 


A Brewster prism is designed to pass p-polarized light without any reflective loss. The prism 
of Fig. 13.17 is made of glass (n — 1.45), and is in air. Considering the light path shown, 
determine the apex angle, a: With entrance and exit rays at Brewster’s angle (to eliminate 
reflective loss), the interior ray must be horizontal, or parallel to the bottom surface of the 
prism. From the geometry, the angle between the interior ray and the normal to the prism 
surfaces that it intersects is a/2. Since this angle is also Brewster's angle, we may write: 


1 1 
a = 2sin7! | ——— | = 2sin7! | ——————2 | = 1.21rad = 69.2? 
(=) ( — TN 


In the Brewster prism of Fig. 13.17, determine for s-polarized light the fraction of the incident 
power that is transmitted through the prism: We use I’, = (752 — s1)/(s2 + s1), where 


n2 n2 no 


ros cos(0p2) = n/N/1 4- n2 "ni 


1 +n? 





and 


7A nı > 
s = = = 1 + n2 
"s1 ™ cos(8m1) 1/4/1 +n? We 


Thus, at the first interface, I = (1 — n?)/(1-- n?). At the second interface, I will be equal but 
of opposite sign to the above value. The power transmission coefficient through each interface 
is 1 —|I'|?, so that for both interfaces, we have, with n = 1.45: 


2 
Pry 2 n2—1\? 
z-a- = fi- (E21) 
inc n+ 1 





= 0.76 
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13.26. Show how a single block of glass can be used to turn a p-polarized beam of iight through 180°, 
with the light suffering, in principle, zero reflective loss. The light is incident from air, and 
the returning beam (also in air) may be displaced sideways from the incident beam. Specify 
all pertinent angles and use n — 1.45 for glass. More than one design is possible here. 


The prism below is designed such that light enters at Brewster’s angle, and once inside, is 
turned around using total reflection. Using the result of Example 13.9, we find that with 
glass, 0p = 55.4°, which, by the geometry, is also the incident angle for total reflection at the 
back of the prism. For this to work, the Brewster angle must be greater than or equal to the 
critical angle. This is in fact the case, since ĝe = sin” (na/m1) = sin” '(1/1.45) = 43.6°. 





13.27. Using Eq. (79) in Chapter 12 as a starting point, determine the ratio of the group and phase 
velocities of an electromagnetic wave in a good conductor. Assume conductivity does not vary 
with frequency: In a good conductor: 


= ae wu dß  1l[wua]|-1/ uo 
B= vnfue V 2 "du ew E 


dw ey ^ 2w d w w 2w 
z= =2\/— =v an u=- = = 
df dw po ? " B  WVwpne[2 Lc 


Therefore vj /vy = 2. 








Thus 
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13.28. 


13.29. 


13.30. 


Over a small wavelength range, the refractive index of a certain material varies approximately 
linearly with wavelength as n(A) = ng + no(A — àa), where na, No, and Àa are constants, and 
where A is the free space wavelength. 
a) Show that d/dw = —(2mc/w)d/dX: With A as the free space wavelength, we use À = 
21c/w, from which d\/dw = —2nc/w?. Then d/dw = (dA/dw) d/d\ = —(21c/u?) d/dA. 
b) Using B(A) = 2zn/A, determine the wavelength-dependent (or independent) group delay 
over a unit distance: This will be 


1 dà d Eos Qnc d [| 


ty J A we dv | A 





Us ^ dw E dw [nct Pea A A 


2m 2m 
= 5 | x2 [na + no(A — Aa)] +4 " ns 
A^ 2mng | 2TNoAa 
A2 A2 








| = ies mA) s/m 





c) Determine //; from your result of part b: Bz = d?8/du?|,,. Since the part b result is 
independent of wavelength (and of frequency), it follows that G2 = 0. 


d) Discuss the implications of these results, if any, on pulse broadening: A wavelength- 
independent group delay (leading to zero 32) means that there will simply be no pulse 
broadening at all. All frequency components arrive simultaneously. This sort of thing 
happens in most transparent materials — that is, there will be a certain wavelength, known 
as the zero dispersion wavelength, around which the variation of n with A is locally linear. 
Transmitting pulses at this wavelength will result in no pulse broadening (to first order). 


A T = 5 ps transform-limited pulse propagates in a dispersive channel for which 65 = 
10 ps?/km. Over what distance will the pulse spread to twice its initial width? After prop- 
agation, the width is T" = „T? + (Ar)? = 2T. Thus Ar = V3T, where Ar = ffaz/T. 
'Therefore 





ES = /3T or z= V3T* v36 ps)? 


= = 4.3k 
Bo 10 ps? /km E 





A T = 20 ps transform-limited pulse propagates through 10 km of a dispersive channel for 
which /25 = 12 ps?/km. The pulse then propagates through a second 10 km channel for which 
5 = —12 ps?/km. Describe the pulse at the output of the second channel and give a physical 
explanation for what happened. 

Our theory of pulse spreading will allow for changes in 32 down the length of the channel. In 
fact, we may write in general: 


1 fe 
ar= af Bo(z) dz 


Having 62 change sign at the midpoint, yields a zero Ar, and so the pulse emerges from the 
output unchanged! Physically, the pulse acquires a positive linear chirp (frequency increases 
with time over the pulse envelope) during the first half of the channel. When ( switches sign, 
the pulse begins to acquire a negative chirp in the second half, which, over an equal distance, 
will completely eliminate the chirp acquired during the first half. The pulse, if originally 
transform-limited at input, will emerge, again transform-limited, at its original width. More 
generally, complete dispersion compensation is achieved using a two-segment channel when 
B5 L = —f^L!, assuming dispersion terms of higher order than (2 do not exist. 
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